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ABSTRACT 

The precise methods of measuring x-ray wave-lengths, now in use, raise two im- 
portant questions concerning the crystal grating used. First, what variation in the 
grating constant is to be expected for crystals grown under different conditions? Sec- 
ond, what is the most accurate value of the grating constant? Since calcite crystals are 
the most used crystals in x-ray spectroscopy the present work was undertaken to an- 
swer as well as possible the above questions for this crystal. The variations in the grat- 
ing constants of six calcite crystals from four sources (Iceland, Montana, Argentina, 
and Spain) have been determined by measuring the angle of diffraction for the molyb- 
denum A q@ line in the fourth order. A high precision twocrystal spectrometer was used 
for measuring the diffraction angles. The results are given in the table below. The den- 
sity of these crystals was then carefully determined. Six to nine independent deter- 
minations were made at a temperature of 20.00 +0.01°C. The averages of these values 
are given for a temperature of 20.00°C, in the fourth column of the table. The prob 
able error determined by the method of least squares is given in the fifth column. The 


mass of the crystals used in determining the density is given in the sixth column. Con- 


Origin Diffraction Difference Density Probable Mass of 
angle 4 from mean g/cm-* Error crystals g 
Iceland a7 St" 34.0” —0.4”’ 2.7104 +0 .000021 12.9764 
Iceland zi” Si° 36.0" —0.4”’ 2.71035 + 0.000015 15.5780 
Montana ar Sn 34.6" +0.2’’ 2.7102 +0 .Q000081 7.1467 
Montana 27 cin +0.3"’ 2.7102 + 0.000024 14.8650 
Argentina a, hoe ae +0.3’’ 2.7102 + 0.000042 11.0769 
Spain 27° 51’ 34.4” 0.0" 2.7102 + 0.000036 13.0083 
Mean zr” 32° 34.4" 2.71026 


sidering the density measurements of DeFoe and Compton the writer gives the den- 
sity pin g/cm at 20°C as p=2.71030 + 0.00003. The crystals were then chemically 
analyzed. The results showed that all samples contained about 0.01 percent ferrous 
oxide, 0.01 percent manganous oxide, and 99.98 percent calcium carbonate. The angle 
between the cleavage faces of the calcite crystals was determined by three methods. 
X-rays were used for determining the angle in the first two methods and an optical 
method for the third. The results for 20°C were a=105° 3’ 29’’ or B=101° 54° 4", 
where a is the interior obtuse dihedral angle, and 8 the angle between the edges of the 
crystal. The grating constant of the crystal can be calculated from the equation 
d=(nM/pNo)"8 =3.02816A at 20°C, =3.002810A at 18°C. The values of the con- 
stants used were, n=1/2, IM =100.078, p=2.71030, N=6.0669 X10, @ =1,09594. 
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INTRODUCTION 


T IS now possible to measure the diffraction angles of certain x-ray lines 
to one part in 400,000, or better, by using a double crytal spectrometer!” 
or a high precision photographic spectrometer.’ Thus, it is essential to know 
more about the grating constant of the crystals used. This is especially true if 
the results obtained by different observers are to be compared. Since calcite 
crystals are the most used crystals in x-ray spectroscopy, the present work 
has been undertaken to remove as far as possible any existing uncertainty in 
the use of this crystal as an x-ray grating. This report may be divided into 
the following six divisions: (1) X-ray comparison of the grating constant of 
calcite. (II) Chemical analysis of samples used. (III) Density of calcite. (IV) 
A determination of the angle between the cleavage faces of calcite. (V) Calcu- 
lation of the grating constant from chemical data. (VI) Discussion of re- 
sults. 


I. X-RAY COMPARISON OF THE GRATING CONSTANT OF CALCITE 


A comparison of the grating constant of different samples can be precisely 
made by measuring the diffraction angle of a given x-ray line for each sample.’ 
In order to obtain the maximum precision in the comparison, several con- 
siderations are necessary. A large angle of diffraction is desired which could be 
secured by using either a long wave-length or a high order of diffraction. The 
latter was chosen because in using a high order of a shorter wave-length one 
has a much greater penetration of the rays into the crystal, and consequently 
a more reliable estimate of the variation in the grating constant. The method 
of measuring the diffraction angle must be such that a lack of perfect adjust- 
ment of each sample would make a minimum variation in the diffraction 
angle. A two crystal spectrometer has been used for the measurements be- 
cause when properly adjusted it fulfills all the necessary conditions for a pre- 
cise comparison. 

The two crystal spectrometer used was a high precision type made by the 
Societe Genevoise.* The second crystal of this instrument is on the main 
axis of the spectrometer! thus permitting the angle through which this crystal 
is rotated to be measured very precisely. The graduated circle was calibrated 
by using a plane mirror on the axis of the spectrometer which reflected the 
images of two distant filaments into a telescope. As this calibration showed 
no error greater than 0.6”, which was the limit of resolution of the telescope 
used, another method was employed to obtain the absolute diffracting angle 
for one crystal. 

A modified Michelson interferometert was attached to the base of the in- 


1 A. H. Compton, Phys. Rev. 37, 1694 (1931)A; Rev. Sci. Inst. 2, 365 (1931). 

2 J. A. Bearden, Phys. Rev. 38, 1389 (1931). 

3 The most precise photographic spectrometers in use are probably those used by Siegbahn 
and his collaborators. 

* The author wishes to express his appreciation to Mr. Alfred L. Loomis of Tuxedo, New 
York, who so kindly furnished the necessary funds for the purchase of this instrument. 
4 J. A. Bearden, Phys. Rev. 37, 1217 (1931). 
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strument and at the height of the crystal tables. This was used to adjust a 
three point support parallel to and on the axis of the spectrometer. A teles- 
cope with a Gauss eyepiece was placed perpendicular to the axis of the spec- 
trometer. A crystal was then placed against the three points and held in place 
by three light springs. Thence by using the telescope, the cleavage plane of 
the crystal could be adjusted parallel to the axis of the spectrometer. The in- 
terferometer was used to place the part of the crystal which actually diffract- 
ed the x-rays on the axis of the spectrometer. The first crystal was then ad- 
justed to diffract the molybdenum Ka, line over the axis of the spectrometer. 
It was then adjusted parallel to the second crystal by making the width of 
the rocking curve a minimum. 

The slits, one near the x-ray tube and the other in front of the ionization 
chamber, were placed on a horizontal line perpendicular to the axis of the 
spectrometer to within 0.1 mm. As is well known, the height of these slits 
affects the width and angular position of a diffracted line. For a uniformly il- 
luminated source and slits of equal height the correction may be written 


9 


( 
dO" oss = (2). 204 I? tan 0 


4 


where a is the height of the slit and Z their separation. This equation was 
tested for four slit heights from 0.5 mm to 3.0 mm, and a separation of 52 cm. 
The measured angles have been reduced to 18° C by using the equation® 


do = — 1.04(t — 18°C) tan@ X 10-5 
or dé’ = — 2.15(t — 18°C) tan é 


where ¢ is the temperature of the crystal at the time of the measurement of 
the diffracting angle @. 

The diffraction angle for one crystal was then very carefully measured in 
three different positions on the graduated circle (120° apart). The maximum 
variation observed was 0.4” and an average variation slightly less than 0.2”. 
The average angle was accepted as the absolute diffraction angle for this crys- 
tal, and all other results have been obtained relative to this crystal. I do not 
believe the diffraction angle for this crystal is in error by more than 0.2” and 
is probably less. 

Some very clear and perfect samples of calcite crystals from Montana, 
Argentina, Spain, and Iceland have been obtained. (These samples will now 
be referred to by the first letter of each.) Slabs about 10 mm thick have been 
carefully cleaved from these samples. Some surfaces were obtained which 
were almost free from “steps,” and the others showed only a few small 
“steps.” Adjacent pairs were selected and the width of the rocking curves 
measured. The widths varied from 5.5” to 7”. It was also found that pairs 
selected even from crystals of different origin gave the same rocking curve 
widths as adjacent pairs from the same crystal. Only one large J crystal (12 X 


5 The value of the expansion coefficient a was misprinted as 1.09 X10~ in the Phys. Rev. 
38, 1390 (1931). The value actually used was a=1,04 10>, 
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8X3 cm) was available, so two samples were cleaved from it in order to see 


how well the various observations would check. Two ./ samples were cleaved 
from different crystals but from the same region. 

The grating constants of these crystals were compared by using the molyb- 
denum Ka, line and the fourth order of diffraction. That is, (1, +4), (1, —4) 
in Allison’s notation. Fig. 1 shows typical data forming one set of measure- 
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Fig. 1. One set of diffraction curves for (1, 4) and (1, —4) orders. The 


curves were taken in the order of the numerals. 


ments. The curves were taken in the order of the small numerals so that any 
errors due to a slow change in the adjustment of the apparatus would be 
eliminated. Two such sets of measurements were made on each crystal in the 
order J,, Is, \f,, \J2, A, and S. Then two more sets in the order S, A, Jo, A, 
I., I,. The results are given in Table I. The angles have been reduced to 18° C 


TABLE I, 

Origin Diffraction angle Difference from mean 
Iceland 22 ot 3420" —0.4” 
Iceland a hs eR -0.4” 
Montana aa oh" 34.6" +0.2’’ 
Montana a 8 24.1 +0.3" 
Argentina ar ok +0.3” 

Spain ar ot 4.4" 0.0” 
Mean 2a 51" 34.4" 0.26’’ 


and corrected for the height of the slit. They have also been slightly corrected 
for the small error in the graduated circle. Since in each case the measure- 
ments have been made on the same part of the graduated circle, I believe the 
relative values are not in error by more than 0.1”. Thus, there is a real dif- 
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ference in the grating constant of the various crystals. However, the maxi- 
mum difference is only one part in 145,000, and the maximum difference from 
the average is about 1 part in 250,000. If one only considers the , Me, A, 
and S crystals the maximum variation from the average is about one part in 
500,000. These variations are so small that the differences in x-ray wave- 
lengths reported by some observers must be due to the method used, and not 
to a variation in the grating constant of the crystals. A redetermination of a 
series of x-ray lines from 0.5A to 2.25A will be given in this Journal in a few 
weeks. 


Il. A CHEMICAL ANALYSIS OF CRYSTALS 


After the above x-ray data had been secured, two samples were cut from 
each crystal near the point on the surface that had been used for diffracting 
the x-rays. Then samples, one from each crystal, were carefully analyzed for 
the writer by Dr. W. B. D. Penniman and Dr. A. L. Browne. The results are 
given in Table II. Thus, chemically there appears to be very little difference 


TABLE IT, 
Origin Silica Alumina Ferrous Manganous Magnesium Calcium 
oxide oxide oxide carbonate 
Iceland absent absent 0.007 0.008 absent 99 .98% 
Iceland absent absent 0.006 0.007 absent 99 .98 
Montana absent absent 0.005 0.011 absent 99 .97 
Montana absent absent 0.006 0.011 absent 99 .97 
Argentina absent absent 0.006 0.010 absent 99 .98 
Spain 0.004 absent 0.007 0.006 absent 99 .98 


between the various samples. These samples were selected because of their 
optical clearness and perfection, so that one might expect them to be almost 
chemically pure. It is well known that colored calcite may contain several 
percent of some impurity. However in x-ray work it is the general practice to 
select the best samples available, so that the above results are probably a fair 
estimate of the chemical purity of the crystals normally used. 


III. DENsITy OF THE CRYSTALS 

The other pieces of calcite which were cut from each crystal above, were 
prepared for determining the density. Five of the crystals were finely ground 
and all surface flaws due to cleaving the crystal were removed. The edges were 
rounded off so there would be no possibility of occlusion of air on the surface. 
Four of these crystals were used in this condition and the fifth was polished 
with rouge. The sixth crystal was left unground. The masses of the crystals 
were determined by weighing in air with calibrated weights and correcting 
for the buoyancy of the air. The crystals were then weighed in kerosene at a 
temperature of 20° +0.01° C. The density of the kerosene can be determined 
very accurately and thus the density of the crystals. Corrections were, of 
course, made for the weight of the rough gold plated copper supporting wire 
and surface tension. From 6 to 9 independent measurements have been made 
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on each crystal. In Table III the results, with the probable errors for each 
crystal, are given for a temperature of 20° C. The probable error was calcu- 
lated according to least squares method as was used by Birge.* The best pre- 
vious determinations of the density of calcite crystals were made by De Foe 





TABLE ITI, 
Origin Density-g/cm Probable error Mass of crystal 
20°C -g} 

Iceland 2.7104 +0.00002 12.9764 
Iceland 2.71035 +0 .00002 15.5780 
Montana 2.7102 +0 .00008 7.1467 
Montana 2.7102 + 0.00002 14.8650 
Argentina 2.7102 +0 .00004 11.0769 
Spain 2.7102 + 0.00004 13 .0083 
Mean 2.71026 


and Compton.’ Their results are given in Table IV. They give as a probable 
error for each sample +0.0001 g/cm~*. The variations in Table IV are much 
greater than those in Table III. This may be due to a fortuitous selection of 
crystals used in the present experiment. However if this were true, one would 
hardly expect the mean value for the two sets of crystals to agree so closely. 


TABLE IV. 
Origin Density at 20°C 
g/cm=3 
Missouri 2.7106 
U.S.A. 2.7102 
Iceland 2.7103 
Iceland 1/2 (2.7090) 
Unknown 2.7101 
Unknown 2.7103 
Mean 2.7102 


The second Iceland crystal in Table IV differs so much from the others that 
I believe the crystal must have been imperfect and should be given zero 
weight instead of 1/2. Thus, the mean would have been 2.71034. Taking this 
result into consideration with the present results of Table III, the writer be- 
lieves that the most probable value of the density p is 


p = 2.71030 + 0.00003 g/cm-* at 20°C. 


This probable error given assumes that the variations from this value were 
experimental errors. The maximum variation would be 0.0003 g/cm~ for De 
Foe’s and Compton’s’ results, and 0.0001 for the present results. 


6 R. T. Birge, Phys. Rev. Supplement 1, 1 (1929). 
70. K. DeFoe and A. H. Compton, Phys. Rev. 25, 618 (1925). 
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IV. A DETERMINATION OF THE ANGLE BETWEEN THE CLEAVAGE 
FACES OF CALCITE 


Since the angle between the cleavage faces of a crystal enter into the cal- 
culation of the grating constant, it is important to know this angle as pre- 
cisely as possible. This angle can be measured with high precision by using a 
two crystal spectrometer as described above. It has also been reported’ that 
this angle varies slightly for different crystals. 

In the first measurements crystals from 4 to 6 mm square and 10 to 20 
mm long were used. The cleavage planes were aligned parallel to the spectrom- 
eter axis. The crystals were placed so that the molybdenum Ka; line could 
be reflected from two faces by simply rotating the crystal through the anglea 
where a is the angle between the planes of the crystal. Since the results ob- 
tained by this method differed from those of previous investigators two other 
methods were used. 

In the second method, crystals about 1 mm X1 mm X10 mm were mount- 
ed parallel to and on the axis of the double crystal spectrometer. The first 
crystal was adjusted to diffract the silver Ka, line over the axis of the spec- 
trometer. The small crystal was then rotated until it diffracted this line into 
the ionization chamber. Thus, when the crystal was rotated through an angle 
a or 180°—a the same line was again diffracted into the ionization chamber. 

In the last method, the crystals used in the first method were spluttered 
with gold and adjusted on the spectrometer as above. Optically the angles 
were determined by using the telescope with a Gauss eyepiece. The results of 
the three methods are given in Table V in terms of the interior obtuse dihe- 


TABLE V. 

Origin lst method a 2nd method @ 3rd method a 
Iceland 105° 3’ 28’’ 165" 3° 30” 105° 3° 35°" 
Montana 5° 3° 31°’ 105° 3° 31°" 105° 3’ 20’’ 
Argentina 105° 3’ 29’’ aes ae eo ae" 
Spain 105° 3’ 30”’’ 105° 3’ 28”’ 965° 3° 25°" 


dral angle a. The angles were measured at 25° C to 26° C and reduced to 
20° C by using the known expansion coefficients parallel to and perpendicu- 
lar to the axis of the crystal. This correction can be calculated in terms of the 
angle 8 between the edges of the crystal 8 and a are connected by the trig- 


B ; a —1/2 
cos — ={[{ 2 sin — : 
2 2 
The correction is then 


dg B 3 8B 
— = 2 tan (1 — — sin?— }(a,; — aj) 
dt 2 4 2 


onometric relation 


® H. N. Beets, Phys. Rev. 25, 621 (1925). 
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by using the values a. = —0.0000056 deg.'C and a,y=0.000025 deg.-!C. 


one obtains d8/dt= —3.1” per degree C. 
The weighted mean of methods one and two gives 


=O ; ‘7 
a= 105° 3° 29 


g so" SH’ ¢”. 


II 


The value of a@ differs by about 90 seconds from the value obtained by 
Beets.* The present results also show very little, if any, variation in the angle 
« for different samples. The writer is unable to explain the difference but feels 
that the above experiments are conclusive. 


V. CALCULATION OF THE GRATING CONSTANT d 


Krom fundamental considerations of crystal structure it can be shown 
that the grating space of a rhombohedral crystal is given by 


nM \*/8 
1-(28) 
No 


where » is the number of molecules in each elementary rhombohedron, .\/ 
the molecular weight of the crystal, V is Avogadro’s number, p the density 
of the crystal, and @ is the volume of a rhombohedron, the perpendicular dis- 
tance between whose opposite faces is unity. It can also be shown that 

(1 + cos p)* 


¢ = 
(1 + 2 cos) sing 


where @ is the same as in the last section. @ thus becomes 
@ = 1.09594 + 0.00001. 


For a calcite crystal n =}.° Birge® gives for the molecular weight of cal- 
cite 1J=100.078 +0.005. The density as determined above is, p=2.71030 
+ 0.00003. Avogadro’s number can be most accurately determined from the 
relation 
FC 
e 


where F is the Faraday constant, C the velocity of light, and e the charge on 
the electron. Birge® gives FC =2.8987 + 0.0002 X10" Abs. e.s.u. and e=4.770 
+ 0.005 X10-! e.s.u. From Millikan’s experiments Birge obtained a value of 
e=4.768X10-!" e.s.u. and in consideration of Wadlun’s'® grating wave- 
length measurements of x-ray spectra which gave e=4.774X10~" e.s.u. 
raised Millikan’s value to 4.77010-" e.s.u. More recent grating measure- 
ments by the writer" have shown that e, from such experiments, is 4.806 X 
10-" e.s.u. It appears to the writer to be out of the question to average this 


* W. H. Bragg and W. L. Bragg, X-rays and crystal structure. 
10 A. P. R. Wadlung, Phys. Rev. 32, 841 (1928). 
1 J. A. Bearden, Phys. Rev. 37, 1210 (1931). 
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result with that of Millikan’s. The difference of such an average from the re- 
sults of either experiment would be many times the experimental error of 
either. The writer thus believes it is preferable to retain Millikan’s value 


e = 4.768 + 0.005 & 107!" e.s.u. 


until the magnitude of the mosaic structure can be determined and the valid- 
ity of the grating formula established for x-ray wave-lengths. From this 
value of e one obtains 


N = 6.0669 X 10** molecules/mole. 
The value of d is then calculated to be 


d 
d 


3.02816A at 20°C 
3.02810A at 18°C. 


The probable error is +0.001, which is almost entirely due to the probable 
error in e. This value is about one part in 3000 lower than the value adopted 
by Siegbahn.” 

In order to calculate the true wave-length of an x-ray line with the true 
grating constant as determined above, the complete Bragg law 


i—s\ . 
my = 2dh1— : sin 8 
sin? 6 


must be used where J is the true wave-length, d the true grating space, uw the 
index of refraction, and @ the diffraction angle for the n-th order. If we use 
the value (1 —y)/A° = 3.69 X10~* the above equation becomes 


135 xX 10-° 
ni = 2a( _ a ) sin 9 
n? 


= 2d, sin @ 


where d,, is the effective grating constant for the n-th order. With the true 
grating constant d = 3.02810, the calculated values of d, and log 2d, are given 
in Table VI. 


TABLE VI, 
d;=3.02769A log 2d; =0.7821415 
d;=3.02805 log 2d;=0.7821937 
d,=3.02807 log 2d,=0.7821966 
d,; =3 .02808 log 2d; =0.7821980 
d,,=3.02810 | log 2d, =0.7822002 


VI. Discussion 


Attention should be called to some of the results in the present experi- 
ment. Chemically all the samples seemed to be very similar and almost pure 


12 M. Siegbahn, Spectroskopie der Roentgenstrahlen. 
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calcium carbonate. In the calculation of the grating constant the effect of the 
slight impurities was neglected. In the x-ray comparison of the samples the 
variations in the diffraction angles were small, but the angles J; and Js were 
definitely smaller than the others. This would suggest a smaller crystal den- 
sity. On the contrary the densities of J; and Jz were the largest in the group. 
This indicates that a difference in density does not reflect itself as a corre- 
sponding change in the grating constant of the crystal. Consequently the 
measured density may not be the real density of the crystal lattice which is 
responsible for the diffraction of the x-rays. 

It has been pointed out® that the absolute value of the diffraction angle 
for the molybdenum Ka, line, obtained by the writer, differs by about 1.4” 
from the precision measurement reported by Compton.' This difference is 
about five times the apparent probable error of either experiment. However, 
the writer has recalculated the correction for the height of the slits in Comp- 


ton’s experiment and finds a value d0.;;= —0.6” instead of .2” as used by 


—2 
him. Thus his diffraction angle would be increased to 27° 51’ 34.6” which 
agrees, within the experimental error, with the present results. 

The difference between the writer’s ruled grating wave-length measure- 
ments" and the corresponding crystal results now is 0.25 percent instead of 
0.22 percent as previously given. Such a great difference must be due to a 
failure of the ruled grating diffraction equation to be valid for the x-ray re- 
gion. The boundary conditions are probably not the same for optical wave- 
lengths and x-rays and might thus alter the position of the diffraction maxi- 
ma. A careful analysis of the diffraction theory for x-ray wave-lengths and 
for the conditions under which x-ray spectra are obtained is badly needed in 
order to settle the questions raised by such experimental differences. 
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THE NORMAL STATE OF THE HYDROGEN MOLECULE 


By N. Rosen 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


(Received October 30, 1931) 


ABSTRACT 


The dissociation energy, moment of inertia, and fundamental vibration frequency 
are calculated for a normal hydrogen molecule by a variational method and are found 
to be 4.02 v, 4.66: 10~*! gm-cm?, and 4260 cm™ as compared to the experimental val- 
ues 4.42, 4.67-10-", and 4380, respectively. The calculation is carried through with 
the simplest possible improvements in the wave functions. In the appendix a number 
of integrals are listed and two tables of functions are included that may be useful 
to calculators. 


I. INTRODUCTION 


HE problem of calculating some of the properties of the normal hydrogen 

molecule by wave-mechanical methods has been hitherto successful 
qualitatively but not quantitatively. Thus Sugiura! by completing the calcu- 
lations of Heitler and London? based on a first-order perturbation method, 
obtained 3.2 volts for the dissociation potential as compared to the experi- 
mental value, 4.4 volts. Wang,’® by using a variational method involving the 
introduction of a shielding constant, obtained 3.7 volts for this energy, which 
is a distinct improvement but still rather far from the goal. It is true that 
Condon‘ obtained an almost exact agreement with experiment, but it is ques- 
tionable as to whether one can call his method of doing this a straight-forward 
calculation. Eisenschitz and London,’ by carrying through a second order 
perturbation method, got 9.5 volts. 

Similarly in the case of the two other quantities which are generally cal- 
culated at the same time as the energy, namely the equilibrium distance and 
the fundamental vibration frequency, the calculated results are not in very 
good agreement with the experimental values. If one surveys the available 
methods of calculating the quantities mentioned, it is at once evident that 
the only method for getting quantitative results is that based on the use of a 
variational principle, because the wave equation for this case cannot be solved 
exactly, and because solving it by the perturbation method is not to be 
trusted, as is shown by the fact that the second-order perturbation calculation 
gave a much worse result than the first-order calculation. In using the varia- 
tional method one has the comforting assurance that one cannot go astray. 
If one starts with wave functions of sufficient complexity and having a large 


1 Sugiura, Zeits. f. Physik 45, 484 (1927). 

2 Heitler and London, Zeits. f. Physik 44, 455 (1927). 

3’ Wang, Phys. Rev. 31, 579 (1928). 

4 Condon, Proc. Nat. Acad. Sci. 13, 466 (1927). 

’ Eisenschitz and London, Zeits. f. Physik 60, 491 (1927). 
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enough number of parameters, and if one puts in enough labor one can gen- 
erally approach the right answer, at least as far as the energy is concerned. 

However, rather than to do this, it seems preferable to try to get an 
appreciable improvement in the calculated results with but a small increase 
in the complexity of the calculation. It is therefore the purpose of the present 
paper to try to improve the theoretical results for the normal hydrogen mole- 
cule, at the same time keeping the wave functions and the calculation as 
simple as possible. 


Il. THrEory 


To carry out this policy of simplicity, we begin with the understanding 
that we shall deal only with wave functions made up of products of in- 
dividual electron wave functions. We than inquire as to what happens to the 
electron charge distribution in a hydrogen atom when it is brought up to 
another similar atom so as to combine with it. It is apparent that because of 
the various complicated interactions that occur, the charge distribution will 
be altered, this distortion becoming greater as the two atoms approach each 
other. The wave functions (from which the charge distributions are calcu- 
lated) also become altered. The exact nature of the changes can be investi- 
gated only in a six-dimensional space, but for the purposes of the present 
problem one can try to consider the approximate distortion of an individual 
wave function in ordinary space. The simplest way to represent this distor- 
tion is to consider the radius of the atom to change with the distance to the 
other atom. This is effectively what Wang? did in his calculations, and it led 
to a definite improvement in the energy value. 

However, since the perturbations involved are not spherically symmetri- 
cal this cannot be a very good approximation to the true state of affairs, and 
the next improvement that suggests itself is to introduce a change in the wave 
function that will depend on the direction with respect to the molecular axis 
and will be greatest in the direction of the latter. Since the interactions can 
be thought of roughly as being along this axis, it seems likely that the electron 
cloud tends to bulge out in the direction of the second atom. 

Let us denote the nuclei by a and 3b, the electrons by 1 and 2, the inter- 
nuclear distance by R, other distances by r with subscripts and the angle be- 
tween a radius vector and the axis (the line joining the nuclei) by 8 with sub- 
scripts. In accordance with the previous considerations we take as the 
simplest individual wave function 

y= v'+ oy’ (1) 
where y® is the hydrogenic wave function for the lowest state, but with a 
shielding constant, w’ is a function symmetrical about the axis but not about 
a plane through the nucleus perpendicular to it, and ¢ is a parameter the 
magnitude of which is to be determined so as to minimize the variational 
integral. 

The conditions imposed on the choice of y’ are: (1) that it satisfy the 
boundary conditions for a wave function, (2) that it have reasonable direc- 
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tional properties, (3) that it be orthogonal to y°, (4) that it satisfy a simple 
wave equation. Of these, (1) and (2) are necessary, but (3) and (4) are con- 
venient in calculating. If we consider electron 1 on atom a and write the 
hydrogenic function in the form 


W"(al) = Noe?! (2) 


then the simplest perturbation function satisfying these conditions seems to 


be 
W’(al1) = Nye~*"!7r,; COS O41 (3) 


where Ny and J, are the corresponding normalizing factors which, on inte- 
grating the squares of the wave functions over all space, one finds to have the 
values: 
No = (a? w)! . (4) 
N, = (a5/r)!/2, (5) 
In these expressions, we have used a to represent the quantity Z/do, 
where Z is the effective charge of the nucleus and ay the normal hydrogen 
radius. Accordingly, the wave equation satisfied by W° (a1) is 


Hay Wal) = Z*Eg(a1) (6) 
where 
h? : : 
Hay? = — — VV}? — Ze?/ra1 (7) 
Sr2m 


and Eo is the energy of a normal hydrogen atom. 

Now y’ can be seen to be identical with the wave function corresponding 
to the 2p state in a hydrogenic atom of nuclear charge 2Z. Hence the equation 
which it satisfies is: 


Hay'W'(al1) = Z?*EwW (al), (8) 
where 


h? 
Hay’ = — —— Vi? — 2Ze*/rai. (9) 
Sa-m 
Of course similar expressions can be written for the wave functions for 
the other electron or atom. Incidentally, it may be mentioned that for the 
atom b we take for the wave function 


W'(b1) = — Nye7*"ry; cos Op; (3a) 


so as to keep all quantities symmetrical about the plane midway between the 
nuclei. 
For the combined wave function of the normal state of the molecule we 
take 
VW = ¥(al)y(b2) + Y(d1)Yy(a2). (10) 
The wave-mechanical Hamiltonian is given by 


h? 
H = ———(V 2 + V 2”) + e?[1/R — 1/rar — 1/raz — 1/ro1 — 1/ree + 1/rie], (11) 


Sa2m 
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and according to the theory of the variational method it is necessary to 
minimize the quantity 


/ 
W = f WHWVdo,dv2 / f W*dvidve, (12) 
/ 


which then gives the value of the energy. 
Now by making use of Eqs. (6) and (8) we can write 


}2Z2E9 + e2[1/R + s/rar + s/roe — 1/rae 


Ihy’(a1)y(b2) 


— 1/ror + 1/ria] {W(al)y/(b2 a 
Hy(al)p'(b2) = }2Z2Eo + e?[1/R + s/rer + (2s + 1)/roe 
— 1/raz — 1/ro1 + 1 saphena ati 
Hy’ (a1)p'(b2) = }2Z2Eo + e®[1/R + (2s + 1)/rar + (2s + 1) P0415) 
— 1/rez — 1/rn + 1 rallWCoO¥' Cs) 
where 
s=Z-—1. (15a) 


By means of these relations and similar ones derived from them by re- 
placing a by } or 1 by 2, W can be evaluated. If we adopt the following nota- 


tion, 
fvanvends, (16) 


P v"(al) 2 
hyo = j= | dv, (17) 
¥"( al) |? 
Goo = ie | —— d V1, (18) 
Tobi 


Too 





(a1) }2p°(b2)'(62) 

Koo ou = fi ee ] . - dv,dv0, (19) 

Tie 
¥°(al)y’(b1) y’(al)y°(b1) 
hu { ste tan A a { aii (20) 
‘al Tal 

y( 11)y" (o1y"( a2) ¥°(b2) 

Lo1.10 = f \ = — dy dv, (21) 

Yi2 


with corresponding changes in the numbering when y° is replaced by yw’ or 
vice versa, we can then write W in the form: 


- Lol + 30.) / i iD; + 2Z*Eo, (22) 
i=0 1=0 
where the quantities D;, P;, and Q; are made up of the various integrals over 
wave functions and are defined as follows. In each case the “exchange” terms 
are grouped in brackets. 
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Do = 1 + [Toc?], 
Dy = [41% 01], 
Dz = 2+ [470.2 + 27 o0o% 11], (23) 


D; = [4ToZ a), 
Dy =1+4 [71:2]. 
Po = 1 + R(Koo.00 — 2Go0) + [To0? + R(Lo0,00 — 2700 00) |, 
P, = 4R(Koo.01 — Gor) + [47 o0%01 + R(4L00,01 — 470100 — 270001) J, 
P. = 2+ R(4Kor,01 + 2F1 + 2Koo,11 — 2Goo — 2Gi1), 
+ [47o:? + 2Zoo%u + R(2L01,10 + 2Lo1,01 + 2L00.11 > (24) 
— UWiJeo — 4eJa)), 
Ps = 4R(Koi.u — Gor) + [4ZoZun + R(4L01.1 — 22Jo1)), 
Py =1+ R2Fi+ Kun — 2G) + [Zn? + REuu). 


— 





Oo = 2RF, + [2RTooJ ool, 
0, _ [R(4T oJ 10 tt. 2T oJ 01 oe 47 o:J 00) |, 
QO. = R(2Fo + 4F 1) + [R(4T oJ 11 + 2iJoo0 + 4 01(Jo1 + 2 10)) , | (25) 


Os = [R(8loJ 11 - 2TiiVJor + 2Ji0)) |, 
QO, = 4RF, + [4RIiJu]. 





These integrals can be evaluated without great difficulty. The discussion 
of them is to be found in the appendix. It is easy to see that the various Dy, 
P;, and Q; are functions only of the quantity 


p=akR (26) 


and can be calculated for various values of p and plotted. If we let 


po = R/ao, (27) 
then 

Z = p/po, (28) 

s = (p — po)/po. (29) 


For a given value of R or pp one can then vary p and, by reading the values 
of the functions from the curves, minimize W. By repeating this for a number 
of values of py one thus obtains a series of energy values which can be plotted 
as a function of py and a smooth curve drawn. However, unless the points for 
which calculations are made are very close together it is not possible in gen- 
eral to determine the minimum of the energy curve very accurately in this 
way. If the points are fairly close together one can pass a parabola through 
the points in the vicinity of the minimum. But if, as was the case in the cal- 
culation carried out, the points are not sufficiently close together, one must 
resort to some other method. 
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What was done was to use instead of a parabola a curve of the type dis- 
cussed by Morse’ in connection with interatomic potentials: 


AE = De~?4(00-em) — 2D e~ 2600 pm) | (31) 


A curve of this sort is known to fit molecular energy curves very well 
especially in the neighborhood of the minimum. By fitting this curve to three 
points near the minimum one can get the dissociation energy D and the 
equilibrium distance p»do. (The details of the curve-fitting are given in the 
appendix.) 

From the latter the moment of inertia follows: 


J = + Mu(pna >. (31) 


where JJ, is the mass of a hydrogen atom. 
Since at the minimum 


= 2a*D (32) 
dpy* 
the fundamental vibration frequency is given by 
a : 
Vo =- (D/Mry)*!?. (33) 























“ | -. see ee 4 ————s 


Fig. 1. Calculated energy of normal hydrogen molecule: (a) first order perturbation, 
(b) varying s, (c) varying ¢, (d) varying o and s. 


‘Morse, Phys. Rev. 34, 57 (1929). 
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III. RESULTs 


The minimization was carried out first by keeping o=0 and varying s. 
This is essentially what Wang? did except that his results were only for the 
equilibrium distance. The energy curve obtained is shown in Fig. 1 (b) and 
may be compared with the first-order perturbation energy 1 (a). 

The value of s as function of the interatomic distance is shown in Fig. 2. 
For R=0 of course we have a helium atom and for this the effective nuclear 
charge (as given by a variational method calculation) is 1.6875 e, so that s 
=().6875. For large distances s falls off rapidly. It is interesting to note that 
beyond a certain distance, s changes sign. This may be interpreted by saying 
that for large distances the second electron has more of an effect upon the 
atom than the second nucleus. Geometrically one may say that as the atoms 
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Fig. 2. Variation of s with interatomic distance. 


approach each other, there is first an expansion of the charges and then, for 
smaller distances, a contraction. 

The next step in the procedure was to set s=0, and minimize W with re- 
spect to o. The energy resulting from this calculation is shown in Fig. 1 (c). 
Comparison with 1 (a) shows that the improvement in the energy near the 
equilibrium distance is rather small, but that there is a distinct improvement 
at somewhat larger distances. The curve of o thus obtained, denoted by ao, 
is shown in Fig. 3 (a). 

The quantity o can be taken as a rough measure of the longitudinal dis- 
tortion of the wave function. As the graph shows, for small distances there 
seems to be a sudden distortion of the wave function which disappears as the 
atoms merge to give helium. This apparent behavior at small distances is 
probably without significance, since the wave functions obtainable from a 
variational calculation need not approximate the true wave functions as 
closely as the calculated energy does the true value. In the present case, the 
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behavior of the true wave functions for small internuclear distance is exceed- 
ingly complex, and an attempt to fit this behavior into the narrow mold pro- 
vided by a single parameter cannot be expected to be very successful. 

To get a better approximation, the values of s obtained previously were 
put into W and then o was varied once more. The energy obtained this time 
is given in Fig. 1 as curve (d). As is to be expected, it is below the other curves 
and merges with (b) for small distances and with (c) for large distances. The 
curve of the values of ¢ thus calculated, denoted by o;, is shown in Fig. 3 (b). 
It agrees with op) down to about o)=1.5. For smaller distances the two differ 
widely, and this is probably the region in which they lose any physical 
significance they may have at larger distances. 


a | 


| 
| 
| 


— 
_— 
| 7 


EE | 

















3 
R/a 
Fig. 3. Parameter o to minimize energy: (a) without shielding con- 
stant, (b) with shielding constant. 


5 6 


The parameter was kept fixed at the set of values o; and s was recalcu- 
lated. It was found that within the accuracy available in reading graphs, 
s did not change appreciably—at least in the regions of any importance. 
Hence the energy curve 1 (d) represents the best result obtainable by the 
present method. 

For this curve the dissociation energy was found to be 4.02 volts, the 
equilibrium distance between atoms 1.416 a9 corresponding to a moment of 
inertia of 4.66X10-*! gm-cm* and a fundamental vibration frequency of 
4260 cm. In the following table’ these results are compared with those ob- 
tained in previous calculations and with the experimental values. 


7 This table (except for obvious changes) is taken from the paper of Wang (reference 3). 
The experimental values given these are those of Witmer, Proc. Nat. Acad. Sci. 12, 238 (1926), 
and Phys. Rev. 28, 1223 (1926). Cf. Birge, Int. Crit. Table V, 409 (1929). 


3). 
6). 
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E (Rh) AE(v) Jo(gm —cm?) vo(cm™) 
Present paper —2.297 —4.02 4.66 107%! 4260 
Wang? —2.278 —3.76 4.59 4900 
Condon‘ —2.325 —4.40 4.26 5300 
Sugiura! —2.24 —3.2 3.2 4800 
Observed? —2.326 —4.42 4.67 4380 


It is seen that the dissociation energy as calculated here is about 10 per- 
cent too small. However, if we consider the total energy of the molecule, the 
error is only about 1 percent. If we compare this to the helium problem 
it is only fair that the total molecular energy be considered in this comparison 
—we note that the Hartree method? gives for the total energy of an He atom 
5.75 Rh as compared to 5.81 Rh as observed, so that the error is also about 
1 per cent. Now the Hartree method gives the greatest possible accuracy ob- 
tainable with wave functions made up of the products of individual wave 
functions, it being equivalent to a variational method with a function of com- 
plete flexibility. Since in the present case the wave function is likewise made 
up of products of individual wave functions, it is questionable whether one 
could hope to exceed this accuracy by very much, the situation in the hydro- 
gen molecule being rather similar to that in the helium atom. 

In concluding the main part of this paper, the writer wishes to acknowl- 
edge the advice and encouragement received from Drs. J. C. Slater and R. M. 
Langer and the assistance from Dr. S. Ikehara in checking parts of the cal- 
culation and in compiling the tables. 


Note added in proof (December 4, 1931)—Shortly after the present article 
had been sent to the publisher, the writer learned of the paper of E. A. 
Hylleraas, Zeits. f. Phys’k 71, 739 (1931) “Uber die Elektronenterme des Was- 
serstoffmolekuls,” in which, among other things, he calculates the energy of 
the lowest state of H» in very close agreement with the experimental value. 
However, it ought to be pointed out that one should not compare the results 
of the present paper with his results, since he multiplies through his calculated 
value of the energy by a factor obtained by interpolating between values for 
R=0, and R= ~, to get his final result. 


APPENDIX 

1. Integrals 

Many of the integrals arising in the present calculations are not new. 
Thus a number are to be found in the papers of Heitler and London,’ Sugiura,' 
and Bartlett. However, for the sake of completeness they will all be given 
here (in perhaps a different form). All but a few of the integrals present no 
great difficulties in the evaluation. The ones which do give trouble are the 
exchange integrals and they can be handled in the following way: 

On replacing 1/7. by its Neumann expansion in terms of Legendre func- 
8 Gaunt, Proc. Camb. Phil. Soc. 24, 328 (1928). 
® Bartlett, Phys. Rev. 37, 507 (1931). 
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tions of the elliptic coordinates any one of the exchange integrals arising here 
can be broken up into a sum of terms of the form J/(m, n, a) and S(m, n, a) 


where 
oa Al 
II(m, n,a) = f Ai "e Quddr f Ao"e *2d)» (Al) 
1 1 
20 Al 
+f A1"e QuQ)dar f Noe *2dXo, (A2) 
1 l 
- 2] M1 
S(m, n,a) = f A, "e oda f A2"e #27», 
1 1 
and 
A+ 1 
Qo(A) = $ n—— - (A3) 
A-— 1 


To treat these quantities, use is made of the simpler functions"® 


A, (a) =f ne-ady, (A4) 
1 


F(a) = | ne-@\)o(d) dd. (AS) 
1 
These can be shown to satisfy the following recursion formulae®’: 
1 
A,(a) = —|le~* + nA,_1(a)], (A6) 
a 


1 
F(a) = F,-2(a) a —|nF,1(a) =“ (n nee 2)F ,-3(a) — ae (a ) | ‘ (A7) 


Qa 


These, together with the “starting” formulae: 


A o(a@) = e~*/a, (A8) 
F((a) = 1{ (In 2+ C)e*/a — Ei(— 2a)e*, a], (A9) 
Fi(a) = 1{(In 2 + C)e*(1/a + 1/a*) — Ei(— 2a)e*(— 1/a + 1, a’) | (A9a) 


C = 0.577216---, (A10) 


are sufficient to compile tables of these functions. Such tables are included 
in the present paper" (Tables I and IT). 

By using these functions the integrations in (Al) and (A2) can be carried 
out. Thus on inverting the order of integration it follows readily that: 


S(m, n, a) = i) Ai"e midds f Ao™e *2dro (A11) 
1 Al 


10 Zener and Guillemin, Phys. Rev. 34, 999 (1929). See also Rosen, Phys. Rev. 38, 255 
(1931). 

1:Table I is essentially an enlargement of a table of A,(@) given in the paper by the 
present writer mentioned in reference’, but corrected for several errors mainly in the 5th and 
6th figures. Cf. list of errata at the end of the present paper. 
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m! "= a’ 


=—— ) —A,,,(2a). (A12) 


a" 2 
Rather than to calculate S(m, n, a) by this formula it is more convenient 
when compiling a table of values to use the recursion formula which the ex- 
pression in A12) satisfies. This is: 


1 
S(m, n, a) = —[mS(m — 1, n, a) + A m4n(2a) | (A13) 
Qa 
with 
S(0, n, a) = A,(2a)/a. (A14) 


As a check in such calculation, one may use the following relation, easily 
derivable by the use of expressions of the form (A2) and (A11), namely: 
S(m, n, a) + S(n, m, a) = An(a)A,(a). (A15) 
By analogy with (A12) one can define the quantity 


m! =» @ 
T(m, n, &) = ——- > —Fyi(2a), (A15) 


amti oy »v! 


which will have an analogous recursion formula, 


1 
T(m, n, a) = — [m7(m — 1, 2, a) + Frign(2a) (A17) 
Qa 
with 
T(0, n, a) = F,(2a)/a. (A18) 


By means of this function, it is found that one can write 
H(m, n, a) = An(a)F,(a) + An(a)Fn(a) — T(m, n, a) — T(n, m, a). (A19) 


Since the functions (A12), (A18), and (A19) are characterized by three 
parameters they are too bulky to be tabulated here; however, to calculate 
them from the tables of A,(a) and F,,(a@) is a simple matter. 

By the help of these functions the “exchange” integrals can now be evalu- 
ated; the remaining integrals require no special comments. The integrals are 


as follows: 


y"(al) 2 
RF, = Rf | dv, = p (A20) 
Tal 
¥’(al1) . 
RF, = Rf - | dv, = p/2 (A21) 
Tal 
[y°(a1) ]? | 
RGoo = Rf dv, = 1 — @ *?(p + 1) (A22) 
Yo 


W"(al)y’(a1) . 
RGo, = R{ dv, = 1/p — e-**(p? + 2p + 24+ 1/p) (A23) 


Tobi 








RG, 


RKoo. = 


ae 


RKo, Ty ies 


RKi1,11 


I = 


RJ oo = 
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[y’(a1) |? . 
‘ [ dv, = 4 3 p* me @ 2P( p° +. 3p" 
e Thi 
+ 11p/2 + 7 + 6/p + 3/p?) (A24) 
> [y°(al) |2[y°(62) |? 
| dvd? = 1 — ¢ “P(p3 0 + 3p? 4 
e T12 
+ 11p/8 + 1) (A25) 


R 


dv dv 


f [y°(a1) }2p°(b2)y’(b2) 
e Yr) 


p—e *°(p4/12 + 11p*/ 24+ 59p*/48 + 29 +2+1/p) (A26) 


ke (a1) |2/y’(62) |? 


Vie 


dv,dv2 = 1 + 3/p? — e77°(p*/20 


41p/120 + 301p3/240 + 25p2/8 + 89/16 (A27) 
7 ot 0/p 1. 3 p-) 


/ 


~ "(al )W’(a1)¥(b2)y'(b2) 
} dv,dv»2 
« rie 
‘p? — e-*°(p5/30 + 1/5 + 77p3/120 + 71p2/48  — (A28) 
2639/96 + 4+ 4/p + 2/p*) 


di dvs = |] ‘p + 9 p” 


' 


f v"(al)¥’(al) [p’(b2) |? 
. rie 
e~*°(p° /60 + 7p°/60 + 113p4/240 + 697p*/480 (A29) 


3577p2/960 + Sp + 14 + 19/p + 18/p2 + 9/p3) 


' 


*[w’(al) |? [y’(b2) |? ; 
} dv dvs 1+ 6 p- + 54 p4 


Vi2 


e~°°(p7/140 + 141p°/2520 + 1995/70 + 893p4/840 


(A30) 
23809p*/ 6720 + 6411p7/640 + 30731p/1280 + 49 
84/p + 114/p? + 108/p? + 54/p*) 
} W"(al)W(b1) do, = e-?(p?/3 + p + 1) (A31) 


fvany ones = plyo/2 = 4e-°(p*/3 + p? + p) (A32) 


| V’(a,)y' (dl \dv, = e9(p4/15+ 23/15 — p?/5 —p—1) (A33) 


R 


~y%(al (p(b1) . | 
| dv; = pe-*(p + 1) (A34) 


Val 








RJ 10 


RJ 01 


RJ i; 


RL 0,00 


(Lo1,01 + Lo1,10) 


111 
“11,11 


=Rf 


J 
af 
ae 


NORM. 


iL” 


y’(a1)y°(b1) 


av, 
‘al 
v'(al)y'(01) 
av, 
W’(a1)y’(01) 
avy 


vCal )Y(b1) 9" 


STATE OF THE H MOLECULE 


= 3p*e-°(p + 1) 


= 5p°e *(p + 1) = 


1 


2 RJ 10 


= 2pe°(p8/3 — p — 1) 


a2)y"(b2) 
= (p°/15)[917(2, 


J p) 


— 611(2,0,p) + (0,0, p) — 3S(1, 2, p) + $(1,0,,) | 


S" 
ne 


(p*/2 


f 
(es 
ef 
‘J 


p' 
- R( 
1 


%(al)W"(b1) "(a2 


y" 


Z) RL 0.00 


y” (al)y' (b1 yy’ ( (az 


7” 1) 


Y'(al)y ‘(b1 yy’ (az 


W’(al)y’(b1)Y’ (« 


6 2 


The primed quantities are given by: 


RL’ = 


— 27H(2, 2) + 


+6, 
RL” = (p*® 


— 135H(2 


+ 217S( 


(p$/840)[— 2117 (6, 


) + 


3,6) - 


$(3, 0) + 21S(1, 6) — 25S(1, 


27H (2, 2) - 


24058(3, 4) 


2) + 7H(6, 0) 


9H(2,0) + 21S8(5, 


yw’ (b2) 


Vi2 


)’(b2) 


2)¥'(b2) 


2)y’(b2) 


ee ae: “ 


4+) + oS(1, 


+ 51,$(3, 2) |. 


The argument of these functions is p as before. 


= (p 


dv v2 


dv,dv-2 


dv,dv2 


+ 60H (4, 2 


2)RLo5 


),00 


(al)y’( ee (a2)y’(b2) + w’(a2)y' (b2) | 


adv \dve 


= (p 2)RLoo.11 


2); 
15120) [14717(6, 6) — 3154 (4, 6) + 225H(4, 4) + 63H(2, 6) 


2945(5, 6) + 3158(5, 4) — 


20H (4, 0) 


2) — 7S(5, 0) — 18S(3, 2) 


638(5, 2 





(A35) 


(A36) 


(A37) 


(A40) 


(A41) 


(A42) 


(A43) 


(A44) 


(A45) 








2114 N. ROSEN 


2. Curve Fitting 
To fit a curve of the form 
AE = De-24(e0-em) — 2Pe~4(ro-on (A46) 
to the energy curve nears its minimum requires a knowledge of the energy at 
three points in that vicinity. In the calculation discussed the fitting was very 
easy because the minimum was near pp = 1.5, and values of AF had been cal- 
culated for pp =1, 1.5, 2. Thus, if we denote these values of AE by EF), E., Es, 


and let 
B= ee? (A+7) 


C = etm, (A48) 


than the equations to be satisfied are: 


k, = CD(CBt — 2B"), (A49) 
E, = CD(CB* — 2B), (A50) 
E; = CD(CB® — 2B‘). (A51) 


The solutions are given by the appropriate root of: 


EB’ — E.B? — E,.B + E; = 0, (A52) 
and by the relations: 
C= ( ), (A53) 
B?\ EE, B* — EF» 
1 i, B* ~—_ to 
D= ( ), (A54) 
2B°C i-B 
a = 21n(1/B), (A55) 
1 
pa = —InC. (A56) 
a 


Thus the constants required in (A46) have been evaluated. 

Errata: In a recent paper by the author, Phys. Rev. 38, 255, (1931), 
several errors appear which may cause inconvenience to anyone using it. The 
corrected portions should read as follows: 


m 


p. 254, Eq. (45 yr n™(a) = doa’ Fns(@ ) Dry! 


v=U 


p. 266: Ag (1, 3.5) =5.06522 instead of 5.06553 
Aj4o(1, 3.0) =2.04787 - 10 instead of 2.04787 -1 
Aj3(1, 8.0) = 1.36747 - 10 instead of 8.36747 - 107% 


p. 267: A;(—1, 2.0) = 9.23632 -10-! instéad of 1.84726 -10- 
p. 274, line 5:a=1.385 A! 
p. 274, line 20: 0.87 instead of 1.11. 
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ABSTRACT 

It is shown that the general solution of Schrédinger’s equation in one dimension 
for a given energy can be written in a form representing two beams travelling in oppo- 
site directions with the classical velocity. This permits an interpretation of the uncer- 
tainty principle in which an electron in a conservative field, with a definite energy, has 
also a definite speed, but its direction of motion is indeterminate. In regions in which 
the classical velocity is imaginary this interpretation becomes indefinite. A brief 
consideration is given to the generalization to three dimensions. 


INTRODUCTION 


HE uncertainty principle is often characterized by the statement that 

“the position and velocity of an electron cannot be determined simul- 
taneously.” There are two general theoretical ways of explaining this result; 
(1) by saying that a localized electron can only be vizualized in terms of a 
wave packet, and (2) by appealing to the statistical interpretation of the 
function 


eti(ar h)pgq (1) 


as the probability amplitude connecting a coordinate g and its conjugate 
momentum p. These two arguments are more or less equivalent since one can 
build up a wave packet by a superposition of functions of the type of Eq. (1); 
i.e., by a Fourier integral 


¥(q) = f g(pyei@r!Padp, (1’) 


From this point of view it seems necessary to conclude that if an electron is 
considered to be at a given point, then its velocity can have any magnitude 
and any direction. 

In a conversation with the writer some months ago, Professor Frenkel 
suggested that one might interpret the uncertainty principle in terms of an 
uncertainty in the direction of motion of the electron, and of a possible reflec- 
tion coefficient for the electron at every point in a field of force. Due to the 
reflection the electron may change, and even reverse, its direction of motion 
at any point. This development will be made in the English edition of Fren- 
kel’s book on wave mechanics. 

The purpose of the present note is to present some furthur ideas which 
have occurred to the present writer on this topic, principally for the purpose 
of making the above argument more precise and definite. It may be stated 
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here that the essential point about which our discussion turns is the possibility 
of expressing the general solution of Schridinger’s equation for a given value 
of the energy E by means of an integral of type somewhat different from (1°), 
but in a form in which the integration extends not over all values of the mo- 
mentum, but over only those values which are consistent with the require- 
ment that the absolute magnitude of the momentum of an electron at a given 
point with a given total energy shall be just the classical value. For one- 
dimensional motion the integral reduces to a sum since there are only two 
possible directions of motion. We discuss first motion in one dimension. 


ONE DIMENSIONAL CASE 


Consider the “collision” of a group of electrons, all having energy EF, with 
a field of force having a potential function V(x), where we assume E2 V(x). 
For simplicity in the later interpretation we assume that 


Vix) = Vo when x Ss = j 


(2) 
V(x) 1, when x = &, 
where V,) and V, are constants. 
The wave equation to be solved is 
d*y dx* + 4r°a*(x, E)y = VJ (3) 
with 
a(x, E) = + [2m(E — V(x) |! -/ ht. (+) 


Let us try to solve Eq. (3) by replacing V(x) by a “step-function,” a portion of 
which is shown in Fig. (1). For such a step-function the solution can be ob- 
tained by elementary means, and one can then approach the actual case by 


V 











making the steps smaller, at the same time increasing their number. Let a’ 
and a’’ be the values of a(x) at x’ and x”’ respectively. For the step-function 
the solutions can be written as 


, , ” / Lien! ' ‘ —_ 
wsa <a” Pb = clr’ )etiPre’s + co(x’)e—i2t4 (5) 


. € al" y _ c(x"’ et 2ra’’s 1 col(x’)e 2ra’’z (6) 


lA 


where ¢;(x’), Co(x’), c1(x’’), and ce(x’’) are constants. 


en 


VO 


th 


on 


(6) 
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Applying the usual boundary conditions of continuity for Y and dy/dx at 
x’’, one obtains the expressions 


) = djer(a) (1 + a! /al)eti2r@’—a' 2" 4 6o(x’)(1 — a /a!’)e i2e(a’ta’)2'"} 
a suns 
2r(a’+a’’)z + Co(x’) (1 + a’, a’ \e i27(a’—a part | : 


tw 
— 
I 
tom 
= 
a 
“pm 
6 
< 
~ 
S 
«< 
4 


We now consider the interval x’’—x’ =Ax to become an infinitesimal, and 
the c’s as well as @ to be functions of x which can be expanded in Taylor's 
serious about the point x’: 

a” = al + (da/dx),pAx+-::: 


7 at shies (8) 
C1(x") + (de;/dx) Ax + ---: etc. 


Cj ( x’) 


Inserting these relations in Eq. (7) we get, after some elementary manipula- 
tions, in the limit Ax—0: 
(de,/dx) = [d(In a'/*)/dx|[— (1 + it4max)cy + e479] ) 


8 (9) 
(dc2/dx) [d(In a!/?) dx |[eti#™az¢, -Ud-— idrax)cs| 


With the functions c,(x) and c2.(x) as determined by these relations we can 
write for the general solution of Eq. (3): 


W(x) = C(x)etita = + Col x)e~ ret), (10) 


It can easily be verified! directly that this function satisfies Eq. (3). In order 
completely to specify the solution (10) we must subject the functions ¢,‘x) 
and c.(x) to some initial or boundary conditions. It is for this reason that we 
have introduced Eqs. (2). If we make c,(&,) = 1, c2(&,) =0, then Eqs. (9) show 


> 
9 


that c,; and ce retain these values? for all larger values of x, and also that c; 
and cz are both constant for x <£, so that we can interpret the problem by 
saying that a beam of electrons of density |c,(&o) * impinges on the force field 
from the left, a beam of density ‘|c2(&) |? is reflected, and a beam of unit 
density is transmitted. The reflection coefficient for the lattice is hence 
Ico(Eo) |2/ |ex(Eo) |?. 

Let us calculate the current at any point in the lattice. For dy/dx we get, 
by using Eq. (9) 


(dy/dx) = i2ra(x) [ci(a)et@re@ 7 — Cal xX)e i2ra(z)e] (11) 
and for the current** 
I = (h/4nrmi)(y*dy/dx — pdy*/dx) 


5 aa , , (12) 
= | ha(x), m || | €1(X) | - — | Cal X) | 2 = constant. 


Here ha(x)/m is just the classical velocity which an electron would have at 
the point x. Since this expression is in the form 
current = density X velocity 
1 Use of Eq. (11) will simplify the work. 
2 As by Eq. (2), da/dx=0 when x > & or x < £o. If (da/dx),¢, #0 we can choose a point just 


to the right of & for which da/dx will be zero. This point £o can be treated similarly. 


* These results were given in a previous note. E. L. Hill, Phys. Rev. 38, 1258 (1931). 
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it seems very reasonable to conclude that the solution (10) can be interpreted 
as representing two beams of electrons, one of density !c;(x) |? moving to the 
right, the other of density |co(x) [2 moving to the left, each beam, however, 
having the classical velocity appropriate to that point. 

This result is foreshadowed by Eq. (11) which shows that the application 
of the momentum operator 


pP: = (h/2ri)d dx 


tow, makes ha(x) appear formally like a proper value of p,, having the proper 
sign for each of the beams. 

This argument makes it very plausible indeed that it is legitimate to 
think of an electron with a given energy as having a definite velocity at a 
given point; i.e., the classical velocity, but that the direction of motion is in- 
completely specified. The average drift of electrons is just sufficient to ac- 
count for the correct current. The uncertainty in momentum becomes an un- 
certainty in direction, but not in absolute magnitude. This is all on condition, 
however, that one confine himself to electrons having one given energy; if 
one considers electrons in different energy regions, then the resultant solution 
would contain electrons having different velocities, but for the electrons in 
each energy state the magnitude of the momentum would have just the 
classical value. 

These two beams, however, cannot be considered as representing inde- 
pendent or alternative states for the electrons, for in the first place neither of 
the two terms in Eq. (10) is a solution of Eq. (3) when taken separately, and 
further, Eqs. (11) and (12) are true only when both terms are included in 
(10); e.g., 

p2[cyei2*27 | = he [cyei2*2= | , 


This simply means that the resolution into beams is not analogous to the 
resolution of a general y-function into a set of mutually orthogonal proper 
functions. The physical reason for this is obvious: under the influence of the 
force field the electron can, and in general must, transfer from one beam to 
the other. However, if one treats the force field as a small perturbation, the 
electrons being practically free, then in the zeroth order calculation the two 
directions of motion do represent independent states, between which transi- 
tions occur under the influence of the field. This type of treatment has been 
considered by Brillouin® in his theory of metallic conduction. In the general 
case the two states are so tightly coupled that the idea of a rate of transition 
between them becomes evanescent. 

It is to be particularly emphasized here that there is no question of a 
“measurement” of the velocity or position of an electron involved in this 
reasoning, just as there is no real question of a physical measurement in any 
of the purely mathematical treatments of the uncertainty principle; e.g., as 
in Weyl, “Gruppentheorie und Quantenmechanik,” 1st edition, p. 67. To the 
writer it seems fairly clear that derivations of this nature are logically not 


’ L. Brillouin, Jour. de Physique (7) 1, 377 (1930). 
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related in any simple way, if indeed they are related at all, to arguments based 
on y-ray microscopes and the like. The one is valid for isolated systems while 
the other depends upon interactions between systems, and although one may 
choose to say that an isolated system is a meaningless concept, yet there can 
be little question of the necessity of the concept for the purposes of general 
theoretical development. 

We have explicitly limited ourselves to electron energies for which E= 
V(x). For regions in which E < V(x) there is no reason to suppose that Eqs. 
(9) and (10) do not still hold formally. Since a(x) is a pure imaginary num- 
ber, Eq (11) becomes 


dy/dx = — 2r | a | [ei(x)e “2m late — c2(x)et2*lalz] (11’) 


and Eq (12) changes to 
[ = i(h| a | ‘m) [cxc2* -_ €,*¢e). (12’) 


Our interpretation is thus no longer valid unless we consider the imaginary 
part of c,c.* as a sort of density, but there seems to be no apparent meaning 
to this. Rojansky‘ has shown that one can formally still make the separation 
into two beams moving with the velocity h |a|/m, but the densities of these 
beams are not governed by Eq. (9) through the whole range of the variable x. 

This constitutes the essence of the physical argument of this note. In the 
remaining section we shall make some remarks about the generalization to 
three dimensions, but since the writer has not been able to give the complete 
solution of the problem for this more complicated case, these remarks must 
be regarded as being tentative. We shall restrict ourselves to energies for 
which the total energy is always greater than the potential energy. 


THREE DIMENSIONAL CASE 


The physical situation is here quite similar to the case of one dimension 
except that the degree of liberty for the direction of motion of the electron 
is infinitely greater, since an electron moving originally in a given direction 
can be reflected not only in the reverse direction, but also in any other direc- 
tion. 

On the basis of our physical idea that the velocity of an electron with 
definite energy has the classical value, we expect that at any point in coordi- 
nate space (x, y, 3) designated by the position vector r, we can write 


2r © 
f iu f sin ada} c(o, p; r)et@rate ner} (13) 
0 0 


ha(r) = [2m(E — V(r))]*/? 


¥(r) 


where 


is the magnitude of the classical momentum, and n is an unit vector specify- 
ing the direction of the momentum, defined by the angles ¢@ and yp in an ob- 





* V. Rojansky and W. Wetzel, Phys. Rev. 38, 1979 (1931). 
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vious manner. The quantity |c(¢, u; r) |? should then represent the number of 
electrons, at r moving in the direction of n, per unit solid angle. 

It is not easy to give a proof that the general solution of Schrédinger’s 
equation (for a given energy £) can be put in the form (13), as we were able 
to do directly in one dimension. Assuming the correctness of the physical 
view of the problem it seems very plausible. A still stronger, although qualita- 
tive argument, can be made by examining Whittaker’s proof’ of the fact 
that the general solution of the equation 


V-® + pm = 0) 


can be represented by a superposition of plane waves of type similar to (13). 
If we imagine the function a(x, y, 2) to be replaced by a three dimensional 
step-function in which a@ is constant over certain regions, then for each re- 
gion Schrédinger’s equation can be put in this form, and the general solution 
can be written in the form (13) with the appropriate value of a. On shrinking 
the size of the regions, just as we did in the one dimensional case we should ex- 
pect to get a formula like (13). We are prevented from carrying out the pro- 
cess in detail because of the complexity of the boundary conditions in three 
dimensions. 

We can make a reasonable guess at the equation for c(o, wu; r) by writing 
down the three dimensional generalization of Eqs. (9); 1.e.,° 


grad [c(o, uw; rete a-r| = nidra(r)c(c, uw; r)et®te ar 


(3/4ra) grad a op dy’ f sin o’do’} n'c(o’, wu’; r)et svtnn'e} |. (15) 


It can readily be verified that 
grad y(r) = i2ra(r) f du f sin oda} nc(o, pw; ryei2t@ nner | (16) 
0 0 


which is the expected generalization of Eq. (11), and that y, as given by Eq. 
(13), formally satisfies Schrédinger’s equation. 

The writer has, however, not succeeded in giving a satisfactory proof that 
the current is given by the formula 


2r © 
(ha(r) /m) ( dn f sin odo | c(o, wu; r)| *n 
70 0 


which is the generalization of Eq. (12), and is required by our physical inter- 
pretation. The trouble seems to lie in the continuity for the range of direc- 


5 E, T. Whittaker, Mathematische Annalen 57, 333 (1903). Whittaker and Watson, “Mod- 
ern Analysis,. Cambridge Univ. Press, Chapter 18. 
6 The factor 3/42 arises from the theorem that for any constant vector I" 


. 27 » ihe 
{ du | asin odo{n-1} =—TI. 
0 


“0 


This is used in the proof that (13) satisfies Schrédinger’s equation. 
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tions of the momentum which causes nearby directions to be related, in the 
sense of all continuous spectrum problems. One can make some progress to- 
wards the desired end by introducing delta functions for the sharp definition 
of a particular direction of motion, but the passage to the limit of a continu- 
ous distribution of directions then appears to be quite artificial. On the other 
hand, it may be that Eq. (15) is not the proper generalization of Eq. (9). 


Added in Proof: Further consideration shows that while Eq. (10) yields a 
representation of the momentum, one must not attempt to apply it too gen- 
erally to other quantities. One can correctly calculate the average value of p 
and the standard deviation of p by considering the two beams as independent. 
The first of these-can be calculated from the current and the second by using 
Eqs. (10) and (11) for the calculation of c; and C2 


ce ®ez =1 [4 (1/i2ra) (dy/dx) |. coe raz = 3 [Y — (1/i2ra)(dy/dx) | 


from which one obtains, for a closed system 


(Ap)? = fh?o? | ley 24 C2 |? |dx. 


This makes it clear that the existence of a mathematical uncertainty princi- 
ple follows at once from the lack of knowledge of the phases of the motion, 
and not primarily because of any difficulty in the specification of the position 
or velocity of the electron. One must not, however, overlook the fact that the 
two “momentum beams” are really not independent: for some questions the 
interference between the two beams is of importance. The analogy with the 
classical motion in which the initial conditions are unspecified is thus incom- 
plete; the wave equation contains more than an indeterminacy in the phases 
of motion, 
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ABSTRACT 

In the rare earths, the inner 4f shell is incomplete and its electrons are much less 
stable than those in the outer complete 5s and 5p electronic shells. The rare earths 
possess sharp absorption lines which are ascribed to initial and final quantum states 
arising from different orientations of the spin and orbital moments of the electrons 
within the 4f shell. Ce*** has only one electron in this shell giving rise to only one term 
2F, a doublet, with an interval of about 1000 cm~. Absorption in the ultraviolet must 
correspond, then, to a transition from the 4f shell to virtual outer shells such as 5d or 
6s, or to the lattice. The ultraviolet absorption spectra were taken of single crystals of 
hydrated cerium chloride and cerium ethylsulfate at room temperatures, at that of 
liquid nitrogen, and of liquid hydrogen. The crystals varied in thickness from about 0.2 
mm to 3 mm, about the same thickness as has been employed in studying the line 
spectra of other rare earths. Aside from the very faint diffuse band at about 3020A 
found in one of the chloride crystals and which doubtless exists in the ethylsulfate 
also, the crystals were completely transparent from the visible to about 2700A and 
there, absorption set in and occupied the rest of the ultraviolet (to 2000A). To dis- 
cover whether this continuum was caused by the overlapping of several regions of 
selective absorption, the cerium ions were diluted in the isomorphous lanthanum 
crystals which are transparent and possess practically the same electric fields as the 
cerium crystals. The ratio of Ce*** to La*** in the solution from which the crystals 
were grown varied from about 1 to 10 to about 1 to 5000. Three new diffuse bands 
were discovered which remained structureless even at great dilution and at the tem- 
perature of liquid hydrogen. The bands were recognized as transitions from a rather 
sharp inner quantum state *F (the electron in the 4f shell) to a diffuse outer quantum 
state *D (the electron in the virtual 5d shell). The electron of the activated Ce*** 
is subject to enormous inhomogeneous electric fields because it is very close to the 
water molecules (and the negative ions) in the lattice. The 2D term is decomposed 
by these fields into sublevels of wide separation which are extremely sensitive to all 
the variations in electric fields. The substitution of one negative ion for another or 
a change in the fields accompanying thermal contraction displaces the bands in some 
instances by a hundred times as much as the lines of Gd*** are displaced under similar 
conditions. Whence, we return to the conclusion that the lines of the rare earths in 
general are associated with inner quantum states. It was predicated that transitions 
from the 4f electron to the outer shells would occur in other rare earths Pr***, Nd*** 
etc., but the bands would begin further in the ultraviolet than they do in Ce***. A 
band extending from 2280A to 2100A was found in undiluted neodymium chloride 
which also remained without structure at the temperature of liquid hydrogen. Pr 
exhibited no absorption band within the range of the spectrograph although the 
existence of one beginning at about 2100A would not have been determined. It is ex- 
pected that the first band of Pr*** begins somewhere in this region. The breadth of the 
bands has been discussed. 


* Fellow of the John Simon Guggenheim Memorial Foundation. 
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T HAS been proved! that the electronic configurations of the rare earths 
in crystals are the following: 


Tonic number* Ton Basic term 1s, to 4d 4f 5s, 5p 
54 Latt 1§ full 0 full 
55 Cett* °F ni 1 - 
56 Prttt 37] . 2 
57 Ndt*+t ‘J ” 3 
68 Lutt+ 1$ . 14 . 


* Ionic number is the atomic number less three. 


The energy required to liberate an electron in the 5s shell from these ions 
is about 45 volts and to liberate an electron in the 5p shell about 34 volts.’ 
However, an extrapolation is necessary to learn the ionizing energies for the 
electrons in the 4f shell. The 4f shell becomes less stable than the 5s shell at 
about atomic number 85 and less stable than the 5p shell at atomic number 
79 and it remains so for all lower atomic numbers. It appears that the energy 
of the electron in the 4f shell of the rare earths may correspond to radiation 
in the ultraviolet. It would presumably be the least in Cet** because the 
effective nuclear charge is probably the least here. 

The extraordinary sharpness of the absorption lines of the rare earths in 
crystals has been ascribed to stationary states arising from the electrons 
within the inner (4f) shell. The different states owe their origin to the differ- 
ent orientations of the orbital and spin moments of the electrons in this shell. 
Because of the enormous positive charge acting on these internal electrons, 
they are doubtless close to the nucleus and rather distant from the fluctuating 
perturbations of the oscillating molecules and ions. In addition the com- 
pletely filled 5s and 5p shells serve as screens against these perturbations. 
Cet+* has but one electron in the 4f shell and it can give rise to but one basic 
term.’ Any absorption in the ultraviolet must imply a transition of the 4f 
electron to outer electronic shells such as 5d,—, 6s etc. The possibility is 
open, of course, that the electron may end in the closely spaced quantum 
states which are equivalent to ionization in the lattice. 

The absorption lines of most of the rare earths are diffuse at room temper- 
ature but they sharpen remarkably at lower temperatures. As a rule they are 


1 Hund, Linienspektren, Springer, Berlin (1927). 

2 The actual values differ little from one ion to another. Those given here apply to Nd*** 
and were read from the Bohr-Coster diagram. See, for example, Ruark and Urey, Atoms, Mole 
cules and Quanta, p. 253, McGraw-Hill, New York (1930). 

3 The basic term is ?F, a doublet, with an interval of about 1000 cm™ as calculated from 
Sommerfeld’s formula for relativity doublets. These levels are further decomposed by the in- 
homogeneous electric fields of the surrounding molecules and ions. The magnitude of the 
electrical separation cannot be as much as several hundred cm™ when the positive ions are sur- 
rounded with H,O dipoles since the magnetic susceptibilities of these ions are almost the same 
as Hund calculated for the gaseous ions. If the separations reached any such order of magni- 
tude, deviations from Curie’s law would have been serious at room temperature. Kramers Proc. 
Acad. Amsterdam 32, 1176 (1929). 
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fine at the temperature of liquid nitrogen. The total intensity of the diffuse 
lines seems to be concentrated within a very narrow range so that the lines 
are easy to observe. As a precaution, the temperature was reduced even 
further to that of liquid hydrogen where the intensification progresses still 
further. 

The apparatus employed was a quartz Dewar tube furnished with four 
plane quartz windows. The single crystals were always immersed in the 
refrigerating liquid and were held in a metallic strip fastened to a tube of 
German silver which could be raised and lowered. In this way any one of 
several crystals could be placed in the path of the light. The source of con- 
tinuous radiation in the ultraviolet was a hydrogen discharge tube simila 
to the type recommended by Bay and Steiner.‘ It was constructed of Pyrex 
glass and permitted the continuous use of more than 500 milliamperes. An 
FE, spectrograph from Hilger was employed through the kindness of Professor 
Blanksma of the Organic Chemical Laboratory of this university. It con- 
tained one quartz prism and had a dispersion of about 5A per mm at 2500A. 

Crystals of the following salts were investigated: cerium chloride, cerium 
ethylsulfate, cerium acetate, praseodymium chloride, neodymium chloride, 
lanthanum chloride. All contained water molecules of crystallization. The 
cerium salts were recrystallized many times; the chloride from absolute 
alcohol. The cerium chloride was obtained as the hydrated chloride “pur” 
from the Societé des Produits Chimiques des Terres Rares. The ethylsulfate 
of cerium and the acetate were made from a hydrated nitrate “reinst” of the 
Auer Gesellschaft. A// the chemical operations and crystallizations were car- 
ried out at practically room temperatures to avoid oxidation. The oxidation 
of cerium, observed by the yellowing of the solution, sets in rapidly if the 
solution is boiled in air, but this reaction does not occur in alcohol. (It was 
later found reported that the oxidized cerium salt reverts easily in the pres- 
ence of alcohol to the form desired for this work. )5 

Thereafter, all crystallizations were performed at room temperature from 
solutions containing considerable concentration alcohol. The crystals were 
grown by the slow evaporation of a saturated solution in a dessicator contain- 
ing calcium chloride. 

The crystals of the three cerium salts varying in thickness from about 0.2 
mm to 3 mm showed similar absorption spectra at all temperatures. They 
were completely transparent from the visible region of the spectrum to about 
2700A and then absorption began rather abruptly and occupied the rest of 
the ultraviolet region (until about 2000A, the limit of transparency of the 
quartz spectrograph). The absorption edge moved toward the red with in- 
creasing thickness of crystal. 

It was inferred at this stage of the work that the continuum corresponded 
to an ionization of the ion, a transition of the electron immediately to the 
lattice rather than to an outer shell such as 5d, ... , or 6s etc. Transition to 
the latter would presumably have resulted in broad lines or bands since the 


* Bay and Steiner, Zeits. f. Physik 45, 337 (1927). 
'Treadwell-Hall, Analytical Chemistry, p. 471, Vol. 1, New York (1916). 
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outer shells are susceptible to the oscillating electric fields of the water mole- 
cules. (Additional broadening influences will be discussed later.) 

It was of course necessary to establish that the absorption was not due 
to the negative ions. For this purpose salts of other rare earths containing the 
same negative ions were examined so as to be entirely assured that the fields 
emanating from the positive ion, that is, the fields associated with the size 
and charge of Ce+** could not displace the “natural” obsorption of the nega- 
tive ions into the observed spectral region. (It is hardly necessary to remark 
that the ionic radii of the rare earths are almost identical, the well-known 
difficulty of separating them attests to the minutest differences. ) 

Lanthanum chloride was found to be completely transparent throughout 
the entire spectral range. This behaviour was expected since the chloride ion 
is known to be transparent here and lanthanum with no electrons in the 4f 
shell would require for the disruption of the completed shell many times the 
energy available in the shortest wave-lengths. Apart from a line spectrum, 
praseodymium acetate was also found to be transparent down to the shortest 
measurable wave-lengths. Dysprosium ethyl sulfate behaved similarly. 

It was still possible that the unbroken continuum was really the super- 
position of several absorption bands either because of an interaction of neigh- 
boring cerium ions or because of an enormous intrinsic absorption of these 
ions. The consequences of both these influences could be obviated by separat- 
ing the Ce*** in the crystal lattice and by keeping the thickness of the result- 
ing crystal about the same as in the previous experiments. The cerium ions 
were separated from each other by making mixed crystals of the cerium salts 
with the same lanthanum salts, the cerium comprising but a small fraction 
of the total. Mixed crytals of cerium and lanthanum chlorides and of cerium 
and lanthanum ethyl sulfates were investigated. La+*++ was selected for the 
dilution because of its complete transparency. Mixed crystals of the Lat*+t 
and Cet** salts can be made in all proportions because the radii of these ions 
are almost identical. In the ethylsulfates and in the chlorides, both the 
Cet++ ions and La*** ions are immediately surrounded, with the same num- 
ber of water molcules probably as La(H2O0)s+*+*+, Ce(H2O),.*** and the frac- 
tional differences in the radii of these increased ions is even less than in 
the unhydrated ions. In addition the slight difference between the action of 
one cerium upon another and that of a lanthanum ion upon a cerium ion is 
lessened by the negative ions between them in the crystal lattice.‘ 

Crystals prepared from a solution containing about ten times as much 
lanthanum chloride as cerium chloride exhibited a new faint diffuse absorp- 
tion band with a maximum at about 3025A at room temperature and the 
continuum occurred in approximately the same region as before. This ab- 


6 The research of J. Becquerel (Gedenkboek H. Kammerling Onnes (1922)) shows that 
many absorption lines of the rare earths are sharpeven in complicated mixtures such as minerals. 
The substitution of Br~ for Cl~ in GdCl; 6H,O (Freed and Spedding, Jour. Am. Chem. Soc. 52, 
3747 (1930)) shifted the absorption lines of Gd*** on an average by about 4cm~. The substi- 
tution of La (H.O),*** for Gd (H2O).*** would doubtless produce so small a displacement 
that it would be scarcely measurable with the quartz spectograph employed in this work. 
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sorption was never observed in crystals containing Ce*+*+* in smaller concen- 
tration such as are about to be discussed.’ These crystals varied in thickness 
from about 0.3 mm to 2 mm. When the concentration of cerium in solution 
was about two percent of that of lanthanum, the continuum previously noted 
decomposed into three diffuse bands which remained as diffuse at the temper- 
ature of liquid hydrogen as at room temperature. The corresponding ethyl- 
sulfates showed similar absorption spectra. When the Ce*** in solution was 
diluted further, about one hundred fold relative to the Lat**, the same ab- 
sorption bands persisted, became fainter and narrower but showed no struc- 
ture either to the eye or to a microphotometer. Lowering the temperature to 
that of liquid hydrogen did not perceptibly alter the diffuseness of the bands. 
(See Table I.) 


TABLE I. Data of mixed crystal of lanthanum and cerium ethylsulfate and mixed crystal 
of lanthanum,and cerium chloide. 


Temperature Number of La (Ce) *** (C2HsSO4)3 - 91120 La (Ce)***Cls - 6120 


“ene Center of *Width of Center of Width of 
‘ band band A band A band 
] 3020 

Room I] 2565 110 2575 50 

II] 2380 100 2455 50 

IV 2200 50 2300 very wide 

I] 2550 80 
Liquid nitrogen III 2370 60 

IV 2230 60 

et 

Liquid nitrogen II 2540 115 2540 80 

ITI 2365 90 2440 65 

lV | 2245 very wide 2300 45 








* The width of the band is only of qualitative significance since it varies with the time of 
exposure, especially in the wider bands. 


Different crystals gave roughly the same maxima within 10A for the nar- 
row bands and 15A for the wider ones. This is about the reproducibility with 
which the maxima of any single bands are known. 

The same crystal of the ethylsulfate was employed at the three tempera- 
tures. It was grown from a solution containing about fifty times as much 
lanthanum as cerium. 

The same crystal of the chloride was also employed at the two tempera- 
tures but it is possible that at room temperatures there was some moisture 
on the faces of the crystal. The chlorides differ from the ethylsulfates in being 
very hygroscopic. 

The diffuseness of the bands, the magnitude of their separations the great 
displacement in their positions when one negative ion is substituted for 
another or when the temperature is reduced, confirm the expectations that 
the absorption represents a transition from the 4f shell to virtual outer shells 
of the ion. There is no escape from this interpretation if the final quantum 


7 After this research was finished, this band was recognized faintly in the spectrum of a 
crystal of cerium chloride undiluted with lanthanum. 
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states are to be identified with the positive ion. The diffuseness of the bands 
may be attributed to the outer quantum state or states. (I shall refer to an 
“outer quantum state’’ when I mean the quantum state of the ion if the 
electron is in an outer shell.) The latter is exposed to all the perturbations of 
the neighbors of the positive ion and to all the oscillations that the neighbors 
experience. In addition, the unordered electric fields resulting from the strains 
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Fig. 1. Mixed crystal of lanthanum and cerium ethylsulfate. 1. Room temperature, IT. 
Temperature of liquid nitrogen, III. Temperature of liquid hydrogen. 


in the crystal exercise a broadening on these sensitive levels. Even more im- 
portant in this connection, the electronic levels probably couple with the 
oscillational levels of the water molecules of the crystal lattice in a way such 
as has already been anticipated.*:’ On the other hand, the inner quantum 
state, the basic state, is relatively free from these oscillating perturbations. 
The coupling between the electronic motion in the 4f shell and the oscilla- 
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Fig. 2. Mixed crystal of lanthanum and cerium chloride. I. Room temperature: crystal 


grown from solution containing about ten times as much lanthanum as cerium. I]. Room tem- 
perature: crystal grown from solution containing about 200 times as much lanthanum as cerium. 
111. Temperature of liquid hydrogen: crystal containing same concentration as IT, 


tional motion of the lattice is weak and judging by the sharpness of the ab- 
sorption lines of the other rare earths such as Nd***, Gd***, Dy*** etc., we 
would estimate the energy of the coupling to be less than the width of a rather 
sharp absorption line. The energy of this coupling must fall off rapidly with 
distance. 

The H:O molecules may be fairly well represented as dipoles in their 
action upon the relatively distant 4f electron. However, the proximity of the 


8 Ehrenfest, Gedenboek, H. Kammerling Onnes (1922). 
® Frenkel, Phys. Rev. 37, 17 and 1276 (1931). 
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H.O groups to the outer electron of the activated Ce*** brings into play their 
detailed electronic structures with their stupendous inhomogeneous electric 
fields. The influence of the negative ions also becomes more intense. We find 
that an alteration in the dipole attending the substitution of one negative ion 
for another displaces the bands of the Ce*** by as much as 1000 cm~! whereas 
a similar substitution displaces the lines of Gd*** by less than 10 cm~!. The 
contraction of the crystal, induced by lowering the temperature, with the 
resulting change in the electric fields, also effects a disproportionate readjust- 
ment of the inner and outer shells. In Gd*** where both the basic and the 
activated states are in all probability inner states an absorption lines shifts 
about 6 cm~! when the temperature is reduced from room temperature to 
that of liquid hydrogen.'® Under like conditions we find a displacement in 
Cet*+ of from 200 cm~! to 500 cm~'. There is no reason for believing that 
transitions to outer shells are restricted entirely to Ce***. We should expect 





Fig. 3. Absorption spectrum of Nd in NdCl,;-6H,0 at 20°K. Band begins at about 
2280A and ends at about 2100A, (very faint). 


Pr+*+*+, Nd*** ete. to have similar bands in their absorption spectra. Pr 
and Nd**+* with higher nuclear charges than Ce*** probably hold the 4/ 
electrons more strongly and require more energy for analogous transitions. 
(Such is the ordinary progression in gases also.) Hence we should expect to 
find their bands further in the ultraviolet region of the spectrum. No bands 
were found in a hydrated crystal of praseodymium chloride which Professor 
Urbain had kindly purified for the Cryogenic Laboratory. Nd*** (“Reinst” 
Auer Gesellschaft) definitely possessed such a band in our extreme ultra- 
violet. The band of the hydrated neodymium chloride extended from 2280A 
to 2100A and showed no structure even at the temperature of liquid hydro- 
gen. It is probable that Pr*** can be similarly activated but its first band 
lies just out of range of the quartz spectrograph. A faint band near 2100A 
would not have been detected for the general intensity of the radiation was 
feeble in this region. 

It was surprising to observe so little contraction in the bands at the 
temperature of liquid hydrogen. The breadth of the bands which can be re- 
lated to thermal oscillations (namely, the variation in the external electric 
fields and the coupling with the oscillations themselves) are doubtless greatly 
reduced. However, the low temperature would be accompanied by an in- 


1” Freed and Spedding, Phys. Rev. 34, 945 (1929). 
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‘ 


crease in the number and in the intensity of the strains and their “surface” 
fields would undo the normal effects of reduced temperatures." 

We have mentioned® that the separation between the levels of the basic 
doublet ?F is expected to be about 1000 cm~!. Corresponding to this difference 
in energy about 5 percent of the total Ce*+** ions would be activated and in 
the upper level at room temperature. At the temperature of liquid hydrogen, 
only one Ce*** ion out of 10,000,000 would be activated. Transitions be- 
ginning at this activated level would produce faint bands at room tempera- 
ture and they would disappear at the temperature of liquid hydrogen. Since 
there is little change in the relative intensities of the bands, we must accept 
that practically all the Ce*+** occupy the basic level or levels so close together 
that they behave as one relative to the width of the bands.” This statement, 
while almost certainly true, is not necessary for the conclusion that the 
electron occupies the 5d shell. It is sufficient and it makes the discussion more 
direct. The necessary condition is that the Ce*** ions in these dilute crystals 
are not present in appreciable amounts at the temperature of liquid hydrogen 
in more than three levels 2500 cm™ or more apart. There is no question but 
that this condition is rigorously fulfilled. 

If we look at the electronic configurations of the metals of the rare earths, 
we observe that one 5d electron and two 6s electrons had been removed in 
the process of ionization. The 5f shell does not become a stable shell for an 
electron until the atomic number 90 (thorium) is reached and no atom has an 
electron in the 5g shell. We shall try to decide between the 5d shell and the 6s 
shell as the final state of the electron. The former would give rise to a *D 
term and the latter to a*S term. It is known®-“ that S terms are not decom- 
posed by electric fields (or as Kramers points out, only to a degree of several 
cm) and since they are single, a transition to the 6s shell from the basic level 
could account for only one band. However at least four bands exist and hence 
we must conclude that the electrons of many cerium ions end in the 5d shell. 
The final state is then *D3/2,5;2 decomposed further by the electric fields of the 
lattice. On grounds of symmetry Bethe" has concluded that a D3,2 term is de- 
composed into three terms in a hexagonal crystal (ethyl sulfate) and in tetra- 
gonal crystals and into at least as many in crystals of lower symmetry. (The 
chloride is probably monoclinic.) The D5,2 term will be decomposed into more 


than three. 


These strains are only feebly effective in broadening the lines associated with inner 
quantum states. Er*** with an ionic number of 66 exhibits very broad and diffuse bands at 
room temperature which undergo a striking refinement into sharp lines at lower temperatures 
such as that of liquid nitrogen (Freed and Spedding Nature, 123, 525 (1929)). 

2 Possibly, the faint band observed at room temperature in some crystals of the chloride, 
originates at this activated level. The intensities referred to have been shown by the same crys- 
tal of the ethylsulfate at the three temperatures. Here we can see little difference in the relative 
intensities. In the chloride, band II has apparently gained somewhat in intensity at the expense 
of band III at the temperature of liquid hydrogen. The chlorides, however, are very hygrosco- 
pic. At room temperature, there was possibly a little moisture on the faces of the crystal which 
would influence the absorption and hence make comparison of the intensities, invalid. 

8 Bethe, Ann. d. Physik 3, 133 (1929). 

4 Kramers, Proc. Acad. Amsterdam 32, 1176 (1929). 
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Transitions from the 2F term to D3,2. and D35,;2 states would conserve the 
selection rules of Aj= +1 and 0 and Al= +1 and such transitions would be 
highly probable. Only very high probabilities of transitions can accord with 
such enormous intensities in the absorption as have been found. Transitions 
to the 6s shell would introduce Aj =2 and Al=3 which would be of much 
lower probability. The high positive charge on Ce*+*++ would probably make 
the 5d electron more stable than the 6s, 6p etc. electrons. (The concept of 
many virtual orbits in the crystals becomes more and more vague.) There 
are numerous examples in gases where a high nuclear charge stabilizes an 
inner shell. The best known are the iso-electronic gases K and Sc*+*+ and their 
electronic configurations are 


Isto3p 3d 4s 


IK full ] 
scr? - 


In a recent letter to this review Spedding advanced the hypothesis that 
the sharp absorption lines of the rare earths are due quite generally to transi- 
tions from the inner 4f shell to the outer shells 5d, —6s, etc. He was led to 
this supposition because the transitions between the states arising within the 
4f shell in Gd*** must result in intercombination lines, that is in transitions 
between 8S and °P, for example, intercombination lines occur frequently in 
the heavier gases free from perturbations and hence there is no reason to dis- 
miss such possibilities in ions imbedded in a lattice where many influences are 
still unknown. It was observed that the intensity of the absorption bands in 


Cet+*+ was much greater than in Nd*** or Pr*** since upon diluting Ce*** 
with Lat*+* and Nd*** with La*** the bands of Ce*** persisted long after the 
lines of Nd*+** had disappeared. The greater intensity confirms the view that 


the bands of Ce*** arise from permitted transitions while most of the lines 
of Nd*** are transitions of less probability, such as intercombination lines. 
The extreme sensitivity of the bands of Ce*** to external conditions shows 
clearly that electrons close to the sources of perturbation are responsible for 
the absorption. In Gd*** the initial and final states are either insensitive to 
the surrounding molecules or are almost equally sensitive to them. They 
must then have almost identical electron distributions and hence both the 
initial and final states of the absorption lines are due to electrons in the 4f 
shell. 

I should like to express here my gratitude to Professor W. J. de Haas and 
to all in his laboratory for their kind hospitability. 


15 As Bethe observes, the presence of the electric fields introduces different quantum num- 
bers and a selection principle applies to them. Nevertheless, the above discussion on transition 
probabilities is qualitatively valid since in the limit of feeble fields, the above considerations 
are approximated. 


6 Spedding, Phys. Rev. 37, 777 (1931). 
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ABSTRACT 
The wave-lengths of 134 absorption bands of ClO, have been measured with the 
Hilger E-] and E-185 quartz instruments. The bands have been arranged in progres- 
sions and the energy levels deduced. Five vibrational levels of the normal electronic 
state have been found; the vibrational levels of the excited electronic state can be des- 
cribed with the use of two vibrational quantum numbers. Formulae for these bands and 
their isotope separations are given. The shapes of the molecule in the normal and ex 





cited electronic states have been calculated from Bjerrum’s formulae for the vibra- 
tions assuming valency forces and all but one solution for each electronic state is ex- 
cluded by the isotope effect or the intensity distribution of the bands. The central 
force formulae give no possible solutions. The normal modes of vibration for the mole- 
cule have been calculated. The intensity distribution is consistent with the exten- 
sion of the Franck-Condon principle to polyatomic molecules. The predissociation 
limit agrees with a very approximate extrapolated value for the energy of dissociation 
through one mode of vibration of the excited electronic state into a ClO molecule and 
an O atom. Dissociation through a second mode of vibration of the excited electronic 
state gives only a very rough value. A discontinuity in the AE:v 
Goodeve and Stein appears at about the energy required for an oscillation of the mole- 


2’ curve noted by 


cule through a straight line position and it is proposed that this is the cause of the 
discontinuity. 


QO' THE various triatomic molecules whose electronic bands lie in the 
more accessible wave-length regions, chlorine dioxide seems to be one of 
the most promising molecules. It has an intense absorption spectrum lying 
between AA 5225 to 2600A and because chlorine has two isotopes of com- 
parable abundance, it is possible to study the isotope effect, giving another 
way of attacking the assignment of vibrational quantum numbers to its 
energy levels. This research was undertaken on this molecular spectrum in or- 
der to make use of this particular advantage. 

The first attempt to classify the bands of ClO. was made by Kibitz.’ 
Mayer’ succeeded in arranging them into progressions. In both of these re- 
searches only about forty nine bands were considered. Goodeve and Stein‘ 
investigated the spectrum of ClO, and measured 138 bands, and found that 
many of the observed bands were isotopic bands. These bands were arranged 


* Contribution No. 683 from the Department of Chemistry, Columbia University. 

1 The material in this paper is taken from the dissertation submitted by Helen Johnston in 
partial fulfillment of the requirements of the degree of Doctor of Philosophy, Columbia Univer- 
sity, 1931. 

2 B. Kabitz, Diss. Bonn, 1905. 

3H. Mayer, Zeits. f. physik. Chem. 113, 220 (1924). 

4 C, F. Goodeven and C. P. Stein, Trans. Faraday; Soc. 25, 738 (1929). 
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into 4 principal and 5 sub-“series.” They also observed the phenomenon of 
predissociation, which they located at \3293A. Very recently Finkelnburg 
and Schumacher’ have published a paper on ClO:. These experimentors have 
photographed the band heads with a two meter grating, but have not ar- 
ranged the bands into progressions. They have also determined the limit of 
predissociation A3753.28A. 

EXPERIMENTAL 

The chlorine dioxide was prepared by the reaction of oxalic acid and po- 
tassium chlorate as described by Bray.* The gas evolved was collected in a 
trap cooled with dry ice. This trap was connected directly to the absorption 
cell, 

Since chlorine dioxide is decomposed rather rapidly by light, it was neces- 
sary to keep a stream of the gas flowing through the absorption cell during 
the time of exposure. To do this we connected a glass needle valve to an out- 
let tube of the absorption cell to regulate the rate of flow of the ClO» and 
evacuated the system protecting the pump with a liquid air trap. When this 
procedure was used, the trap containing the chlorine dioxide was cooled in 
dry ice or dry ice-alcohol mixtures in order to regulate the pressure of ClOs. 
In some cases a stream of nitrogen was passed through the chlorine dioxide 
trap and then through the absorption cell and thus the cell was kept filled 
with undecomposed chlorine dioxide. The dry ice-alcohol bath provided a 
range of temperatures from —76°C to 10°C. The bath was easily regulated 
to within +0.5° by the addition of dry ice about every 15 or 20 minutes. 

Three absorption cells were used in these experiments. The first cell was 
made of Pyrex with plane Pyrex windows. There were three compartments 
in this cell, the two end ones ten cm long being evacuated and sealed off. The 
middle compartment was 30 cm long. This construction was used so that the 
middle compartment containing the ClO, gas could be cooled in dry ice in 
order to sharpen the band heads and simplify the general band structure. This 
could only be used for the stronger bands. The second cell consisted of a 
Pyrex tube 60 cm long with quartz windows sealed on which de Khotinsky 
cement. (ClOz is said to explode when brought in contact with organic mat- 
ter, but we had no such difficulty.) The third cell was an all quartz one of the 
same general design as the first described above. 

As sources of light in the visible and near ultraviolet we used a tungsten 
filament lamp or a point-o-lite lamp. A Pfund iron arc was used as a refer- 
ence source. This was mounted directly in front of the slit with the lower elec- 
trode remaining in place during the exposure of the absorption spectrum to 
insure its correct alignment during the exposure of the reference spectrum. 

The Hilger E-1 Quartz Spectrograph was used for nearly all our measure- 
ments, only asmall number being made with the Hilger E-185 three meter 
instrument. 


6 W. Finkelnburg and H. J. Schumacher, Zeits. f. physik. Chemie, Bodenstein-Festband, 
704 (1931). 
® W. Bray, Zeits. f. physik. Chemie 54, 575 (1906). 
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EXPERIMENTAL RESULTS 


We have measured 134 bands of ClO. between \A5042 and 3226. The re- 
producibility of our measurements on different plates is about 0.7A or from 
3 to 6 cm~! depending on the wave-length range. Table I gives the wave num- 
bers of all bands measured by us and the wave numbers given by Finkeln- 
burg and Schumacher and by Goodeve and Stein. Goodeve and Stein say 
that their results could be duplicated to within a few wave numbers but that 
sometimes readings differed by as much as 10 cm™. In the far ultraviolet, 
they claimed not to be able to repeat within 15 cm™. Finkelnburg and Schu- 
macher claim an accuracy of +0.05A in the visible and +0.5A in the far ul- 
traviolet. We find that the measurements of the latter authors do not follow 
smooth formulae as well as ours and we do not feel certain that these band 
heads can be measured so precisely as they claim. The wave-lengths which 
we secured were reduced to vacuum by reducing the wave-lengths of the 
standard iron lines to vacuum and making the entire calculation with these 
standards. The wave-lengths were calculated by using the usual Hartmann 
formula. 


CLASSIFICATION OF BANDS 


Inspection of Goodeve and Stein’s results immediately shows that it is 
impossible to derive a formula that will fit the isotope effect. A formula can 
be made to fit the isotope effect from the sixth member of their “sequence,” 
but their classification up to this point must be incorrect or the isotope effect 
surprisingly irregular. Our arrangement of the bands into progressions differs 
in many details from that of Goodeve and Stein though the main features 
remain. 

In discussing our arrangement, it is convenient to adopt the assignment 
of vibrational quantum numbers at this point and justify this selection later. 
\Ve find it necessary to use three quantum numbers for the normal state, 2", 


. i’ and vo’. Transitions can be indi- 


v” and v3”, and two for the excited state, v 
cated by the symbol (2;’, 22’)—(2,", v2”, v3”), the arrow indicating the direc- 
tion of the change in absorption. 

Anticipating the final assignment of quantum numbers, the progression 
with the most intense bands is (0, v2")<—(0, 0, 0), vo’ =0 to 30, the third most 
intense band system (1, v2’)<—(0, 0, 0), vo’=1 to 17, the second (0, v2’)—(0, 
0, 1), vw’ =4 to 15, and the fourth (1, v’)<—(0, 0, 1), 2’ =0 to 13. If the pro- 
gression difference between progressions (0, v2’)<—(0 0, 0) and (0, v2’)<—(0, 0, 
1) and between progressions (1, v2’)<—(0, 0, 0) and (1, v2’)<—(0, 0, 1) are taken 
it will be found that this difference is 528.8 cm~. It would thus appear that 
the first and third most intense progressions originate from the same unex- 
cited level and go to different excited levels and the second and fourth in in- 
tensity come from a level with 528.8 cm~ more energy and terminate on the 
same two sets of excited levels. If the differences between the bands having 
the same value of v2’ of the progressions (0, v2’)<—(0, 0, 0) and (1, v2’)<—(0, 0, 0) 
and of progressions (0, v2’)<—(0, 0, 1) and (1, v2’)<—(0. 0, 1) and of progressions 
(1, vo’)<—(0, 0, 1) and (2, ve"’)<—(0, 0, 1) are taken it is found to be about 300 


/ 
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TABLE I, 
vyinecm! yinem = yinecm! vy in emo vy in em=! -incm~! 
in vacuo in vacuo in air in vacuo in vacuo in air 
19134.1 19140 *23938 .2 23944 
19424 .4 19423 23959 .1 23967 
t 19625 .4 19635 *24058 .6 24062 
19831.9 19841 .7 19848 24078 .2 24079 .3 24084 
t 19900 7124169 .6 
20070 .2 20079 24227 .7 24228 .3 24232 
*20080 .2 20081 .5 T 24241.0 
20125.8 20130 .4 20130 *24463 .9 24471 
20185 .3 24488 .1 24488 .4 24495 
20332 .7 20341 *24610.9 
20359 .8 20368 24635 .8 24636.8 24641 
*20368 .4 20369 .9 24709 .7 
20542 .3 20548 *24732.2 24738 
20569 .4 20574 24757 .2 24757 .1 24763 
*20574.2 20572 .7 24899 .1 24907 .4 24904 
20782.1 20778 .8 20786 24986 
*20785 .9 25116.3 
20825 .1 20835 *25132.8 25141 
21014.2 21016.4 21023 25163 .9 25164 .2 25170 
21064 .6 21064 .1 21070 25238 .7 
21275.8 21276.2 21283 *25274.6 25284 
21307 .7 21305 .4 21310 25307 .0 25307 .5 25313 
21479.8 21480 .4 21483 *25397.8 25397 
*21716.8 25428 .0 25428 .0 25436 
21724.8 21724 .3 21733 *25536.9 25544 
21760 .6 21761 .2 21769 25569 .2 25571.4 25575 
21842 .2 21849 25656 
21979.1 21980 25769 .9 
22009 .7 22010 .3 22016 *25799 .7 25810 
22172 .3 22173 .7 22178 25834 .2 25835 .4 25843 
422369 .4 25903 .4 
22426.4 22425.4 22437 725916.5 
22449 .2 22450.2 22457 *25936.2 25948 
22536.2 22537 .0 22542 25972.1 25973 .6 25979 
22590 .9 22598 .7 22580 26029 .9 
22675 *26059.5 26065 
*22703 .2 22703 26094 .4 26095 .4 26107 
22706 .4 22706 .3 22711 7{26151.9 
*22860.6 22860 .7 22856 26195 .5 26208 
22873 .2 22875 .0 22869 26230.7 26232 .2 26242 
723029 .2 26303 .4 26310 .6 26306 
*23107 .6 23116 *26459 .4 
23120.5 23119 .2 23124 26500 .4 26504 .9 26503 
23140.5 26549 .5 
23221.7 23225 *26591.4 
23280 .5 23281.7 23277 26633 .5 26635 .8 26648 
*23382 .2 23391 26664 .0 
23395 .7 23395 .8 23402 26686 .5 
23548 .6 23553 .0 23556 *26715.5 
*23789 .7 23796 26756.0 26757 .4 26764 
23806 .3 23813 .8 23812 *26843 .5 26860 
23902 .0 23904 126875.8 


} 


* Isotopic bands. 

+ Unclassified bands. 

} These are the two bands that agree approximately with the calculated values for transi- 
tions (2, 6)—(1, 0, 0) and (2, 9)—(1, 0, 0). 

The Editors of the Physical Review suggest that the accuracy of our measurements prob- 
ably does not justify the use of six significant figures. We fully agree with them but we retain 
the sixth significant figure because all of our tables and calculation would have to be revised 
if this figure were dropped. Also the precision of the isotopic separations probably warrants 
the retension of the fractional values. 
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TABLE I.—(Continued) 


U. & J. F.&S. G. &S. U. & J. F.&S. G.&S. 


y in em! yin cm! > in em > inem =! > inem= vyinem! 
in vacuo in vacuo in air in vacuo in vacuo in air 
26887 .0 26888 .6 26900 + 29900 
26963 .8 26967 .2 26971 * 29936 
*27117.4 29980 .9 29982 .2 29996 
27162 .3 27163 30153 
*27240 .2 | . 30307 
27288 .6 27293 .2 27302 | 30375 .3 30380 30377 
*27368 .6 27377 * 30400 
27412.9 27414 .9 27424 30435 .6 30477 
14 27507 ; 30529 
427525.0 730570 .9 
27536.6 27540 .4 27550 30613 
27625 .2 7618.5 27623 * 30976 
*27761 .5 27772 30989 .3 30996 31014 
27815.7 27821 ; 31142 
427829.7 31218 
*27883 .1 * 31539 
27939 .0 27946.7 27956 31601 31619 
. 28021 7 31749 
+28037 .3 31847 
28063 .0 28065 .1 28079 32190 32202 
° 28148 32768 32779 
28172.8 28186.0 28194 33330 33336 
*28415.0 28424 * 33761 
28470 .7 28475 33848 33877 
*28523.5 * 34238 
28583.7 28590 .2 28603 34346 34341 
28704.5 28713.8 28724 * 34746 
+28762.8 34841 34855 
728843 .9 28840 35288 
29112.4 29114 35370 
+29170.1 35805 35840 
29223.8 29229 .3 29236 36260 
° 29304 36321 
29346 .0 29351.8 29365 36700 
*29685.1 29686 37106 
29748 .7 29745 37509 
0 


29843. 


29850.5 29858 37922 


cm—! if ve’ is small and that this difference decreases with increasing v2’. With 
this procedure it was found necessary to postulate three upper sets of energy 
levels and two unexcited energy levels. This is essentially the scheme used by 
Goodeve and Stein. 

The search for further vibration levels of the normal electronic state was 
then made by first plotting all bands not included in these progressions and 
then moving a scale having the differences of the (0, v2’), (1, v2’) and (2, v2’) 
levels along this until agreement with the positions of the unclassified bands 
was secured. In this way evidence for five vibrational levels of the normal 
state was secured. 

We have not been able to find convincing evidence for the third funda- 
mental vibration frequency of the excited state. Those agreements we have 
found could be explained as due to chance coincidences. 

The final arrangement of bands and combination differences are given in 
Tables II, III, and IV. The wave number differences are indicated by num- 
bers placed between the columns and rows. The differences indicated by the 
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A’s at the top of the columns are the differences between the column of wave 
numbers following a particular A and the first column of the table in each 
case. In this way the A’s represent the wave number differences between the 
lowest lying level and the four higher vibrational levels of the normal state. 


TABLE II, 


(v1"", va’’, vs’’)(0, 0, 0) A (0, 0, 1) As (0, 1, 0) A (1, 0, 0) 
(v,’, »’) 
0,0 20332.7 
6081.5 
0,1 21014.2 
710.6 
0,2 1724.8 
701.6 
0,3 22426.4 
694.1 
0,4 23120.5 529.6 22590 .9 
685.8 O89 .6 
0,5 23806.3 525.8 23280 .5 
681.8 678.6 
0,6 24488 . 1 529.0 23959 .1 
675.8 676.7 
6.7 25163 .9 528.1 24635 .8 
670.3 671.2 
0,8 25834 .2 527.2 25307 .0 717.9 25116.3 855.2 24979 .0* 
606.2 665.1 653.6 669.8 
0,9 26500 .4 528 .3 25972.1 730.5 25769 .9 851.6 25648 .8* 
661.9 661.4 654.6 
0,10 27162 .3 528.8 26633 .5 858.9 26303 .4 
653.4 655.1 660 .4 
0,11 27815.7 527.1 27288 .6 841.9 26963 .8 
655.0 650.4 661.4 
0,12 28470.7 531.7 27939.0 845.5 27625 .2 
642.0 644.7 
0,13 29112.7 529.0 28583 .7 
636.0 640.1 
0,14 29748 .7 524.9 29223.8 
626.6 619.2 
0,15 30375 .3 532.9 29843 .0 
614.0 
0,16 30989 .3 
Ave. 528.5 724.2 850.6 


Some variation in these differences is present but no evidence of trends in 
values. The wave numbers marked with an asterisk are those of Goodeve and 
Stein corrected to vacuum. 

The energy levels of the normal electronic state are spaced as follows 
above the lowest level: 


(0, 0, 0) 0 cm 
(0, 0, 1) 528.8 ” 
(0, 1, 0) 727.0 ” 
(1, 0, 0) $57.7 ° 
(0O,2,0) 1471.3 ” 


The last level is classified as the first harmonic of the 727.0 cm level. It is 
greater than twice the value of the fundamental but this is quite common 
among polyatomic molecular levels. These values do not represent average 
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value of all the differences of Table II, III, and IV but only average 
values of our own measurements. 

All but 21 bands have been assigned to progressions, of this number six 
were reported by Goodeve and Stein and one by Finkelnburg and Schu- 


Taste ITT. 


(v:"",v2"",03)(0,0,0) A: (0,0,1) Az (0,1,0) As (1,0,0) Ay (,2,0) 
’, 02") 


1,0 20070 .2 19134.7* 


711.9 697 .2 
Le 21307.7 525.6 20782.1 738.3 20569.4 1475.8 19831.9 
702.0 697 .7 706.4 710.4 
iw 22009.7 529.9 21479.8 733.9 21275.8 1467.4 20542.9 
696.7 692.5 703.3 
1,3 22706.4 534.1 22172.3 727.3 21979.1 864.2 21842.2 
689 .3 700.9 689.8 694 .0 
1,4 23395.7 522.5 22873.2 727.0 22688.7* 859.5 22536.2 
682.5 675.4 685.5 
1.5 24078.2 529.6 23548.6 856.5 23221.7 
679.0 679.1 680 .3 
1,6 24757.2 529.5 24227.7 855.2 23902.0 
670.8 671.4 
Be 25428.0 528.9 24899.1 718.3 24709.7 
666.4 670.1 
1,8 26094.4 525.2 25569.2 855.7 25238.7 
661.6 661.5 664.7 
1,9 26756.0 525.3 26230.7 726.1 26029.9 852.6 25903.4 
656.9 656.3 656.5 646.1 
1,10 27412.9 525.9 26887.0 726.4 26686.5 863.4 26549.5 
650.1 649.6 
5. ee 28063.0 526.4 27536.6 
641.5 636.2 
1,12 28704.5 531.7 28172.8 
638.5 
1,13 29343 .0 
637.9 
1,14 29980 .9 
Ave. 527.9 728.2 858.2 1471.6 


macher and have not been confirmed by the authors of this paper and four- 
teen were first reported by us. Two of the latter fourteen agree very approxi- 


TABLE IV. 
(v,"", v2"", v3’) (0, 0, 1) Ay—A (0, 2,0) 
(v1’, v2’) 

2,0 20359.8 942.2 19417 .6* 
704.8 708 .2 

2,1 21064 .6 938.8 20125.8 
696.0 699 .3 

2,2 21760 .6 935.5 20825 .1 
688 .6 

2,3 22449 .2 
691.3 

2,4 23140.5 

Ave. 938.8 


mately with the calculated values using the formulae below for the transitions 
(2, 6)<(1, 0, 0) and (2, 9)<—(1, 0, 0). These unclassified bands are denoted by 
a dagger in Table I. 
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The wave numbers of these classified bands can be calculated by an equa- 
tion of the type, 


y= bet alvo’ + 3) — B(ve’ + 3)? + cv)’ + 5) 


; 9 , j , nak 
uae d(v + s)2? — e(v, + +) (v2 a +) — 9 


where pv, is the wave number for the electronic transition and v” is the wave 
number of the normal vibrational level and a, b, c, d, and e are constants. 
With the numerical values of the constants which we have secured this be- 
comes, 


v 19795.38 + 719.34(v2’ + 3) — 2.817(2 


2’ + 4)? + 304.82(01’ + 3) 


— 2.488(2)’ + 3)? — 4.892(0;' + 3)(ve’ + 3) — v””. (1) 


This formula applies to bands for which v» 


‘is equal to or less than 14. The pre- 
cision with which the measurements in the far ultraviolet can be made is so 
low that it is impossible to derive a satisfactory formula for this region. In 
Table V we have given the results of the observed minus the calculated values 
for the band heads. In most cases there is very close agreement, and the agree- 
ment in the case of nearly all the bands is satisfactory and probably within 
the limits of error of the measurements. 

Fig. 1 is the energy level diagram consisting of the levels required by our 
assignment of quantum numbers. The black circles indicate the observed 
bands. 

Tue Isotope EFFECT 


The isotope effect is very prominent in these bands. We have indicated 
the isotopic bands in Table I with an asterisk. This selection was made partly 
by inspection and partly by means of the formulae derived in this section. 
The Cl**O. bands lie on the high frequency side of Cl®O, bands in the case of 
bands involving transitions to the lowest excited vibrational levels, but other- 
wise on the low frequency side. 

We have found it possible to fit the experimental differences, (CI°70.) — 
(CI0O.), to the formula 


Av = — 5.37(v2’ + 3) — 0.80(2,’ + 3) — Av”, (2) 


where Av” is —11.16 cm™, —14.42 cm~' and —15.75 cm“ for the (0, 0, 0), 
(0, 0, 1) and (0, 1, 0) normal vibrational levels, respectively. The agreement 
between this formula and the observed values is shown in Table VI, which 
also shows which isotope bands have been observed. The isotopic bands in 
many cases could not be observed because of fine structure, superposition of 
the weaker Cl*70. band on the strong Cl®O. band, diffuseness of band heads 
in the predissociation region, and the general weakness of many of the bands, 
both Cl®O. and Cl7Os. 
The separations of the vibrational levels in either the excited or normal 
electronic state should follow a formula of the form, 
AE 


ye tle + 8) + oe + 4) + c(t + 9) 
1¢ 
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2141 


. Energy level diagram of the ClO2 molecule. Bands that agree approximately with 


the calculated values for the transitions. (0, 8)<—(0, 1, 0); (0, 9)<—(0, 1, 0); (2, 6)<—(1, 0, 0) and 
(2,9) —(1, 0, 0) are omitted. These transitions are discussed in the text. 
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where the a, b, and c will be negative if AF is the energy of the Cl’*O, mole- 
cule minus that of the Cl®O. molecule and higher power terms in the v’s are 
neglected. If we assume that 73’ =0 for all levels which we have observed the 


isotope separation is then, 


~~ - -” ; ; ! ; , ! ! , 
¥37 — Vs, = Ap = a’(2)’ + 3) + O(a)’ + 3) 4+ 2 
i Ad ,?7 ‘7 Al Ad > 
— al’ (ay! + 3) — BY (a0 + 3) — c" (a3 + 3). (3) 


With our assignment of quantum numbers we see from Eqs. (2) and (3) 
and the values of Av”, that 


; Ad ad 7 
rf ad b ( 2 
a’ = — 0.80 -_ ses as — Ay’ 
2 2 2 2 
bo’ = — 5.37 b” — 15.76+ 11.16 = — 4.60 
c" = 14.42 + 11.16 = — 3.26 
and thus 
,/? 
rf a 7 P : 
——— = 7.23. (4) 
) ) 


(ur calculated value (see below) for this difference is 3.19 cm~'. This differ- 
ence would be diminished, if the 11.16, 14.42, and 15.76 cm differences in 
our formula (2) were decreased. This would mean that our calculated differ- 
ences for the bands having v2’ =0 should be less than those given in Table VI 
by about 4 cm~'. Examination of that table shows that a change of a few 
wave numbers in these values may be possible. We shall discuss this further 
after the theoretical formulae have been presented. 


THe NORMAL MODES OF VIBRATION OF THE CLO. MOLECULE 


Bjerrum’ has considered the problem of the vibrations of molecules of 
this kind assuming two types of binding; (1) the potential energy is a func- 
tion of the linear distances between the nuclei, that is the forces are central; 
(2) the restoring forces consist of harmonic forces along the chemical bond 
and perpendicular to this direction, that is, the forces are valency forces as he 
called them. The three frequencies of vibration in each case are functions of 
three constants, two force constants and the half angle at the apex of the 
isosceles triangle. All solutions for this angle using the formulae based on as- 
sumption (1) gave imaginary angles. 

The equation for @ the half angle at the apex by using the formulae based 
on assumption (2) is a cubic in cos? 6 and there are three possible ways of as- 
signing the observed frequencies to the theoretical formulae for the fre- 
quencies. This gives nine possible solutions. The possible values of cos* @ 
must be real and lie between 0 and 1. We find that there are three possible 
values for @ in the normal electronic state and thus three possibilities for the 
two force constants k,, and ks as well. In the case of the ClO. normal state, 
our experimental data give us the isotope effect constants as well and it must 


7 N. Bjerrum, Verh. d. D. phys. Ges. 16, 737 (1914). 
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be possible to calculate these from the formulae by using the same set of 
values of k,, ko and @. 

In the case of the excited electronic state we have observed two funda- 
mental frequencies and the isotope effects for each of these. With three of 
these quantities we can solve for the constants k,, ke and @ again and the 
fourth quantity must also agree with the calculated value. We find four pos- 
sible values of 6 of which two give sets of values for k;, k2 and 6 from which 
the second isotope effect can be calculated. The formulae for », ve and v3 and 
for the isotope effects for each of these are given below. Table VII gives the 
results of the calculations for the normal and excited states. Columns 1, 2, 3 
give the possible assignments of the observed frequencies to the three theore- 
tical formulae, columns 4, 5, 6, 7 the calculated constants, and columns 8, 9, 
10 the calculated and observed isotope effects. 


1 1 2 sin? 6\!/? 
ery ( - (5) 
Qn m M 
1 j ki t+ 2ke ky, cos? 6+ 2ke sin? @ ki +2ko ki cos*6+ 2ke sin? 6\2 
ar 2m M 2m M 
(6) 
2m + =| “| 1/2 
— is. 
m?M f 
Ov; AMk, sin? 6 
Av; = —AM = -—- — (7) 
OM 4Ar?yM? 
Ove 3 AM { ky cos? 6 + 2k» sin? 0 
Ave.3 = ——_AM = — 4 - ———— 
aM Sr2vo 3M | M 
. 1 
- ki + 2ko = ky cos? 6 + 2ke sin? &\? 2m + MV? 
2 (“= + ——~—-- ——— } — 2k,k._————_ 
2m M m?M 


| (= + 2 \(- cos? 6 + 2ke sin? ‘ 
m M 


(= cos” 6 -+ 2ke sin? ‘) 4k, =I} 
ip MA ceeimennnareimniatalaranadion fe canons 25 
M mM |S 


We have calculated the one possible set of normal coordinates for the nor- 
mal state and the two possible sets of coordinates for the excited state. The 
results are shown in Fig. 2.8 Since the calculations for the excited state make 


8 The normal coordinates for these modes of vibration in terms of Cartesian coordinates 
with origin at the center of mass and x-axis parallel to the line joining the like atoms in the 
equilibrium position, are 

g = 2(a1 + x2) + m1 — 92 
gz = B(x, — x2) — 2(y1 + 32) 
qs = A(x, — 2) + 2(yn + 3) 


yf 











ABSORPTION SPECTRUM OF Cl0, 2145 
use of the small and inaccurate isotope effects, the shape, normal coordinates 
and force constants for this state are very approximate. These quantities in 
the case of the normal state should be much more reliable. Of course, the as- 
sumption of valency forces may be only approximate. 


INTENSITIES AND THE APPLICATION OF THE FRANCK-CONDON PRINCIPLE 


Intensities have not been given in the tables for we have been unable to 
get consistent relative intensities for the bands by comparing spectra with 
different times of exposure and different pressures of ClO, gas in the absorp- 
tion cell. We can see no evidence of irregularities in intensities of the bands 
in any progression and therefore we have constructed curves giving the ap- 
proximate intensity distributions for the four most intense progressions as 
shown in Fig. 3 in the following way. The strongest bands are found to be 
suitable for measurement when the partial pressure of ClO, in the cell is 
about 0.2 mm. This was secured by cooling the trap containing the ClOz in 


where x), x2, ¥; and y2 are the displacements of the like atoms from the equilibrium position and 
A and B are constants. The conservation of momentum and angular momentum (both taken 
equal to zero) give the relations 
m m 

vo = v1 + cot O(x, + m), x3 = — —(x1 + 2) and y3 = — —(v, + vw), 

’ , M j M 
x3; and y; being the displacements of the unlike atom from the equilibrium position. From these 
equations it is a simple matter to secure the values of the Cartesian coordinates of each atom for 
each mode of vibration. 

The values of A and B were secured by making the transformation of coordinates from the 


x,V,* + + etc. to gi, G2, g3 and expressing the potential and kinetic energies in these coordinates. 
The determinental equation for the frequencies is diagonal then, if, 
4M 4 
AB = . _ 


M+2m u 

and 
,; B M 2k, tan @ + 4ko cot @ | 2k; cot 6 + 4k tan 0 
M+ 2m ky — 2ke kh, = 2he 


Setting the quantity on the right equal to X and solving for A and B, 


eer re 1/2 
~ 4‘. 
x xX? 4712 
go 24 fF s7. 
2 M 


(Other values for A and B are secured by using the minus sign before the radical, but this gives 
nothing new for g2 only becomes gq; and g; becomes g2.) The frequencies associated with the co- 
ordinates g2 and gq; are then, 


1 [ 4k: (sin 8 — 3 cos OuB)* + k2(cos 0 + 3 sin 0uB)? ] 2 
Y= — - - 
2r Im + 1B2m'u 
and 


v3 = 


1 [ 3k, (sin 6+ 3 cos OuA 2 ++ ko(cos 0 — } sin OuA)? ] 2 
tm + {B?m/p 


Jar 
<7 


These expressions are equivalent to those given above except that either »2 or v3 may be the 
greater of the two depending on the values of the constants &), 2 and @. 
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dry ice so that the vapor pressure of ClO, was about 2 mm® and passing 1/10 
of a stream of air through the trap and cell and the remainder past the trap 
and through the cell, the gas stream being divided by using capillary tubes of 
different lengths. The weakest bands were photographed with the trap con- 
taining the ClO. at about 5°C at which temperature the vapor pressure of 
ClO. is about 600 mm. Thus the ratio of most intense to least intense bands 
is considerably more than 3000 probably, for the strongest bands were yet 
easily measureable and the weakest difficult to observe. From our plates we 
can determine the most intense bands of each progression and also the bands 


Pi a 


8577 7272.0 528.8 


NorMAL STATE 


3048 382 7/9.3 
‘ 
I 


Excitep STATE 


Fig. 2. Normal coordinates of the ClO. molecule. The acute angles between the direction of 
vibration of the oxygen atoms and a horizontal line are: 
Normal state: »: =857.7, a=24°50’; v2 =727.0, a=41°39’; v3=528.8, a=30°25’; 


3=304.8, a= 


Y2= 

Excited state: Configuration I; », =719.3, a=51°32’; 72=779.6, a=60°23’; © 
16°33’. 

Configuration IT; »,=304.8, a=71°13’; »2=719.3, a=22°30’; »=382, a= 


se. 


at which two progressions have the same intensity. We have determined the 
bands of greatest intensity from plates taken with a hydrogen discharge tube 
as source since it gives a more uniform intensity in this region. No correction 
has been attempted for the changing dispersion of the instrument, which, of 
course, changes the blackening on the plate at different wave-lengths even if 
the intensity of the source were uniform. 


® This was determined by passing a slow stream of N» gas through the trap, catching the 
ClO, with liquid air, measuring the volume of gas passed through and determining the amount 
of ClO2 vaporized by the method described by Bray (W. Bray, Zeits. f. physik. Chemie 54, 569 
(1906)). 
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The most intense band of the system is in the progression (0, v2")<—(0, 0, 0) 
and has been assigned the intensity 3000, while the first observed band of 
each progression has been given the intensity 1. The most intense band of the 
(0, v2’)<—(0, 0, 1) progression has been assigned an intensity of 300. This ap- 
pears to be about right and would be the intensity, if the Boltzmann factor, 
e~*/kT. giving the relative abundance of molecules in the two normal levels 
were the only factor determining the relative intensities. The maximum in- 
tensity of the strongest band of the (1, v2’)<—(0, 0, 0) comes at v2’ =11 which 
has the same intensity as the v2’ =6 band of the (0, v2’)<—(0, 0, 0) progression. 
The maximum of the (1, v’)<—(0, 0, 1) progression is taken as 1/10 that of 
the (1, 7.’)<—(0, 0, 0) progression agreeing again with the Boltzmann factor 


i 


| | 


»’. A. Progression (0, v2’)<—(0, 0, 0); B. Progression (0, v.’)<—(0, 
0, 1); C. Progression (1, v2’)<—(0, 0, 0); D. Progression (1, v2’)<—(0, 0, 1). 


Fig. 3. Log J plotted against v2 


as mentioned above. The intersections marked by the dots have been deter- 
mined by comparing the intensities of the bands of the two progressions. The 
The curves are terminated at the last observed band. The intensities are 
probably not small in this region but observation of the bands is difficult be- 
cause of the diffuseness due to predissociation. The figure is somewhat more 
than a qualitative representation of the intensities, and does represent the 
general trend of intensities in the bands. 

Large changes in the vibrational quantum number associated with the 
719.34 cm~ vibration have been observed and only small changes in that as- 
sociated with the 304.8 cm™ vibration while the third frequency has not been 
observed. The most intense bands of the (0, v2’)<—(0, 0, 0) and (1, v’)<—(0, 
0), 0) progressions are those to the levels with v2’ = 14 and 11. (This is using the 
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final assignment of quantum numbers which has been done throughout this 
paper.) The Franck-Condon" principle should be applicable to polyatomic 
molecular spectra and enables us to make a choice between the two possible 
assignment of frequencies to the normal modes of vibrations of the excited 
state. 

We consider the configuration I of Table VIII and Fig. 2 first. In the 
electronic transition from the normal state to the excited state, we assume 
with Condon that the dimensions of the molecule do not change. (The veloc- 
ities are small in the normal state and thus need not be considered.) Super- 
imposing the normal molecule (Fig. 2) on the excited molecule assuming con- 
figuration I, we see that the molecule should vibrate strongly with frequency 
304.8 cm! thus leading us to expect large changes in the associated vibra- 
tional quantum number, in contradiction to observation. A large change in 
the equilibrium distance between Cl and O should cause large changes in the 
quantum number associated with the calculated 779.6 cm~! frequency. Fail- 
ure to observe this would be consistent with no change in this distance. The 
large change in the angle at the apex should not cause a large amplitude of 
oscillation of the 719.34 cm frequency and thus small changes in the quan- 
tum number associated with this frequency should be observed again in con- 
tradiction to observation. Thus configuration I for the excited state appears 
to be impossible. 

The configuration II for the excited state is consistent with the intensity 
distribution. Superposition of the normal molecule on this configuration II, 
shows that the frequency 719.34 should be strongly excited in agreement with 
observation. The frequency 382.1 (calc.) should be strongly excited if the 
equilibrium distance Cl-O changed markedly. That it is not observed indi- 
cates that this distance is not changed. The asymmetric vibration 304.8—! 
should not be strongly excited again in agreement with observation. This 
qualitative agreement enables us to decide between configurations I and II 
and is, we believe, the first application of the Franck-Condon principle to 
polyatomic molecular spectra. 


TueE AssIGNMENT OF QUANTUM NUMBERS 


Thus far we have anticipated our final assignment of quantum numbers 
and we shall justify it at this point. The calculated structure of ClO, in the 
normal state requires that »,=857.7 cm™, »,=727.0 cm™ and »=528.8~. 
From these calculations the assignment of quantum numbers in the normal 
state is v,” =1 for the 857.7 cm level, 7.” =1 for the 727.0 cm level and 73” 
=1 for the 528.8 cm level. Since the 1471.3 cm™ level is assumed to be a 
harmonic of the 727.0 cm~ level it is designated by v2” =2. Thus the assign- 
ment of quantum numbers in the normal state becomes 


Level 11", V2", U3” 
0. cm OO, 6,0 
528.8 cm 0, 0, 1 


10 J, Franck, Trans. Faraday Soc. 21, Part 3 (1925); E. U. Condon, Phys. Rev. 28, 1182 
(1926). 
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727.0 cm 0O, 1,0 
857.7 cm 1, 0,0 
1471.3 cm 0, 2,0. 


For the reasons given above 2,’ is the quantum number associated with 
the 304.8 cm frequency, v2’ with the 719.3 cm~! frequency and v3’ with the 
calculated 382.1 cm™ frequency. No transitions have been observed in which 
the 382.1 cm~! frequency is involved and therefore we assume that v3’ is zero 
for all observed bands. We believe that the most intense progression has for 
its higher levels a set with v,’=0 because we have been unable to find any 
evidence for levels with a smaller value of v,’, though we have found levels 
with v7,’ one and two units larger. 

In Eq. (4) we give the relation between the constants c’ and a” required 
by our experimental data. Our calculated values of c’ and a” taken from 
Table VII are — 3.93 and — 10.32 which make c/2’—a/2” = +3.19 instead of 
7.23 required by our data, a difference of about 4 cm™. This may be partially 
accounted for on the assumption that the Ap” of Eq. (2) may be too large as 
pointed out above. The isotope effects of the »,’ and 7’ frequencies have been 
estimated from the energy levels having large values of v’. Thus, we have 
calculated the configuration and frequencies of vibration and their isotope 
effects by using two frequencies for infinitesimal amplitudes of vibration and 
two isotope effects for large amplitudes of vibration. Thus even if the model 
were exact, some discrepancy between calculated and observed might be ex- 
pected. 

The difference between the calculated and observed values of c/2’—a/2” 
could be eliminated by assuming that all bands having v2.’ =0, as we have as- 
signed the quantum numbers, do not belong to this band system and that 
the bands having v2’ = 1 (our numbering) should be numbered as v2’ = 0. How- 
ever, we see no experimental reason for doing this and believe that the rea- 
son for the discrepancy lies in the approximate character of our calculations. 

THE DIssOcIATION OF THE MOLECULE AND PREDISSOCIATION 

From our assignment of frequencies to the normal modes of vibration, it 
is evident that the unsymmetric vibration of the excited state with >,’ = 
304.8 cm, if the amplitude is large, will lead to dissociation into the ClO 
molecule and the O atom, either or both with energy of excitation. The for- 
mula (1) permits an extrapolation to dissociation though the value for the 
dissociation energy will probably be very approximate. This extrapolation 
gives 28968 cm~! above the normal level of the molecule for this energy. 

Goodeve and Stein observed predissociation from \3293A, toward the ul- 
traviolet. Our own plates indicate that the limit is about A3595A, while 
Finkelnburg and Schumacher using highest dispersion have observed this 
limit as A3753A. We believe their observation to be most reliable because of 
their higher resolving power." Interpreting this in terms of our energy level 

1 Dr. G. M. Murphy working in our laboratories has attempted to observe the resonance 
radiation of ClO» excited by the \3660 lines of mercury with negative results as would be ex- 


pected on the basis of Finkelnburg and Schumacher's value for the predissociation limit but 
not on the basis of either of the other values. 
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diagram we place the predissociation at 27162 cm! above the lowest level, 
which is as close to our value of 28968 cm”! for dissociation as can be expected 
considering the likely errors in this extrapolation. The agreement shows that 
the predissociation limit does correspond to dissociation into ClO and O as 
has been assumed by the previous observers. 

Goodeve and Stein* showed that there is a distinct break in the curve 


/ 


when the first differences of the progression (0, 72’)<—(0, 0, 0) are plotted as 


ordinates against v7)’ as abscissa. This is shown in Fig. 4 where we have plotted 
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Fig. 4. Values of E(v2’+1)—E(v2’) plotted against v2’. 


our values up to (v2’ = 15) — (ve’ = 14) difference and both Goodeve and Stein's 
and Finkelnburg and Schumacher’s from that point on. The discontinuities in 
these differences is evident and the scattered character of the points from 72’ 
= 15 on shows that any formula fitting this part of the energy level diagram 
would be very doubtful and that any extrapolation to AE =0 would be doubt- 
ful using either set of data in this region of large values of v.’. The extra- 


polated value of v2’ at dissociation might lie anywhere between about v2’ = 


59.11 and v.’ = 67.98 and the energy of dissociation, assuming a straight line 
for the AE:v2’ curve from v2’ = 15 on and these two values of v2’, should lie be- 
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tween 48268.3 cm~ and 51300.7 cm~'. These wave numbers correspond to 
137.1 and 145.7 cal. per mol., respectively. The scattered nature of the 
points, see Fig. 4, and the very doubtful extrapolation makes us feel that any 
energy of dissociation derived from such data and calculations is very doubt- 
ful except between very wide limits, perhaps even wider than those assumed 
in the above calculations. 

Fig. 5 shows a plot of AE:7’ in the region of small values of v2’ on a larger 
scale and including the points of all three sets of data. The straight line drawn 





' a nies 
L @ 
| o 
eveJl 
: G&s 
‘e er &S 
| 
\ 
' | 
LN | 
\ | 
» 
> | 
6 : 
wer | 
7 
' \ | 
\ | 
\ 
Ne 
en 
\ 
ov 8 | 
* 
. 
e ° 
4 
° } 
' 
. 
L —- ae | a | = 





Fig. 5. Values of E(v2’+1)—E(v2’) plotted against v2’. 
£ I 


through the data is that required by Eq. (1). It will be seen that our values 
follow a smoother curve than either of the other sets of data. Finkelnburg 
and Schumacher claim a higher precision for their work than we do and thus 
the greater irregularities which their data show may be real. Our values in- 
dicate that this curve is not a straight line but the precision of the data does 
not warrant a definite conclusion. 

The broken curve at the lower end of the figure shows the marked way in 
which the break in the curve occurs. The break in the curve at the left is very 
similar to the discontinuities in the SO., AE:v’ curve as observed by Watson 
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and Parker.” The curve with positive slope in the case of SO. extended over 
3 or 4 differences whereas in ClO, it is apparent for only one difference, and 
therefore the discontinuity in this case may not be real. 


THE CHARACTER OF THE HIGH AMPLITUDE VIBRATIONS 


The half angle at the apex of the isoceles triangle in the excited state is 
nearly a normal coordinate of the molecule as can be seen from Fig. 2. The 
application of the Franck-Condon principle for the intensity distribution in- 
dicates that the oscillation using the classical model for the most intense band 
of any progression having the v2’ levels as higher levels, is between 6 = 65°, its 
value for the normal state, and something less than 18.5°. This most intense 
band appears to be that with v.’=12 approximately. It should not require 
much more energy in this mode of vibration to make the molecule oscillate 
between @=90° and some small angle. Such an oscillation would be an oscil- 
lation through the straight line position and would be similar to that of a 
straight line molecule. 

The discontinuity in the plot AE against ve discovered by Goodeve and 
Stein and discussed above appears at v.’=15, just a few levels above the 
value of v.’ for the most intense band. Therefore it seems that the discon- 
tinuity in the AE:v.’ curve at v.’ =15 may occur when the molecule first ac- 
quires sufficient energy to vibrate through the straight line position. 

We wish to thank the Physics department and particularly Professor H. 
W. Webb for the privilege of using the Hilger E—1 instrument and the com- 
parator in this work. 


12 W. W. Watson and A. E. Parker, Phys. Rev. 37, 1484 (1931). 
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ABSTRACT 


A rotational analysis has been made of four bands of the red system of K2 which 
had been photographed under high dispersion. The principal molecular constants of 
the ground state (‘2,*) and of the upper state (‘II,,) are as follows: 

Bo'’=0.05611 r.’'=3.91X1078 a’’ =0,000219 

B,’ =0.04812 re =4.22X10- a’ =0.000235 
The magnitude of the A type doublings of the 'II state agrees with Van Vleck’s for- 
mula for it. The relationships between the molecular constants show that all rota- 
tional levels, with both even and odd values of J, are present. Alternating intensities 
are observed, the lines with odd J’’ being stronger. It is concluded that the nuclear 
spin of K** is definitely not zero, and that the nucleus obeys the Fermi-Dirac statistics. 


HE red absorption bands of diatomic potassium were photographed, 

with the cooperation of Professor R. W. Wood, primarily with the object 
of determining whether or not the nuclear spin of the principal isotope, K*, 
was zero, as had been concluded by two independent observers? of the hy- 
perfine structure of arc and spark lines respectively. We were able to report 
immediately‘ that an inspection of our plates showed conclusively that this 
could not be true, for alternating intensities were clearly apparent in the well 
resolved branches; and moreover the spacing of the lines was such as to pre- 
clude the possibility that alternate ones were missing, as they must be if the 
spin were zero. This latter statement was based on a comparison of the ob- 
served spacing with that estimated by extrapolating the known spacings of 
the corresponding bands of Liz and Naz. 

A rotational analysis of four bands of this spectrum has now been com- 
pleted and thoroughly checked by the combination relations, with the result 
that our earlier conclusions are verified, independently of the extrapolation 
from Lis and Nas». 

As stated in the joint paper,’ the spectrum was photographed in absorp- 
tion in the fourth order of the Tuxedo forty foot spectrograph with a par- 
ticularly fine seven inch plane grating with 15,000 lines per inch. Sunlight 
was used as a background and the solar lines as a comparison, their wave- 
lengths being obtained from the revised Rowland’s Table.® 

The red band system of potassium is expected to be, like the green ones of 


1 The University of Illinois. 

? Schiiler and Briick, Zeits. f. Physik 58, 735 (1929). 

3 Frisch and Kronig, Naturwiss. 19, 444 (1931). 

4 Loomis and Wood, Phys. Rev. 38, 854 (1931). 

5 Revision of Rowland’s Preliminary Table of Solar Wave-lengths, St. John, Moore, Ware, 
Adams and Babcock. Published by Carnegie Inst. of Washington (1928). 
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lithium and sodium, a 'I—'2Z transition and this is confirmed by the an- 
alysis, since each band is found to consist of one P, one Q and one R branch. 

The analysis was carried out in much the same way as that® of the green 
bands of Nae. The lines belonging to the branches were found, where possible, 
by picking out series of regularly spaced lines by inspection and the assign- 
ments were checked and completed by the construction of graphs similar to 
Figs. 2 of the paper on sodium.® In this way three series were found in each 
band, though there were some regions where two or even three series coalesced. 
The Q branches could be identified by inspection because of their greater in- 
tensity. The P and R branches were identified and triple. > of lines with com- 
mon values of J” were picked out from them and the Q branches by applica- 
tion of the POR combination relation 


R(J"”) —- QV”) OU" + 1) — PU” + 1). (1) 


It is true, of course, that this relation is theoretically not exact, since there is 
A type doubling in the upper state and hence the initial levels for the Q lines 
differ from those of the P and R lines and there is a “combination defect”. In 
the case of potassium, however, this combination defect is so small that it is 
barely detectable and the PQR combination relation is quite sufficient for the 
identification of the lines in the three branches which have common J” 

The measured frequencies of the lines of the (1, 0) (1, 1) (0, 1) and (0, 2) 
bands, with the quantum numbers assigned to them, as described below, are 
given in Table I. 


TABLE I. Measured frequencies of band lines. 


(1, 0) band (1, 1) band 
P Q R Ya Pp Q R 
15438 .82 21 15345 .08 
38.45 22 44.63 
38.08 ye 44.14 
15435.3 — 24 43.69 
34.88 37.27 25 43.20 
34.35 36.83 26 42.66 
33.80 36.38 27 42.14 
33.25 35.94 28 41.61 
32.68 35.44 29 _ 
$2.32 34.95 30 40 .47 
31.48 34.45 15437 .39 31 39.91 
30.89 33.92 37.09 32 39.28 
30.24 33.39 36.63 33 38.67 15341.84 15345 .08 
29.59 32.82 36.17 34 38.00 . 44.63 
28 .90 32.45 35.71 35 37 .37 40.75 44.14 
28.23 31.66 35.22 36 36.70 40.14 43.69 
27.50 31.05 34.68 37 36.00 39.57 43.20 
26.80 30.43 34.13 38 —- 38 .96 42.66 
26.07 29.78 33.61 39 34.63 38.34 42.14 
25.32 29.14 33.05 40 33.86 37.71 41.61 
24.58 28.45 32.46 41 33.13 _ . 
23.77 - 31.86 4? “= 36.36 40 .47 
22.97 27 .04 31.26 43 31.60 35.69 39.91 
22.17 26.34 30.70 44 30.82 34.98 39.28 
21.32 25.60 30.00 45 30.00 34.26 38.67 


6 Loomis and Wood, Phys. Rev. 32, 223 (1928). 
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TABLE I, (Continued). 
(1,0) band (1, 1) band 
Pp Q R rr P O R 
15420 .43 15424.85 15429 .36 46 15329.16 15333 .54 15338 .00 
19.60 24.09 28.65 47 28 .33 32.80 37 .37 
18.62 23.30 27.97 48 27.49 32.04 36.70 
17.83 22.47 27.23 49 26.60 31.24 36.00 
16.90 21.67 26.51 50 25.72 30.45 35.27 
15.98 20.80 25.76 51 24.80 29 .62 34.55 
14.97 19.96 25.04 52 28.78 33.86 
14.07 19.09 24.23 53 22.94 27.94 33.08 
13.09 18.22 23.45 54 22.02 27.10 32.33 
12.08 17.29 22.64 55 21.03 26.21 31.49 
11.09 16.38 21.82 56 0.08 5.34 30.73 
10.06 15.44 26.98 57 19 .04 - 29 .90 
09.01 14.48 20.11 58 18.05 23.48 29.08 
07.99 13.52 19.24 59 16.95 22.55 28.23 
06.91 12.56 18.35 60 15.94 21.59 24.30 
05.80 11.53 17.41 61 14.86 20 .60 26.50 
04.65 10.53 16.49 62 13.75 - 25.60 
03.58 09.51 i>.o90 63 12.68 18.64 24.67 
02.39 O08 .47 14.59 64 41.57 17.62 23.75 
01.21 07.42 13.60 65 10.44 16.57 22.82 
00.11 06.32 12.56 66 09 .30 15.51 21.81 
15398 .92 05.22 11.63 67 08.14 14.45 20.88 
97.70 04.12 10.62 68 07.01 13.37 — 
96.49 02.97 09.51 69 05.80 12.28 18.86 
- 01.82 08 .47 70 04.57 11.18 17.82 
94.00 00.66 07 .42 71 03.36 10.03 16.81 
92.74 15399 .46 06.32 72 08.86 15.76 
91.44 98.28 05.22 73 00.88 07.71 14.66 
. 97 .06 04.12 74 15299 .60 06.54 13.60 
88 .82 95 .86 02.97 75 98.31 05.34 12.47 
— 94.60 01.82 76 96 .98 —- 11.36 
86.14 93.33 00 .66 77 95.72 02.92 10.22 
84.77 15399 .46 78 94.37 01.67 09 .07 
83 .40 90.76 98 .28 79 93 .04 - 07.91 
81.99 89 .47 97 .06 80 91.64 15299 .14 06.79 
80.58 88.15 95 .86 81 90 .28 97 .86 05.54 
79.15 86.82 94.60 82 88.87 96.55 
77.68 85.45 93.33 83 87 .50 95.22 03.07 
76.25 84.09 84 86 .06 01.82 
74.75 82.71 90.76 85 84.62 92.52 
73.25 - 89.41 86 83.17 91.15 15299 .31 
71.74 - 88.10 87 81 68 89.78 
78.42 86.76 88 80.18 88 .40 96.71 
68 .68 85.39 89 78.70 86.98 95 .37 
67.12 75.47 83.98 90 85.54 
73.99 82.55 91 75.59 84.09 
63.95 72.50 92 74.07 82.63 91.29 
62.3 70.95 79.72 93 81.12 89 .90 
60.71 69 .43 78.20 94 79.64 88.48 
59.05 67 .86 76.83 95 78.145 87 .06 
57.40 — 75.34 96 76.64 
55.70 64.69 73.85 97 75.09 84.17 
54.02 . 72.29 98 73.54 82.71 
52.32 70.74 99 81.24 
50.58 69 .23 100 
48 .86 58.19 67 .63 101 
47.12 56.54 66.28 102 
54.84 64.49 103 
53.14 62.85 104 
51.42 61.24 105 
49 
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TABLE I. (Continued). 
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TABLE I. (Continued). 








0, 2) 


' 





(0, 1) band band 
P Q R or P QO R 

15239 .23 15245 .84 69 15142.72 15149 .27 15155.87 
15231 .50 38.16 44.86 70 41.59 48 .20 54.92 
30.33 37.01 43.84 71 40.43 47.13 53.95 
29.12 35.92 42.81 72 39.26 46.07 52.98 
27.92 34.80 41.80 73 38.08 44.97 51.96 
26.72 — 40.74 74 36.88 43.86 50.94 
25.47 — 39.67 75 35.66 42.72 49.89 
24.16 31.32 38.57 76 34.44 41.59 48 .90 
22.89 30.14 37.53 77 33.21 40.43 47 .82 
21.60 28 .94 36.37 78 31.94 39 .26 46.73 
20.32 27.72 35.26 79 30.67 38.08 45.63 
18.95 26.47 —- 80 29 .40 36.88 44.51 
17.65 25.27 — 81 28.10 35.66 43.40 
16.26 23.97 — 82 26.76 34.44 42.26 
14.92 22.69 30.61 83 25.44 33.21 41.11 
13.51 21.41 29 .43 84 24.11 31.94 39.91 
2.35 20 .08 28.17 85 22.73 30.67 38.78 
10.72 18.76 26.96 86 21.37 29 .40 37.58 
09.30 17.45 25.68 87 19.97 28.10 36.35 
07.83 16.07 24.40 88 18.56 26.76 35.09 
06.39 14.70 23.13 89 17.14 25.44 33.88 
04.92 13.33 21.84 90 15.71 24.11 32.65 
03.43 11.92 20.55 91 14.25 22.73 31.38 
01.94 10.51 19.21 92 12.79 21.37 30.07 
00.42 09.08 17.87 93 11.32 19.97 28.75 
15198 .88 07 .64 16.52 94 09.82 18.56 27 .45 
97 .34 06.16 15.15 95 08 .30 17.14 26.15 
95.78 = 13.74 96 06.79 15.71 24.76 
— 03.16 12.33 97 05.25 14.25 23 .42 
92.53 01.70 10.87 98 03.72 12.79 22.06 
91.04 00.20 09.50 99 02.12 11.32 20 .66 
89.40 15198 .61 08.02 100 00.55 09 .82 19.24 
87.77 97.10 06.59 101 15098 .96 08 .30 17.84 
95.53 05.14 102 97 .33 06.79 16.41 

— 03.62 103 

— 02.08 104 

90.72 00.56 105 

89 .06 15199 .04 106 

87.44 97 .47 107 

95.88 108 

94.32 109 

92.69 110 

91.04 111 

89.40 112 


87.77 113 


After the lines of the branches had been sorted out, the A.F’s were ob- 
tained and used to determine the absolute values of the quantum numbers 
and the magnitude of the constants B’ and B” according to the equations: 

AF'(J’) = RJ”) — PU") = 4B'(J’ + 3) + 8D’ +: 3)8 (2) 

AF” (J”) = RU" _— 1) —_ P(J" + 1) _ 4B"(y" + 3) 4. emyt 7” + 2)3 (3) 
The higher power terms, 12F(J+3)5 etc., have been omitted from these 
equations because calculation shows them to be negligible in the case of 
potassium. The calculation of the B’s was made by successive approxima- 


tions and least squares, the D’s being determined by the equations 


D, = D. + Biv + 32) (4) 
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20aB 2 - 
(0) 





The values of w, and x, in Eqs. (5) and (6) were taken from a paper by Crane 
and Christy’ which gives the vibrational constants of the red system of Ky. as 
follows: 


The constants a’ and a” of the equation 
B, = B, — a(v + 3) (8) 


were calculated, after the true J’s had been assigned as just described, but 
before the final adjustment of the B’s was made, from the variation of the 
differences of the Q lines of different bands, according to the equations 
Q(1, 0) — Q(1, 1) = Qo(1, 0) — Qo(1, 1) — a” + 3)? + B’(J +3)4 (9) 
Q(1, 1) — Q(O, 1) = Qo(1, 1) — QU, 0) — e’(J + 3)? +08°F + 4)* (10) 
Finally, the combination defects in the (1, 0), (1, 1) and (0, 1) bands were 
expressed by the theoretical relations 


R(J") _ O(J”) oe oO(s” . 1) + a © id + 1) 


1 ~ 


= (Bpr’ — Be’)((J” + 3/2)? + J" + 4)?) 
= 2(Bpr’ — Ba’) (J +1)° (11) 
and the coefficient (B’pp—B’g) determined by least squares to be 2.02 X10. 
This is in adequate agreement with the theoretical expression for this quan- 
tity. 
Bpr’ — Bo! = 4B2/v(4M1,'2,+) = 2.52 X 10-8 (12) 
which has been found by Mulliken and Christy’ to hold well for the corre- 
sponding 'II states of the similar molecules Ho, Lig and Nae. The combination 
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Fig. 1. POR combination defect. Full circles, hollow circles, X’s and +’s represent data 
from bands (1, 0), (1, 1), (0, 1) and (0,2) respectively. 
defects of Eq. (11) are plotted in Fig. 1. The curve represents the function 
4.04 10-*(J+1)*. 
7 Crane and Christy, Phys. Rev. 36, 421 (1930). 
§ Mulliken and Christy, Phys. Rev. 38, 87 (1931). 
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The rotational constants as above determined are summarized in Table II. 


TABLE II. Rotational constants of K.** molecule. 


Ground state (!2,*) Upper state (‘II ,) 
v equil. 0 1 2 equil. 0 1 
B 0.05622 0.05611 0.05589 0.05567 0.04824 0.04812 0.04788 
DX108 —8.28 —8.32 —8.41 —8.49 —8.06 —8.09 —8.17 
a 0.000219 0.000235 
B —0.083 x 1075 0.074107 
I. 492.0x10-” 573.4 10-* 
re 3.91 10-5 4.22X10-* 
Bpr—Ba 2.0 10-6 


The accuracy with which the values of B and D in Table II represent the 
A. F’s, as well as the precision with which the combination relations hold, is 
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Fig. 2. Residuals of A2F’s from those calculated by Eqs. (2) and (3) with constants in Table 
II. Full circles represent data from bands (0, 1) and (1, 0), hollow circles data from bands (1, 1) 
and (0, 2). 
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shown in Fig. 2, wherein the residuals of the observed A,F’s from those cal- 
culated by Eqs. (2) and (3) are plotted against J. The fact that these repre- 
sentations are within the experimental error of observation (which is far 
from true of the representations with the quadrupled value of D/B which 
would have been called for by Eq. (5) had it been assumed that alternate 
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lines of the bands were missing) is additional definite proof that the latter 
hypothesis is wrong and that the spin of the K** nucleus is not zero. A further 
and independent proof of this is that the frequencies of the band lines can be 
represented by the formulae 


R, PJ") = vo + B’ + 2B" + 4) + (B’ — B")\Y” + 3)? 
+ 4D'(J" + 3)3 + (D’ — D”)\(" + 4) 
OJ") = vo + (B’ — BY)" + 3)? + (D’ — D'!)" + 3)* (14) 


in which the constants are those, given in Table II, which were determined 
from the A,F’s. Had alternate lines been missing the quadratic coefficients in 
Eqs. (13) and (14), for instance, would have been twice the difference of the 
B’s determined as above. It has not been thought worthwhile to include 
graphs showing the agreement between measured and calculated frequencies, 
but it is within about 0.3 cm~ and systematic deviations could be practically 
eliminated by adjusting the coefficients, within the limits of error with which 
they can be determined from the A,F’s. The result would not, however, be an 
increase in the precision of our knowledge of these coefficients, but only of cer- 
tain differences between them which are not particularly significant, so it has 
not been done. 

In Table III a comparison is made between some of the constants of these 
two states of the Ky molecule and those of the corresponding states of the 
similar molecules He, Lig and Nae. Data for the upper ('‘2,*) states have 
been added for completeness. Since the rotational constants of this state of 
potassium have not been determined (it would necessitate an analysis of the 
infrared Ky system) they have been estimated by extrapolating values for 
B./w,. and for R=2x,.B,./a and by using these to calculate the others. Values 
based on these extrapolations are given in parentheses. The data in Table III 
have been compiled from various sources, as indicated in the footnotes. Par- 
ticularly in the case of hydrogen, difficulties have been encountered owing to 
contradictions and incompleteness with which the data have been reported, 
but the data are more than good enough for the purpose of Table III, which 
is to show the nature of the variations of the various constants along the 
series of homologous molecules. 

The alternation of intensities is most obvious in the 0, 2 band and espe- 
cially so in the region where for a long interval the lines Q(./) fortuitously 
coincide closely with P(1/—6). It is the lines with odd values of J” which are 
stronger, just as has been found to be the case with He, Lig and Nay.'” This 
signifies that the K** nuclei also obey the Fermi-Dirac statistics. The present 
observations were made under conditions that do not permit the determina- 
tion of nuclear spin from the ratio of alternating intensities, but it is hoped 
to make this determination at a later time. 

It is probable that lines due to the molecule K**K“ would be sufficiently 
intense to be found if they were sought for, but as no particular interest at- 
taches to them this has not been done. The lines of the molecule KK“, which 
would be interesting, are probably too faint to be found. 


1 Urey, Phys. Rev. 38, 1074 (1931). 
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ABSTRACT 
An instrument is described which is capable of giving an experimental resolving 
power of ten thousand in the near infrared region. With this instrument several of the 
infrared lines of helium I have been examined and their components resolved. The 
exceedingly faint lines of the neon I spectrum lying between 1yu and 2y have been 
discovered and their wave-lengths measured. 


HE following paper is the result of the work done during the winter of 

1930-31 in an attempt to increase the resolution of infrared spectrom- 
eters. The work to be done in the near infrared region now consists almost 
entirely of the examination of fine structures; a work which is constantly de- 
manding higher resolving powers. With the help of the resonance radiometer’ 
and a carefully constru~ted spectrometer it is believed than an instrument 
has been developed which partially fulfills the requirements of high resolution 
and of wavelength accuracy. The resonance radiometer has been used only 
in those cases where the more easily manipulated direct deflection amplifier 
has proved not sensitive enough.’ 

Resolving power in the infrared has already been carried as high as ten 
thousand by Ignatief* when he resolved the helium line at 1.0830u. The 
method he employed to obtain such high resolution was that of using a Fabry 
and Perot interferometer arrangement. However, the difficulty of interpret- 
ing the results and the minuteness of the spectral range of such an instrument 
render it unsuitable for most purposes. Therefore the work described here 
was devoted entirely to the grating spectrometer with the hope of increasing 
its efficiency to that obtained by Ignatief. This would mean that it would 
be possible to resolve lines as close together as one frequency unit throughout 
the near infrared range. The two factors tending to increase the sensitivity 
of the spectrometer which have been most carefully considered in this paper 
are the optical perfection of the spectrometer and increased bolometric sen- 
sitivity. It is recognized that the matter of suitable sources for infrared use 
is a most important factor, and although some work has been done along that 
line nothing very definite has been accomplished. 

Pfund and later Barnes‘ have described methods for obtaining very sharp 


* National Research Fellow. 

1 J. D. Hardy, Rev. Sci. Inst. 1, 429-448 (1930). 

* The instrument referred to here is not the “Moll thermo-relay,” but is the Pfund grid am- 
plifier which is used to amplify the deflections of galvanometers. See reference 6. 

3 Ignatief, Ann. d. Physik 43, 1117-1136 (1914). 

* R. B. Barnes, Phys. Rev. 36, 296-304 (1930). 


2162 








HIGH RESOLUTION IN THE INFRARED 2163 


lines by using the mirrors of a spectrometer exactly upon their optic axes. 
Barnes has discussed the futillity of using very narrow slits, in order to in- 
crease the resolving power of an instrument, beyond the point where the de- 
fects in the optical images formed by the mirrors become noticeable. The test 
for this lower value of slit width can be easily made by placing the eye behind 
the exit slit and observing the illumination of the grating as the slits are nar- 
rowed. As soon as it becomes evident that further narrowing of the slits 
results in rather large unilluminated areas in the grating the narrow limit of 
useful slit widths has been reached. A further narrowing will not only not in- 
crease the available detail in the spectrum but will result in a great loss of 
energy. Several tests were made by the author on spectrometers whose mir- 
rors were used but ten degrees off their optic axes, and when the slits had 
been narrowed to 0.1 mm only about sixty percent of the grating was illumi- 
nated. It was thus evident that where high resolution is desired more care- 
fully constructed optical systems must be employed. Is is obvious that with 
more perfect optical systems a saving in energy will be had. 





wa 
































Fig. 1. Diagram of spectrometer. 


In accord with this idea a spectrometer was constructed on the plan sug- 
gested by Barnes with the difference that the mirrors were of one meter focus 
and that the last focusing mirror could be replaced by a mirror of four meters 
focus when high dispersion was desired. A diagram of the spectrometer is 
shown in Fig. 1. The light from the source 7 is received by a convex mirror 
and brought to a focus upon the entrance slit of the spectrometer. (While 
investigating emission spectra between 1yu and 2y no fore-prism was used to 
separate the orders, but an infrared filter was placed in the path when wave- 
lengths longer than 1.2u were to be examined.) The light on passing through 
the first slit passes through a hole in the center of the plane mirror P. It is 
then received by the parabolic mirror 4, and returned directly back to the 
plane mirror P; which reflects the parallel beam onto the grating. The dif- 
fracted beam is received by a second plane mirror and sent to the focusing 
mirror V/s which focuses the light through a hole in P2 onto the exit slit. The 
image thus formed is very sharp and well defined on both sides even when 
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examined under considerable magnification. The light is finally received by 
a short focus mirror and brought to a focus upon the thermocouple. 

The mirrors JJ, and ./; are parabolic mirrors with their optic axes through 
the centers; they are eight inches in diameter and of one meter focus. They 
were tested and found to be acceptable, although no by and means perfect, 
as were also the plane mirrors. The last mirror ./2. could be removed and a 
spherical mirror of four meters focus substituted for it. The reason for sub- 
stituting such a long focus mirror is simply to spread out the spectrum and 
allow the use of slightly wider slits, because after the width of the slits has 
been reduced to a certain point the dust lines, slit imperfections, and dif- 
fraction become very important. The introduction of this mirror causes a de- 
crease in energy of six fold, due to the increased size of the image formed; the 
increase in dispersion is four fold. The grating used in this experiment was a 
five inch Rowland grating with 15,000 lines to the inch, which gives very 
sharp lines and a good intensity in the first order. The position of the grating 
was determined by means of a graduated circle provided with a reading micro- 
scope, and any position could be determined with an accuracy of one second 
of arc, which corresponds to 0.2A. 

The thermocouple is of Pfund’s design and was constructed by the author. 
It is exceedingly sensitive and was so constructed that its action in a vacuum 
is rapid enough to permit its being used with the resonance radiometer with- 
out appreciable loss of sensitivity. Direct comparisons, under identical con- 
ditions, were made between the thermopiles (three junctions) constructed by 
Firestone’ and the single junction element in use in the spectrometer. It was 
found that in vacuum the single junction thermocouple would give more than 
three times the deflection produced by the three junction thermopile and its 
action more than twice as rapid. More recent experiments with thermo- 
couples of this type have lead to the conclusion that an additional increase 
in sensitivity of five fold can be expected when the elements are used at the 
temperature of liquid air. 

The thermocouple, by a switching arrangement, could be connected to 
either the resonance radiometer or to a Leeds and Northrup galvanometer. 
The Pfund thermoelectric amplifier’ served equally well for both instru- 
ments. The amplifier, set upon a small table, could be set up in front of the 
first resonance galvanometer, and with the second thermocouple connected 
to the second resonance galvanometer the spectrometer was ready to be used 
with the resonance radiometer. By moving the table with the amplifier over 
in front of another shelf, upon which were mounted two Leeds and Northrup 
high sensitivity galvanometers, with one galvanometer connected to the 
thermocouple in the spectrometer and the other connected to the thermo- 
couple in the amplifier, a very efficient steady-deflection amplifier could be 
obtained. (This arrangement, which is more rapid in its response, was used 
for all survey work and was replaced by the resonance radiometer only in 
those cases where the highest possible sensitivity was needed.) The amplifi- 

°F, A. Firestone, Rev. Sci. Inst. 1, 630-649 (1930). 

6 A. H. Pfund, Science 69, 71 (1929). 
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cation could be varied both by changing the intensity of the amplifier lamp 
and by changing the spacing of the grids. Two sets of grids were used with 
this amplifier; one set, with a spacing of 1 mm, to give amplifications ranging 
from 2500 to 15,000 was used entirely with the resonance radiometer; the 
other set, with 2 mm spacing, to give a range from 50 to 2500, was used with 
both instruments. The advantage of this type of amplifier is obviously the 
large range of amplifications and its steadiness even while being pushed to 
the highest amplification possible. When working with the Leeds and Northrup 
galvanometers an amplification of six hundred was used, and the steadiness 
was such that readings could be made in the daytime as well as at night. The 
principal source of unsteadiness was found to be of an electrical nature and 





Fig. 2. Helium line at 10,830A. (1) Energy curve with astigmatic spectrometer (unamplified 
deflections). (2) Energy curve under high dispersion with new type spectrometer (resonance 
radiometer). 


this was reduced, although not eliminated, by carefully shielding every part 
of the galvanometer circuit. When working with the resonance radiometer an 
amplification of 6000 was generally used. 

After the spectrometer had been set up and focused, tests similar to the 
ones described above were made to determine the advantage to be gained in 
line sharpness with narrow slits. It was found that the grating was completely 
illuminated even with slits so narrow that diffraction prevented further ex- 
amination. The instrument was calibrated by means of the visual and infra- 
red lines of helium, and the calibration was checked along with the position 
of the central image at frequent intervals, although they appeared to change 
very little. The temperature in the basement room in which the spectrometer 
is located did not vary more than one degree centigrade over long periods of 
time, and therefore the grating error due to temperature was found to be 
negligible. 
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In order to test for the highest resolution that could be realized with the 
instrument by using ordinarily strong and constant sources, it was decided 
to examine the 1.0830u line of helium and see if it were possible to resolve it 
into its components. The source of radiation was a small glass Geissler tube 
provided with a capillary 1 mm in diameter. The tube was used ‘side on,’ and 
was connected to a neon-sign transformer which was operated from the 110 
volt a.c. circuit. The intensity of this source was such that with the spectro- 
meter set on the line and with slits 0.1 mm wide, a deflection of 4 cm was 
produced by a L and N galvanometer with scale at three meters. The ampli- 
fying system was set up and the slits narrowed until no deflection could be 
detected. However, the helium line could not be resolved. The long focus mir- 
ror was then substituted for the parabolic mirror and the slits opened up 
until the entrance slit was 0.01 mm and the exit slit 0.03 mm. Then with the 


Fig. 3. Helium line at 1.868u. (1) Curve by Paschen 1908. (\’ position of companion line as 


deduced by Paschen). (2) Curve with new spectrometer. 


help of the resonance radiometer the line could be very nicely resolved. Dur- 
ing later experiments a much more powerful source was developed so that it 
was possible to resolve the line even with the amplified deflections of a L and 
N galvanometer. 

It will be noticed that the “effective slit width” used above is about 0.3A. 
while the separation between the lines is narly four times that amount. The 
author has found repeatedly that the “slit-width” must be from a third to a 
half the amount to be resolved. 

Several other lines of the helium spectrum were observed and the line at 
1.868u is shown in Fig. 3, with the line as first observed by Paschen’ in 1908. 
This line was observed with wider slits and without the use of the long focus 
mirror. 

The efficiency of the spectrometer was next tested in the matter of energy 


7 F, Paschen, Ann. d. Physik 27, 537-564 (1908). 
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conservation. The infrared spectrum of neon, which is very faint, was ex- 
amined between 1u and 2u. The slits of the spectrometer had to be opened to 
a width of 0.8 mm, with the result that the wave-lengths of the lines could 
not be determined with as great an accuracy as might be desired. The spec- 
trum of neon had been extended photographically by Gremmer* out to a 
wave-length of 9665.0A, and beginning with this line the region out to 2u was 
examined. Most of the lines found gave deflections about one hundredth 
that produced by the visible yellow line at 5852A. 








TABLE I, 

Wave-length Intensity Frequency Combination 
(vacuum) 
9667 .6 8 10343 .8 0.5 (?P3:)3p1,—(@Pi3)4s1.2 
10564 .3 10 9466.1 0.7 (2P3)3p109— (?P3)3d12, 
10624.8 1 9411.8 0.3 (2P13)3p41 —(2Py)454; 
10800 .6 3 9258.7 0.3 (?P3)3 p41 —(C@P3)4s30 
10849 .5 7 9217.5 0.5 e Py )3 p52 —(? Eyes, 
11142.5 13 8974.9 0.1 @Py)3 p32—(?P 1)4s2, 
11178.8 14 8945 .6 0.9 (2P33)3p2;—-@ Pi, )4sl, 
11391 .6 4 8778.5 0.7 ?P13)3p32—(CPy3)4s1,2 
11410.6 3 8764.0 1.3 ?P3)3p7,—-C a. y)as4 
11527.7 25 8674.5 0.1 (?P13)3p4. — CAPy4)4s2) 
11540.0 5 8665.5 0.4 (?P3)3p109—(? py ae, 
11616.8 3 8608 .0 0.1 (2P)3p7, —(2P4)4s30 
11771.1 4 8495 .0 0.3 (?P3)3p9, — (?P1)4s4, 
11789.4 4 8482.4 0.1 ?P3)3p4,-—C P},)4s2: 
11989.5 2 8341.0 0.5 (?P3)3p9, —C@Py )453 
12069. 2 10 8285.7 0.4 c P11)3p52—C@Py,)4s1e 
12461 .0 1 8024.8 0.8 CP3)3p7,—-C Py )A4sle 
12597 .4 1 7938 .4 0.2 ?P3)3p82—( Py )4s2, 
12692 .7 2 7878.4 0.6 (?P1:)3p6o—C@P44) 452, 
12770.0 0.3 7830.8 1.8 ?@P3)3p7,—-C P1)4s1 
12915 .0 2 7742.8 0.1 (2P3)3p82—( Puyists 
13222 .0 1 7563.1 0.2 (?P1)3p9; — ?Py4)4s1. 
15237 .0 2 6562.9 0.1 (? eel P s)4s4, 
17168 .0 1 5824.8 0.2 ?P3)3p100— @P34)4s2; 
18081 .0 1 5530.7 aa X —(?F 13)3d2, 
18274.0 3 5472.3 5.0? Y-—( Pi \)3d4, 
18309 .0 1 5462.0 0.2 X —(Py:)3d3, 
18389 .0 2 5438 .0 5.0? Y —(2P,:)3d6, ? 
18433 1 5425 
18552 1 5390 


In Table 1 are given the wave-lengths, the intensities, and the probable 
classification of these lines. The intensities given are proportional to the de- 
flections produced and are therefore purely arbitrary. The lines in the region 
around 1.84 are apparently due to combinations between the 3d levels and 
the X and Y groups, and although the wave-lengths have been checked as 
well as possible the agreement with the calculated frequencies from the 
known terms does not check very well with the experimental values. 

The usefulness of the spectrometer in the matter of band spectra has been 
demonstrated in the examination of the 3u absorption band of ammonia; the 
results of which will appear shortly. The infrared emission spectra of krypton 
and xenon are now under investigation. 

The author wishes to express his appreciation to Professor H. M. Randall 
for his advice and many helpful suggestions. 


® W. Gremmer, Zeits. f. Physik 50, 716 (1928). 
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URING the past summer a book entitled “The Smekal-Raman effect” 

by Kk. W. F. Kohlrausch has been published. It contains tables of the 
Raman lines, expressed in frequency differences for some three or four 
hundred organic compounds and a vast number of inorganic salts. 

So much discussion has occurred in the past as to the reality of certain 
faint lines recorded in various publications, that it seems worth while to pub- 
lish results obtained during the past winter on the spectra of some of the 
substances which have been studied by many observers. The object of the 
investigation was to improve the technique of mercury arc excitation to the 
highest possible degree, as this is the most generally available source of light. 
Few observers are equipped to work with a helium lamp, which as I showed 
some years ago, was superior in some respects to the mercury lamp. 

My feeling was that many of the published tables contain errors. Some 
observers work with unfiltered radiation, measuring all the lines, and taking 
frequency differences of the various combinations, and finally selecting the 
true lines due to a monochromatic excitation. This is a very laborious and 
risky proceeding. 

Filters should always be used. Quinine sulphate dissolved in dilute sul- 
phuric acid is the most efficient for removing 4046, but it turns yellow under 
the action of the light and must be renewed every half hour or so. 

After trying to stabilize it chemically, I finally found that the photo- 
chemical change is due chiefly to the 3650 group of lines, and these are ab- 
sorbed by noviol glass, which however transmits 4046. 

If noviol is used of sufficient density to cut off 4046, the 4358 line is also 
much reduced in intensity. This is the trouble with the Zeiss glass filter re- 
commended for 4358 excitation. It appears to be the same as noviol, showing 
a red fluorescence when under mercury arc illumination. A thin sheet of pale 
noviol combined with quinine is the most efficient filter, for complete absorp- 
tion of 4046 and perfect transmission for 4358. The most suitable thickness is 
noviol “O”, 2.5 mm obtainable ground and polished from the Corning Glass 
Company, Corning, N.Y. A plate six inches square should be ordered, cut 
into strips 26. I now use a Hanovia 220-volt quartz arc in the metal housing 
turning on trunnions as supplied by the manufacturers. The burner is 
operated in a horizontal position just below a narrow aperture in the roof 
of the iron box. The noviol plate is supported about 1 cm above the aperture 
as shown in Fig. 1, and a bent sheet of thin aluminum directs the air blast of 
an electric fan across the aperture under the noviol plate. The fluid filter is 
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contained in a glass tube 5 cm in diameter and 25 cm in length mounted just 
above the aperture. This acts as a cylindrical lens as well, forming an image 
of the are along the axis of the tube containing the liquid under investigation, 
constructed as described in my earlier papers. Over this is placed a reflector 
of thin highly polished sheet aluminum now obtainable in the market. This 
disposition has proved the most satisfactory of any I have tried. It should be 
mounted about two meters from the spectrograph, and an image of the end 
of the tube focussed on the slit with a lens of about 25 cm focus. I made this 
adjustment by mounting a small disk of white paper against the front window 
of the tube, and illuminating this strongly with a lamp. Its image can then be 
seen on the slit. This arrangement gives maximum illumination with a mini- 
mum of parasitic light. For excitation by 4046 I employ a tube filled with a 
solution of iodine in carbon tetrachloride, a saturated solution should first be 
made, and diluted for use. A 1:10 dilution will reduce 4358 by about the right 
amount. It can be abolished entirely with a 1:5 dilution, but 4046 will then 
be considerably reduced as well. With a dilution of 1:35 the excitation is by 
both 4046 and 4358 but the continuous background is considerably reduced 
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Fig. 1. 


between these two lines and faint Raman lines come out which cannot be well 
seen without the iodine filter. I believe that the best method to follow, and 
the one most likely to give results free from error is to take two photographs 
of each substance, one with the noviol quinine filter, and one with noviol 
iodine, the noviol suppressing 3650, and the iodine 4358. 

It is very helpful to make enlargements of each, on such scales that the 
Raman lines can be brought into coincidence, as shown by Plate I, Figs. a 
and b. In other words enlarge the 4358 excitation more than the 4046, which 
is more dispersed by the prism spectrograph, mark on the 4046 plate or en- 
largement all lines excited by 4077. This can be done by simply making two 
marks on a plate or slip of paper separated by the distance between 4066 and 
4077 and then fitting the left-hand mark to all of the strongest lines; if the 
right-hand mark coincides with a much fainter line the chances are that this 
was excited by 4077. The distance between the two marks must be slightly 
reduced as we move up the spectrum, of course. Examining spectrum a, we 
see at once that line 177 obtained with 4358 excitation would not be found with 
4046 excitation as it is in coincidence with 4077. In general we can be fairly 
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sure that lines which appear in both spectra are real. For example, in spec- 
trum a one might easily come to the conclusion that lines 1161 and 997 were 
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Plate 1. 





merely the 4348 excitation of lines 1221 and 1052 (exicted by 4358) but they 
are found also in the lower spectrum, though much narrower, as in spectrum 
a they are fused with the lines excited by 4348. 
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In general the spurious lines are more readily picked out by mere inspec- 
tion in the case of 4358 excitation than with 4046, as they form triplets with 
the real lines which can usually be recognized at a glance shown by dots in 
Fig. c. The greater separation of 4046 and 4077, makes it difficult or impossi- 
ble to pick out the lines due to 4077 without measuring their distance from 
the 4046 lines as described. For study of the fine structure of the complicated 
Raman band at 3050, excitation by 4046 is all that is necessary, as the band 
then occurs in a region free from mercury lines and of high photographic 
sensitivity. With 4358 excitation, however, the band falls at a point of very 
low sensitivity just above the two mercury lines at 4915. 

We will now examine in detail some of the results obtained by this method. 


Benzene 


The lines given in the table in Kohlrausch’s book are the only ones which 
are real. Bhagavantam reported some new lines not recorded by others. I 
have investigated these with great care. 4163.8 does not exist. 4494.2 was 
wrongly assigned to 4358; it is excited by 4046 and gives Av = 2455, one of the 
faint lines in the group which I reported in an earlier paper and which will 
be more fully discussed presently. 4438 assigned by Bhagavantam to 4046 
excitation is probably in reality excited by 3906 giving Av = 3068. Line 4397 
was not found. It may have the band of reflected light from the back of the 
plate, which often resembles a broad line. 

4513 unassigned by Bhagavantam (he suggests 4358) is in reality excited 
by 4046 giving Av = 2543 which belongs to the group mentioned above. 

The spectrum excited by 4046 with a filter of noviol glass and iodine in 
carbon tetrachloride is reproduced on Plate I Figs. e and /. In the former 
lines excited by 4077 are marked with av. In the latter the entire spectrum up 
Av = 3050 is reproduced in coincidence with the iron spectrum. Hg 4339-4358 
appears at the center greatly reduced in intensity and giving rise to no Raman 
lines. Line 2947 is very distinct, and 3162-3185 show in the print. The line at 
the extreme right is due to 4077 excitation. 


Toluene 


In previous tables a single line only is given Av = 1604. There are really two 
lines here as with benzene, the one of shorter wave-length being less intense. 
The double line was obtained both with 4046 and 4358 excitation as is shown 
by Figs. c and d of Plate I. With 4046 excitation they fall just to the left of 
4339 Hg. Av=1604 and 1583. The other lines of the table in Kohlrausch’s 
book are correct but there seems to be in addition, a faint line to the left of 
the single bright line at the center of the spectra. In spectrum c, the two lines 
marked with dots are evidently due to 4339-4348 excitation, but in spectrum 
d a faint doublet appears, the left hand member of which may be due to 4077 
excitation, and corresponds to the line to the left of the faint mercury line J7. 
The right-hand member must be regarded as a real line Av = 720 and possibly 
both are. This point can be settled by helium excitation. Lines excited by 
4077 are marked with av. 
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Ortho-xylene 


Plate I Figs. a and } gives a doublet Av = 1602-1580 instead of the single 
line 1599 given in Kohlrausch. I cannot understand why other observers have 
reported only one line here for toluene and the xylenes, as the doublet is al- 
most as conspicuous as in the case of benzene for which all report a doublet. 
It lies just to the left of the Hg 4358 group in spectrum db. The faint line near 
the center of each spectrum marked w is not given in Kohlrausch. Its Av is 
860. Line 1023 given by Kohlrausch does not appear on either spectrogram. 
His other lines are correct. The Av values are given above the lines of spectrum 
a. 


Meta-xylene 


Plate I Fig g. We find a doublet as with ortho-xylene, Av = 1612-1593, in- 
stead of a single line as given in Kohlrausch. A new line not recorded previ- 
ously, and marked by a vertical row of dots, Av = 1265. For the next two lines 
to the left, I obtain 1250 and 1205. Kohlrausch gives 1245 and 1180, the latter 
is obviously incorrect as it gives too great a separation of the lines. This can 
be seen at once if the Av values given in Kohlrausch’s table are plotted on 
millimeter cross-section paper and the map thus obtained fitted to Fig. g. 
This scale is the same for both except for a slight variation due to prismatic 
dispersion. It is thus seen that Kohlrausch’s 1180 line is the line marked with 
av and excited by 4077. It can be seen also that the relative intensities re- 
corded in Kohlrausch’s table are far from correct, as he gives 1030 and 1180 
at the same intensity one while the spectrogram shows the latter many times 
brighter. A millimeter scale graduated to Av values is given below spectrum /. 
This is only approximately correct, but serves for the identification of the 
lines. 


Para-xylene 


The lines 959 and 1012 given in the table in Kohlrausch were not found 
with 4358 excitation. With 4046 excitation a line was found giving a Av of 
about 1012 but it was due to 4077 excitation of the 826 line, and is therefore 
to be rejected. Av = 540 was not found. The short wave-length component of 
the doublet at 1600 was very faint in this case. 1460 is diffuse and faint and a 
new line Av = 1325 narrow and moderately strong was recorded. 


Brom-benzene 

The lines checked well with Kohlrausch’s values, but 1369 failed to ap- 
pear. It is recorded as very faint however. 
Diphenyl oxide 


This substance has not been previously investigated. Its spectrum was 
photographed when in the fluid state, the following lines being found. 

Av = 1600 (2) broad, 1195 (4), 1160 (2), 1020 (3), 1000 (3), 750 (2), 565 
(0)? and about a dozen of smaller values not yet measured. 
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Diphenyl 


Previously reported by the author shows the double line 994-1022, as 
well as lines 1191 and 1146. The strong line 1283 of diphenyl does not appear 
with the oxide. 


Diphenyl-disulphide 


In liquid state: 1600 broad (2), 1060 (2), 1020 (2), 1000 (2). These have 
about the same intensity while, in the case of the oxide 1000 is about three 
times stronger than 1020. 


Anti-Stokes lines of benzene, toluene, and xylene 


The existence of anti-Stokes lines in the case of benzene has been so vigor- 
ously denied by some investigators, working under conditions which were 
claimed to be superior to those previously employed, that it seems worthwhile 
to publish a spectrogram proving conclusively that such lines exist. Traces 
of them were shown in one of my earlier publications, but I now have plates 
which really bear reproduction and from which intensity ratios can be deter- 
mined. Two spectrograms are shown on Plate I Figs. 7 and j, the upper made 
by Hg 4046-4077 excitation, the lower with 4046 and 4358. Line No. 3 ap- 
pears only in the latter. It is the anti-Stokes line excited by 4358, its wave- 
length being 4178 and the frequency difference -990. The upper spectrogram 
was taken with the dense iodine filter combined with noviol glass, which 
absorbs 3650 and 4358. The lines in the spectrogram are as follows: 


1. Mercury 

2. Av= 606 excited by 4046 
3. Av= —990 excited by 4358 
4. Av= 606 excited by 4077 
5. Av= 845 excited by 4046 
6. Av= 990 excited by 4046. 


We see from the photograph that the anti-Stokes line has very nearly the 
same intensity as the 606 line excited by 4077. The superior contrast in this 
spectrogram was due to the suppression of the continuous background. A 
filter of noviol glass was employed combined with a very dilute iodine solu- 
tion, not sufficiently dense to reduce greatly 4358. (saturated solution diluted 
1:35.) This combination gives much cleaner spectra than those obtained with 
no filter. On a plate taken with a quinine filter combined with noviol glass 
only line No. 3 appeared, together with the other anti-Stokes line \ = 4246.7, 
Av = — 606. Two anti-Stokes lines came out very clearly in the case of toluene 
excited by 4358, also with para-xylene. In the latter case, the lines were meas- 
ured giving Av values —458 and —314, in good agreement with the values 
461 and 315. 

In a previous communication on the Raman effect, I recorded the presence 
of a number of faint lines in the spectrum of benzene in the region lying on the 
short wave-length side of the strong double band with Av = 3060. One of these 
(Av = 2947) has been noted by other observers. These lines appear only when 
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the continuous background has been suppressed to the highest possible de- 
gree. Further investigation, with improved technique has confirmed the 
suspicion that the actual presence of certain of these lines depended on the 
wave-length of the exciting light, lines obtained with excitation by helium 
3888 not being found with mercury 4046. 

The Av frequencies for these lines are given in the following table: 


New lines of benzene 


2465 2745 
2545 2765 
2596 (obtained only with helium 

excitation.) 2930 
2615 2947. 


Their presence has been verified with the following excitation wave-lengths; 
5461, 4358, 4046, 3888, 3663, 3654, and 3650. Their relative intensities with 
these different types of excitation is roughly shown in Fig. 2. 
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It was at first thought that the intensity differences found at different 
times with different excitations might result from a change in the benzene, 
due to continued illumination or impurities. But this seems not to be the case, 
for a marked difference in the intensity ratios was found when the lines were 
excited simultaneously by the three lines making up the mercury group at 
wave-length 3650-3663, in which case each Raman line appears in triplicate. 
A filter of nickel oxide glass was used in this case. A portion of the spectro- 
gram is reproduced much enlarged on Plate I, Fig. k. In the interpretation of 
this spectrum we must remember that the intensities of the exciting lines are 
very different. 3650 is much brighter than 3663, which in turn is brighter than 
3654. 

I have bracketed the lines which I believe belong together, the Av values 
being written below the brackets. It appears that two superpositions occur, 
which complicates the interpretation. There seems, however, to be strong 
evidence of a change in the intensity ration of the Raman lines for the three 
different excitations. The most conspicuous effect is obtained with helium 
3888 excitation. Here we have a very distinct doublet at Av = 2596-2615. No 
trace of the former line being found with any other excitation. Helium excita- 
tion also seems to be peculiar in that it gives benzene lines Av =1178, 1584, 
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and 1603 of the same intensity, while with 4046 and 4358 excitation the 1178 
line is very much brighter than the other two. This matter will be more fully 
investigated shortly. 


Explanation of plate 


a. Raman spectrum of ortho-xylene excited by Hg 4358. Filter of noviol 
glass and sulphate of quinine. Line Av = 860 not previously recorded marked 
with white w. 

b. Ortho-xylene spectrum excited by 4046-4077. Filter of noviol glass and 
iodine in carbon tetrachloride. Lines excited by 4077 marked with a white v. 
Line Av = 860 appears here also. The 4358 mercury group is at extreme right. 
Lines marked H/ are mercury. 

c. Spectrum of toluene excited by 4358. Note doublet at right recorded as 
single line by previous observers. This doublet also appears in a and Bb. 
Quinine and noviol filter. 

d. Toluene spectrum excited by 4046-4077. Lines due to 4077 marked », 
mercury lines marked //. lodine and noviol filter. 


4046 Excitations 


e. Benzene spectrum, reproduced as a negative. Iodine in carbon tetra- 
chloride plus noviol glass as filter. Lines due to 4077 marked v. Mercury 
lines marked /H. The strong line at the left is mercury 4108, that at the right 
4339. The doublet at the left of 4339, (Av = 1584-1606) is found with toluene 
and all three xylenes, contrary to observations by others. It is absent in 
brom-benzene. Fig. 4. One 4077 excitation coincides with one by 4046. 

t. Diphenyl-oxide. The doublet has fused. No lines excited by 4077 ap- 
pear. 

g. Meta-xylene. Lines excited by 4077 marked v. 

h. Brom-benzene. The doublet at right shown by other substitution pro- 
ducts replaced by a single broad line shifted towards shorter wave-length. 

i. j. Anti-Stokes line (No. 3) of benzene. Spectrum i taken with iodine 
filter, which absorbs 4358, and the anti-Stokes line is absent. The lines are as 
follows: 1. Mercury, 2. Av606, excited by 4046. 3. Av = —990, excited by 4358. 
4, Av606, excited by 4077. 5. Av =845. 6. Av =990. 

k. New faint lines of benzene in region Av = 2465-2947 excited by 3650- 
54-63. The strong lines at right are Av = 2947. 

|. Complete spectrum of benzene excited by 4046 with iodine filter the 
line at right being Av = 3050. 
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ABSTRACT 
The Zeeman effect of several characteristic lines of Tl II and Tl III has been 
studied at field strengths of 14700, 32500 and 43350 gauss. The transition from weak 
to strong fields shows exceedingly good agreement with the theory of Goudsmit and 
Bacher. Careful measurements of the magnetic patterns of certain lines indicate that 
McLennan and Allin’s results are inaccurate. 


HE magnetic analys:s of hyperfine structure permits a more definite 

determination of nuclear moment than the value interpreted from the 
interval separations of the hyperfine structure pattern of the fieldless line. 
The work of Heisenberg and Jordan,! Darwin,’ and Mensing* on the Zeeman 
effect of multiplets for all field strengths has been extended by Goudsmit and 
Bacher* for hyperfine structure. The formulae in both cases are quite similar, 
yet in the latter the quantum vectors for electron spin and angular momen- 
tum, s and / respectively are replaced by the nuclear moment and the total 
momentum of the remainder of the atom, 7 and j respectively. 

The additional quantum vector 7, attributable to the nucleus, causes each 
line to separate into a tiny multiplet (hyperfine structure) and complicates 
the Zeeman pattern of the line, analogous to the way in which the electron 
spin produces an ordinary multiplet and alters the simple Lorentz triplet. The 
line \4722 Bi I is no doubt the best example of the objectivity of determina- 
tion of nuclear moment from the Zeeman effect. Each of the components of 
this line splits up in a strong magnetic field into ten lines which can be attri- 
buted to the presence of a nuclear moment 7=9/2 having 27+ 1 =10 orienta- 
tions in the magnetic field. 

Detailed magnetic analyses have been carried out for the arc spectra of 
Bi I and T1 I by Goudsmit and Bacher as well as Back and Wulff. McLennan 
and Durnford* have investigated the Zeeman effect of Tl spark lines, yet the 
lack of resolving power of the spectroscopic instrument as well as the weak 
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field employed does not permit a complete interpretation. The instruments 
used in the present work have enabled us to give a more careful analysis 
of the problem. 

EXPERIMENTAL PROCEDURE 

The quality of the large concave grating of the Physical Institute in 
Tiibingen permitted the photography of 3rd and 4th order patterns in the visi- 
ble and 5th order patterns in the ultraviolet. The multicomponent patterns 
present in the Zeeman effect of hyperfine structure and the small separations 
involved necessitated the maximum obtainable resolving power. For this pur- 
pose the focus of the grating was redetermined with the aid of a series of es- 
pecially sharp tin lines. The plates rested at an angle, the middle of the plate 
being on the Rowland circle, the lower half toward the grating and the upper 
half away from the grating. The spectrograms showed a systematic deviation 
of the focal curve from a true circle. The final curve determined was found to 
be slightly elliptical with the minor axes approximately in the position of the 
: normal to the grating. On the empirically determined curve it was possible 
to adjust the plate holders to insure maximum resolution. 

The light source used is described in detail elsewhere. Briefly is consisted 
of a negative tungsten electrode and a positive electrode of rilled manganin 
upon which 0.5 mm thickness of Tl was melted. The latter electrode is sta- 
tionary and isolated from the pole-shoe by a thin strip of mica. The tungsten 
electrode which is given an intermittent action by a spring eccentric on a con- 
stant speed motor makes some 300 contacts per minute. The vacuum cham- 
ber was kept at an average argon or hydrogen pressure of 5 mm Hg during the 
entire exposure. Current was applied at 110 volts and adjusted to 3-5 am- 
peres with suitable rheostats. An inductance of about 100 turns of heavy wire 
around an iron core in series with the rheostats and a capacity of 5000 cm 
across the arc served to reduce fluctuations to a minimum. Under these condi- 
tions a new positive electrode was inserted about every half hour, and three 
hours net exposure usually sufficed for proper intensity. 

The Weiss magnet had a interferricum of 3.8 mm and the special ferro- 
cobalt pole-tips a diameter of 7 mm. A current of 73 amperes through the 
water-cooled coils of the magnet gave a field of 43350 gauss. Variations of 1 
ampere have no effect on the sharpness of the lines at this field strength and 
are not detectable with a flip coil. This is to be expected from the calibration 
curve which shows that saturation is reached in this neighborhood. This was 
not the case with the two other field strengths employed, namely 32500 and 
14700 gauss. Especially with the latter a variation in current of 0.05 amp. 
affects the sharpness of the lines. Easily controllable rheostats and continual 
observation were necessary to keep the current constant. During and after 
the exposure typical cadmium and zinc lines were flashed on the plates to serve 
as standards for field strength determinations. In many of the patterns stu- 
died the separations are at the limit of the resolving power of the grating, an 
great care had to be exercised in the choice and development of the photogra- 
phic plate. The special Flieger plates of Perutz in Munich fulfilled all our re- 
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quirements, of speed, fineness of grain, and sensitivity (2200-5800A). The 
photometer curves were made with the photoelectric recording photometer 
at the University of Munich. (Magnification 13 x) and show fringes which 
though often attributed to large grain size are here the direct result of the 
fine photometer slit employed. A wider slit alleviated this disturbance but 
also failed to bring out some of the fine structure. In any case, it is quite easy 
to distinguish the real from the apparent maxima. 


THEORY 

The theory of the Paschen-Back effect of hyperfine structure has been ad- 
mirably discussed by Goudsmit and Bacher‘ and the reader is referred to this 
paper for a complete discussion of the problem. We shall repeat here only 
those conclusions necessary for a clearer understanding of the present work. 

The hyperfine structure of spectrum lines is caused by the interaction of 
the total momentum of the rest of the atom with the nuclear momentum, 7, 
(which may have any half or full integral value, including zero). Up to the 
present, it has not been possible to predict the value of this nuclear moment, 
and we have had to rely entirely upon experimental data. Further, the dif- 
ferent isotopes of the same element may have different nuclear moments. 
Thus, the progress in this field has not been so rapid as was the case some 
years ago with complex spectra, when Hund proposed his theory of the 
coupling of electron spin and angular momentum. Also, the experimental 
technique involved in the resolution of the very close patterns is very much 
more difficult than for gross multiplet structure. 

In zero field, 7 and j interact to give a new quantum number f of hyperfine 
structure, which has either 2/+1 or 27+1 values depending on whether 7 or j 
is the smaller of the two interacting vectors. On the basis of the old model 
theory of the atom, this vector precesses regularly about the field direction //, 
if JJ is small, and in the same way as we calculate a g-formula for the vector /, 
we find for f, a g-formula. 

| —fft1) +jG t+) —- (i +1) 
e(f) = gy) — (1) 
27(j + 1) 

Thus, in a weak field, each hyperfine energy level is split up into 2f+1 
levels symmetrically situated about the zero field level. 

In a strong field the coupling between the 7 and / vectors is destroyed, and 
each of the vectors interact independently with the magnetic field. The effect 
is to introduce a new type of symmetry in which there are associated 27+1 
equally spaced levels with each of the 27+1 orientations of 7, m,, in the mag 
netic field, the spacings of the 27+1 levels being proportional to the value of 
m; with which they are associated. Here is seen the origin of the patterns 
found by Back and Goudsmit’ in the spectrum of bismuth. 

For medium field strengths all symmetry is lost and for the calculation of 
the positions of the energy levels, we must use the following formula of Goud- 
smit and Bacher. 


7 Back and Goudsmit, Zeits. f. Physik 47, 174 (1928). 
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X mi+t,mj-1(A/2)(t + my + 1)G — m; + 1) + X nism; 
(E — Amgm; — mjgw) — X m—1,mj41(.1/2)(t — m + 1I)G +m; +1) =0 (2) 


where A is the hyperfine structure separation factor, w the Lorentz separation 
factor corresponding to the field strength used, E the position of the magnetic 
level with reference to the center of gravity of the fieldless pattern, and X 
represents a transition probability. 

For a given value of m;+m,;=m,;, the above equation is written for all 
possible values of m; and m;. The determinant of this set of homogeneous 
equations is set equal to zero and its roots are the values of E for the given 
m,. The order of the determinant will be 27+1 or 27+1 depending on whether 


j ort has the smaller value. 


Thus, in the case of thallium the problem of determining the positions and 
intensities of the lines from a theoretical standpoint becomes exceedingly sim- 
ple, s:nce it has been definitely established that the nuclear moment of the T] 
atom is 1/2. The equations are, then, all quadratic or linear. 

The above theory has been applied very successfully to the spectrum of 
thallium I and so far has been checked in all details. Spark spectra have much 
greater hyperfine structure intervals and are therefore easier to resolve. In the 
spectrum of Tl II and TI III the visible lines were studied in the magnetic field 
by McLennan and Durnford‘ but the apparatus used had not a sufficiently 
high resolving power to give a complete analysis of the lines. Schiiler and Key- 
ston’ have studied the hyperfine structure of Tl II in zero field and we have 
used their values of the separations in our calculations of the magnetic pat- 
terns. 

In particular, the lines 3092, 2530 and 2298 of Tl II have been studied at 
three different field strengths, and 5949 of TI II and 4110 of TI III at the maxi- 
mum field strength, 43350 gauss. The line 3092 has been discussed by us in 
complete detail elsewhere, and is included here for the sake of completeness, 
as the simplest example of the Paschen-Back effect of hyperfine structure. 

For the line 2298 (6p*P2—7s*S,) as an example, the positions of the levels 
of 6p*P2 are found from equation (2) as 


my = 5/2 E =A + 2wg 
my = 3/2 E? + E(A/2 — 3wg) + (2w?g? — 3427/2) = 0 
my; = 1/2 E? + E(A/2 — wg) — 3A2/2 = 0 
(3) 
m = — 1/2 E? + E(A/2 + we) — 3A?/2 = 0 
my, = — 3/2 E? + E(A/2 + 3g) + (2w2g? — 342/2) = 0 
me = — 5/2 E=A — wg 
while for the levels of 7s°.S; we get 

my; = 3/2 E = A/2 + weg 
my, = 1/2 E? + E(A/2 — wg) — A?/2 = 0 

" - (4) 
me = — 1/2 E? + E(A/2 + wg) — A?/2 = 0 
m, = — 3/2 E = A/2 — ag. 


8 Schiiler and Keyston, Zeits. f. Physik 70, 1 (1931). 
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The intensities of the components are given by 





my —> Mm Parallel polarization 

3/2 — 3/2 12| Xp eX eal? 

1/2—1/2 812X1/2,0X' 12.0 & 3X—172.1X0 172.1)" 

124-122 BIBN ye. 1X 1s9.-1  2X—179.0X"-1/2.017 

3/2— — 3/2 12[ X12. a X%12,-:]° 

my —> my — 1 Perpendicular polarization 

3/212 4[ X20 1N' 12.0]? 

1/2—> -1/2 213X vi2.0N' 12-1 + 2X—172.1.X01/2.0]* 
= 1/2 — 3/2 O!4N; 5 tN’ 12,2 + Nutj2,0N 1/2 |? 
- 3/2 — 5/2 = 12 X12 1X1 2,-2!? 

my —> my + 1 Perpendicular polarization 

3/2 5/2 12[ Xi 2aN122] 

1/2 — 3/2 6[X1/2.0X' 12.1 + AX—1/2.1X01/2.2]" 
— 1/2-1/2 PIA 00 aX se + 3X aX ial’ 
—3/2——1/2 4X12 X20]? 


The X’s are found by substituting the values of £, found by Eqs. (3) and 
(4), in the original determinantal equations. The umprimed terms refer to 
the level *.S;, and the primed terms to *P». 

For the complete details of the calculations the reader is referred to Goud- 
smit and Backer. 

RESULTS 

The results are shown in graphical form in Figs. 1-5; below are the the- 
oretical patterns calculated from the theory of Goudsmit and Bacher and 
above the photometer curves made from the original plates. In comparing the 
theoretical and experimental curves several facts should be noted: (1) the 
photometer at best gives integrated results which seldom show the resolution 
detectable by the human eye; (2) lines just resolvable by the grating may be 
too close together for the resolving power of the plate which results in a broad 
diffuse line for a group of adjacent components; (3) lines not resolved by the 
grating will integrate their intensities in such a fashion that a strong line takes 
the place of a number of extremely close weak lines. 

43092. Fig. 1, a, b, c show the parallel and perpendicular polarizations of 
3092 TI II (6s6p'P;,—6s7s'S,) in the fifth order at field strengths of 14700, 
32500 and 43350 gauss. The transition from weak to strong fields is quite evi- 
dent from the photometer curves. It need only be noted that the separation of 
the strong doublets in the perpendicular polarization approaches the same 
value with increasing field, while the two middle parallel components at 
14700 gauss merge at 43350 gauss. The magnetic analysis in this case is an 
excellent check of the theory of the Paschen-Back effect of hyperfine struc- 
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ture and the value of the fieldless separation deduced therefrom is 0.092 
+(0.002A or 0.96+0.02 cm~' a value slightly different from that found by 
McLennan and Crawford. 
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Ol 2298. Figs. 2a, b,c are taken from the 4th order spectograms of 2298 TI 
me II (6s6p°P2—6s7s°S,). The magnetic analyses of this line is not so complete as 
at in the previous case (A3092) yet it may be noted that the unresolved compo- 
an nents of the weak fields become more apparent with increasing field strength. 
uc- The faint side component (so called “forbidden components” of the Paschen- 
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Fig. 2. a, 42298 TI II 14700 gauss 4th order. 





Back effect) seem to decrease in intensity with increasing field strength in 
accordance with the theory. 
2530. Figs. 3 a, b, c represent 5th order patterns of 42530, TI II (6s 
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6p'P;—6s6d'D.) at the above field strengths. Though the perpendicular 
polarization is in good agreement with the theory, there are discrepancies in 
the faint side components which have not as yet been accounted for. Here 

















42530 TI Il 43350 gauss 5th order. 
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again it may be noted that the forbidden components decrease in intensity 
with increasing field. 

45950. Fig. 4a and b show both polarizations in the first order of 45950 TI 
II (6s7s°S,;—6s7p*P2) at 43350 gauss. From its transition it is evident that 
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this line is the inverted counterpart of 42298, which is also evident from the 
photograph. The increased scale of wave numbers brings out some of the very 
fine components not apparent in A2298. The weak component in the center of 
the perpendicular polarization (on Fig. 4a) belongs to a neighboring line of 
argon. 

A4110. Fig. 5a, b gives the perpendicular and parallel polarizations of 
4110 TI IIT (7 


This line is the counterpart of Tl 1 5350 and shows the same general charac- 


SS) 2—7p*P 3/2) in the second order at the high field strength. 
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Fig. 4. 44110 TI 111 43350 gauss second order. 


teristics except that the ?P » is sufficiently large to influence the separations 
of the doubling resulting from the nuclear moment 7=1/2. McLennan and 
Allin® report the separations of 7s?S,,2 and 7p*P3,;2 as 1.37 and 0.44 cm™ 
respectively. Our measurements on this line are not consistent with these 
results and indicate that the separation of 7s*.S;,;2. is somewhat smaller, 
namely 1.24 cm~!. (The faint middle component does not belong to the line; 
it is the O line 4111). 
CONCLUSION 

In the experimental material discussed we have again a very good argu- 
ment in support of the present status of the theory of the Paschen-Back effect 

® McLennan and Allin, Proc. Roy. Soc. A129, 43 (1930). 
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of hyperfine structure. The work of Goudsmit and Bacher as well as Back and 
Wulff has now been definitely applied to spark spectra, such discrepancies 
which occur are in most cases of a negligible order. 
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Fig. 5. 45950 TI IL 43350 gauss first order. 








The success of the work can be attributed largely to the excellent appara- 
tus available in Tiibingen. To Professors Geiger and Back we extend our 
thanks for the privilege of working in Tiibingen as well as to Professor Ger- 
lach for permitting us the use of the large recording photometer in Munich. 
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THE PASCHEN-BACK EFFECT OF HYPERFINE 
STRUCTURE IL. Br IT AND Bz III 


By J. B. GREEN* AND JOHN WULFF 7 
MENDENHALL LABORATORY OF PHYSICS AND MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 


(Received September 10, 1931) 


ABSTRACT 


Goudsmit and Bacher’s theory is successfully applied to the spectra of Bi IT and Bi 
III. The lines \A5719 of Bi Il and 4561 and 3695 of Bi III] are used as typical examples 
of these spectra. 45719, like 3092 of Ti II, serves as an excellent check on the theory, 


because of its especially simple transition. 


N A previous paper, the authors showed that Goudsmit and Bacher’s! 

theory is quite adequate to explain the complicated Zeeman patterns ob- 
served for the hypertine structure components of the spectra of Tl Il and Tl 
III. The present paper is a continuation of the work and treats the spectra of 
Bi Tl and Billl. 


The experimental arrangement was exactly the same as in the previous 
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Fig. 1. (a). 45719 Bi II 14700 gauss second order. (b). 45719 Bi IL 14700 gauss third order 








* John Simon Guggenheim Memorial Fellow. 
+ International Education Board Fellow. 
1 Goudsmit and Bacher, Zeits. f. Physik 66, 13 (1930). 
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work, except that the thallium metal used on the positive electrode was re- 
placed by pure bismuth metal. For the excitation of spark spectra, alloys of 
the metal did not prove at all satisfactory. It seems that large quantities of 
the metallic vapor must be present in order to bring out the spark lines; a con- 
dition that must be avoided in the study of arc lines, for it leads almost cer- 
tainly to self-reversal of some of the components of the lines. 

In all other respects too, it was necessary to pay strict attention to all the 
details. As may be seen from the microphotometer reproductions, the mag- 
netic patterns of the lines are extremely complicated, and in order to prevent 
the groups of lines from becoming mere smears, the pressure on the vacuum 
chamber, the current in the arc, and the speed of the motor, had to be kept 
constant. 

Flieger plates of the Perutz Company in Munich were again used, and 
long tank development with Perutz fine-grain developer served to bring out 
to the best advantage the really fine work that the grating is capable of doing. 

The results of Back and Goudsmit,? and Back and Waulff* have shown con- 
clusively that the nuclear moment of the bismuth atom is 9 2. Consequently, 
the Zeeman patterns of the bismuth lines are considerably more complicated 
than the thallium lines, for in the latter cases, the tendency of each Zeeman 
component was break up into two in strong magnetic fields, while in the lat- 
ter, the tendency is to break up into ten! 

In the theoretical calculations it would also be possible for the determin- 
antal equation to be of the tenth order and the tedium of the solution of the 
problem would be enormous, unless one used approximate methods as sug- 
gested by Goudsmit and Back. We have therefore chosen a particularly 
simple type of transition in Bi II to illustrate the theory. The line 45719 has 
been classified as 2;°—7» (possibly 6p 7s°P,—6p 7p*Po). We are thus dealing 
with a transition 7=1 to 7=0, exactly similar to A3092 of TI II. A glance at 
Eq. (2) of the previous paper shows that the determinantal equation will be 
of the third order. There is one further complication in the calculations for 
Bi II. This is a two-electron spectrum, and the coupling between the elec- 
trons is practically jj in type. Hence we cannot use the Landé g-value in our 
equations. Applying Houston’s* theory to the case, we are able to calculate 
the g-values from the interval separations and for 6p 7s *P, we tind the value 
g= 1.35 instead of 1.50, the Landé g-value. With this value, the agreement be- 
tween theory and experient was excellent. 

The results of the calculations are shown graphically in Figs. 1a,b,c,d. 
Fig. la is taken at a field strength of 14700 gauss in the second order. Above 
is the microphotometric reproduction of the original plate (13 Xenlarged), 
and below the calculated positions and intensities of the lines. Fig. 1b is a 
reproduction of the third order, parallel polarization. Figs. 1c and 1d were 
taken from second order plates with magnetic fields of 32500 and 43350 gauss 
respectively. The wide black lines indicate a large number of very close com- 

? Back and Goudsmit, Zeits. f. Physik 47, 174 (1928). 

* Back and Wulff, Zeits. f. Physik 66, 31 (1930). 

4 Houston, Phys. Rev. 33, 297 (1929). 
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Fig. 2. (a). 44561 Bi IIT 14700 gauss second order. (b). 44561 Bi ITI 32500 gauss 
second order. (c). 44561 Bi III 43350 gauss second order. 
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ponents and in Fig. 1d, parallel polarization, although these are relatively 
weak, the grating has integrated their intensities and shows them as one strong 
line. It is to be noted that the side components in the parallel polarization de- 
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crease in intensity with increasing field strength, while the outside perpen- 
dicular components increase in intensity with increasing field strength. The 
side parallel components at 43350 gauss are barely perceptible on the photo- 
graphic plate and their positions are very difficult to determine on the micro- 


photometer record. 
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As representative lines in the spectrum of Bi III, we chose \A4561 and 
3695. These lines represent the transitions 7s°S,,.—7p?P),. and 7s?Sj/2 
—7p’P; 2. These lines were also observed at the three field strengths used in 
the previous work, namely 14700, 32500 and 43350 gauss, and are represented 
in Figs. 2a, b,c and 3a b,c respectively. 

\ 4561 in strong fields was completely resolved in the perpendicular po- 
larization in the second order, as can be seen on the microphotometer record. 
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Fig. 3 (c). 43695 Bi ITT 43350 gauss third order. 


In the parallel components, the thing of interest to be noted is that the com- 
ponent marked with an arrow, the only resolvable component in this polariza- 
tion, moves from the long wave-length group to the short wave-length group 
as the field strength increases, in complete accordance with the theory. The 
broad blocks on the computed patterns indicate groups of lines possibly re- 
solvable by the grating but not by the phtographic plate. Fig. 2c shows the re- 
sult of broadening the photometer slit. The parallel components were re- 
corded with a very fine slit and show plate grain very noticably, while the 
perpendicular components were recorded with a wider slit, and the plate 
grain is hardly apparent, but the real breaks in the curve are also reduced so 
that in some cases they are barely perceptible. 
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Figs. 3a, b, c represent the results for 43695 in the third order. The hyper- 
fine separation of the *P3 2. term as given by Fisher and Goudsmit is very 
small, so that for this term, the approximate formula 


EK = m,gw + Amy, 


sufficed to determine the energy levels. Here again, in the computed patterns, 
the blocks represent unresolved groups of lines. When a line sufficiently 
strong and separated from a group can be seen on the photometer curve, its 
position is also shown on the theoretical pattern. Unfortunately, the photom- 
eter curves are not nearly so rich as the patterns that could be observed 
with the eye. For example, in the perpendicular polarization for the strong 
field four sharp lines could easily be distinguished on the long wave-length 
side of the pattern, while only two show on the photometer curve; and three 
lines of the corresponding group on the short wave-length side could be sepa- 
rated from the pattern, while none appear on the photometer records. For the 
low field strength, the blocks on the theoretical pictures overlapped so badly 
that a sum curve was built and that is the one represented in the figure. This 
was also done for \4561. The transition of one line in the parallel polarization 
from one side of the figure to the other is also noted here. 

Here again, then, as in the case of TI I] and T] III the present status of 
the theory of the Paschen-Back effect for hyperfine structure is verified in all 
of its details. 

In concluding this work, it gives us great pleasure to acknowledge out 
thanks to Professors Geiger and Back for the privilege of working at Tiibin- 
gen, and to the Rockfeller and Guggenheim Foundations for their financial 


assistance. 
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PHENOMENA IN OXIDE COATED FILAMENTS II. 
ORIGIN OF ENHANCED EMISSION 


By J. A. BECKER AND R. W. SEARS 
’ BELL TELEPHONE LABORATORIES, NEW YorK, N. Y. 


(Received November 6, 1931) 


ABSTRACT 

Various theories have been advanced regarding the mechanism of emission of 
electrons from oxide coated filaments. These theories postulate that; (1) the active 
layer is (a) at the outer oxide surface, (b) at the core-oxide interface; (2) the ther- 
mionic elec:rons come from (a) the adsorbed barium, (b) the oxide just underneath 
the adsorbed layer; (3) the current is carried through the oxide coating by (a) an en- 
tirely electrolytic process, (b) thermionic electrons which come from the core, diffuse 
through the pores of the coating and form a space charge therein, (c) electrolytic con- 
duction through the oxide crystals and thermionic conduction between crystals, (d) 
electronic conduction, a small portion being carried by ions. A number of experiments 
were designed to test these various hypotheses. These experiments show that; (1) 
When barium is brought to the outer surface of the oxide, either by electrolysis or 
evaporation from an external source, the emission increases at first, passes through a 
maximum and then decreases. This change in activity is similar to that for barium 
on tungsten. (2) When oxygen is brought to the surface of the oxide of an activated 
filament, the activity decreases rapidly at first and then more slowly. (3) In these two 
respects, a filament with a core made of an alloy called “Konel” and consisting of 
nickel, cobalt, iron and titanium acts just like filaments with other cores. (4) When 
the oxide was stripped from a Konel core filament, the activity decreased by a factor 
of 6000. (5) The emission-limited current is independent of the area of the core pro- 
vided that the area of the outer oxide surface remains constant. (6) The conductivity 
of the oxide varies with the time of sending current through the oxide. (7) The conduc- 
tion current in the oxide obeys Ohm's law and does not saturate even though its value 
is hundreds of times larger than the saturated emission. (8) The oxide acquires a 
positive potential with respect to the core regardless of whether the space current is 
limited by space charge or by emission. This potential varies linearly with the space 
current drawn to the plate and is of the order of a few tenths of a volt. (9) Theemission 
for the optimum amount of barium on the oxide surface depends upon the previous 
treatment of the oxide. From these results we conclude that; (1) The active layer is 
at the outer oxide surface. The activity depends on the concentration of barium and 
oxygen on this surface and also upon the amount of metallic barium dispersed through 
the oxide. The core material does not directly affect the emission but it does greatly 
affect the ease with which free barium is produced by heat treatment or electrolysis. 
(2) The thermionic electrons originate in the oxide just underneath the adsorbed 
barium. (3) Most of the current through the oxide is conducted by electrons, a small 
portion being carried by barium and oxygen ions. 


INTRODUCTION 


N 1929 one of us proposed a comprehensive theory to account for the com- 

plex phenomena observed in oxide coated filaments.' The essential points 

of this theory were: The activity depends upon the concentration of barium* 
1 Becker, Phys. Rev. 34, 1323-1351 (1929). 


2 Throughout this article the word “barium” will be used for barium and / or strontium 
and / or calcium. 


2193 








2194 J. A. BECKER AND R. W. SEARS 


and oxygen on the surface of the oxide and on the composition of the coating. 
Both barium and oxygen diffuse quite readily from the surface into the oxide 
and vice versa. When current passes through the oxide most of it is carried by 
electrons, but a small portion is carried by oxygen and barium ions. 

Since that time we have enlarged or extended the theory or made it more 
explicit. Others too have proposed theories which, in some respects, conflict 
with ours. Insofar as these extensions or conflicts deal with the production of 
the barium or the conduction of current through the oxide, they have been 
dealt with elsewhere.* The present article will deal with the question: Where 
do the thermionic electrons originate? 

It has been quite generally held that these electrons come from the'region 
near the outer oxide surface. Recently, however, in two important papers it 
has been proposed that the electron space current is or may be limited by the 
emission from the metallic core surface of the filament. Lowry! states that, 
“the source of emission is assumed to be a layer of metallic barium occluded 
on the surface of the base metal or alloyed with it”. He further postulates 
that “the electrons emitted from this composite surface must diffuse through 
the pores of the coating”. Reimann and Murgoci® believe that electrons are 
thermionically emitted from the core to an adjoining oxide crystal and from 
one oxide crystal to the next. In each crystal the current is carried exclu- 
sively by barium ions. The barium atoms adsorbed on the surface of the outer- 
most oxide crystals emit the electrons which pass to the plate. They conclude 
that the observed current may be limited by “whichever of the two systems 
(core or oxide surface) has the lesser emissivity”. 

Koller,’ Rothe,’ Detels,* Espe,’ Becker,' Schottky,'® Gehrts,"! Huxford! 
and others believe that the emission depends upon the concentration of bari- 
um on or very near the surface of the oxide and that the core surface does not 
determine or limit the emission. There are differences of opinion, however, 
concerning the origin of the thermions near the oxide surface. Some believe 
that the thermions come from barium atoms adsorbed on the oxide; that the 
activity is proportional to the concentration of this adsorbed barium; and 
that the work function is the same for all appreciable concentrations of bari- 
um. Others believe that the thermions originate in the oxide just beneath the 
surface and that the absorbed barium makes it easier for them to escape from 
the surface. On this view the work function depends on the concentration of 
barium and the activity is not directiy proportional to this concentration. 

In order to decide between these various theories we have designed and 


3 Becker, Trans. Amer. Electrochem. Soc. 59, 207-220 (1931). 

* Lowry, Phys. Rev. 35, 1367-1378 (1930). 

5 Reimann and Murgoci, Phil. Mag. 9, 440-464 (1930). 

6 Koller, Phys. Rev. 25, 671-676 (1925). 

7 Rothe, Zeits. f. Physik 36, 737—758 (1926). 

8 Detels, Jahrb. d. drahtl. Telegr. u. Teleph. 30, 10-14 and 52-60 (1927). 
9 Espe. Zeits. f. techn. Physik 10, 489-495 (1929), 

® Schottky, See Wien-Harms Handbuch der Physik, Vol. XIII, part 2. 

! Gehrts, Zeits. f. techn. Physik 11, 246-253 (1930). 

2 Huxford, Phys. Rev. 38, 379-395 (1931). 
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performed a number of crucial tests. These were so chosen that the predictions 
based on one theory were distinctly different from those predicted by some 
other theory. The first group of tests was designed to decide between the 
core-surface or the oxide-surface theory; the second group was intended to 
decide whether the electrons come from the adsorbed atoms or the underlying 
oxide. We shall describe these tests and discuss the deductions based on them 
and on tests described by others. 

The experiments were conducted in radically different types of tubes. A 
description of each tube will be given in connection with the particular tests 
performed with it. 

All of the tubes were evacuated on a four-stage mercury diffusion pump. 
During the pumping, which usually consumed two or three days, a tube was 
baked, the metal parts were outgassed and the tube was rebaked.:The fila- 
ments were glowed at suitable temperatures until they were completely out- 
gassed. The tubes were sealed from the pumps with the metal parts quite 
hot while the pressure was about 1 X10 


6 


mm of Hg. All of the tubes contained 
auxiliary thoriated tungsten filaments which were used as “clean-up fila- 
ments” for several days or weeks after seal-off, until the pressure was about 
310-5 mm of Hg or less, even when the oxide coated filaments were glowing. 

The oxide coated filaments consisted of a mixture of barium and stron- 
tium carbonates, in a suitable suspension, coated on a metallic core. The car- 
bonates were decomposed to the oxides by glowing while the tubes were on 
the pumps. 

Tue Errect oF BARIUM ON THE EMIssION 


In a previous article! it was shown that the activity of an oxide coated 
filament changes as barium is put onto the outer oxide surface either by evap- 
oration from an external source or by electrolysis of the oxide itself. From 
such results the conclusion was drawn that the source of the enhanced emis- 
sion was at the outer oxide surface or within the oxide very close to the sur- 
face. The experiments were conducted with filaments having platinum and 
nickel cores. It has been reported‘ that oxide coated filaments having cores 
made of an alloy called “KKonel” and consisting of nickel, cobalt, iron and 
titanium behave differently from filaments with other cores. It was therefore 
deemed advisable to repeat these experiments with a Konel core filament. 

These experiments were conducted in a tube containing an oxide coated 
Konel filament and an auxiliary filament which could be used either as a 
source of electrons or as a source from which barium would evaporate under 
the proper conditions. A cross section of the tube showing the relative ar- 
rangement of filaments and plates is shown in Fig. 1. F; and F2 are ribbon 
filaments mounted parallel to the plates P. F; is an oxide coated Konel fila- 
ment and F, a barium-platinum alloy filament. The filaments F; were of 
thoriated tungsten. S is a shield between F,; and F, extending along their en- 
tire length. When it was desired to evaporate barium from F,2 onto F;, the 
shield could be removed into position S’ by tilting the tube. 

In these experiments, tests of the activity of the coated filament were 
made after subjecting the filament to various treatments. These treatments 
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consisted in: (1) Sending various amounts of current into the coated filament 
from the auxiliary filament F:, (2) subsequent glowing of filament F; at vari- 
ous temperatures, (3) evaporating various amounts of barium onto F, from 
F., (4) subsequently glowing F; at various temperatures. 

The results are shown in Fig. 2 which is a plot of the emission current in 
amperes on log scale at a filament temperature of 500°K versus the time of 
subjecting the filament to the various treatments. The coated Konel filament 
was conditioned initially by glowing at a temperature of 1100°K until the 
emission reached an equilibrium value. Then a current of 450 microamperes 
was sent into the cold coated filament from the auxiliary filament F.. After 
various intervals the current was stopped and the activity of the coated fila- 
ment determined at a temperature of 500°K. The activities at these intervals 
are shown on the curve by the black dots. The activity increased at first until 
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Fig. 1. Arrangement of plates and filaments in tube-152-S. 


it reached an optimum value after which it decreased but at a slower and 
slower rate. A total of 7200 microampere minutes was sent into the coated 
filament. 

The second treatment consisted in glowing the coated filament at 1040°K 
and later at 1100°K. The activity was again determined periodically at the 
testing temperature. The values of the activity thus obtained are shown on 
the curve by the first set of circles. The activity increased back to the opti- 
mum value and then decreased. The glowing at 1100°K caused the activity 
to fall rapidly to its equilibrium value. 

The third treatment consisted in evaporating barium onto the surface of 
the cold coated filament. This was accomplished by removing the shield and 
glowing the auxiliary filament F, at a suitable temperature. During this evap- 
oration no current passed between the two filaments. At intervals the evap- 
oration was stopped and the activity determined as in the previous experi- 
ments. The activities at the various times of evaporation are shown on the 
curve by the crosses. The activity increased initially until it reached an opti- 
mum value after which it decreased. An increase in the rate of evaporation 
from the auxiliary filament increased the rate at which the activity decreased. 

The last treatment consisted in glowing the coated filament at 1040 and 
1100°K as before. The activities at the various intervals of glowing are shown 
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by the second set of circles. The activity again increased to an optimum and 
then decreased to an equilibrium value. 

Several auxiliary tests were made on this filament to show that the phe- 
nomena observed in Fig. 2 were caused directly by the treatment. The testing 
temperature of 500°K was sufficiently low that glowing or drawing testing 
currents at this temperature did not change the emission, regardless of the 
state of activation. 
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Fig. 2. 


That the changes in emission, when electrons were sent into F,, were due 
only to the action of the current entering the filament, was demonstrated in 
two ways. If the potentials of the various electrodes in the tube were ar- 
ranged so that no electrons reached F,; even though electrons left F2, the ac- 
tivity of F, was not altered. In the second place, the change in activity of F; 
was the same whether the shield was between F, and F, or not, provided only 
that the current into F, was the same in the two cases. The insertion of the 
shield would prevent barium from reaching F;, even if it did evaporate from 
F,. 

This last fact was demonstrated by inserting the shield when the tempera- 
ture of F; was such that barium did evaporate from it. In that case the activ- 
ity of F; was not affected until the shield was removed. 
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It should be noted that in order to obtain reproducible results when ba- 
rium was evaporated onto the coated filament, it was necessary to have the 
pressure less than 5X10°* mm of Hg. This is due to the fact that at higher 
pressures the rate of adsorption of gas atoms and molecules is appreciable. 
Such adsorbed gas will, of course, alter the activity. It was also necessary to 
have the platinum-barium alloy filament well conditioned in order that ba- 
rium and only barium evaporated. 

The results of the experiment shown in Fig. 2 can readily be interpreted 
on the view that the emission is dependent upon the amount of barium on 
barium oxide. When electrons are sent into an oxide coated filament, the 
direction of the electrolysis of the oxide is such that the barium ions travel to- 
ward the outer surface. Since the changes in emission noted in this experiment 
were caused by electrons entering the filament, we conclude that the emission 
changed as various amounts of barium were deposited on the oxide surface. 
As more and more barium was deposited on the surface the emission increased 
until it reached an optimum value, after which it decreased. Glowing the fila- 
ment at 1040°K caused this excess of surface barium to diffuse into the in- 
terior of the oxide or to evaporate. The emission, therefore, increased back 
through the optimum value. Glowing at 1100°K caused the emission to de- 
crease to its equilibrium activity on glowing at that temperature. 

This interpretation is confirmed by the second part of this experiment in 
which barium was evaporated directly onto the oxide surface. The emission 
changed as the surface concentration of barium changed. As the amount of 
barium on the surface increased, the emission increased to the optimum val- 
ue and then decreased just as in the previous case where barium was put on 
the surface by electrolysis. Subsequent glowing at 1040 and 1100°K again 
caused this barium to diffuse into the oxide or to evaporate. This in turn 
caused the emission to increase back to the optimum and then decrease to an 
equilibrium value. 

The first two optima in Fig. 2 have the same value. From this we may con- 
clude that the entire oxide surface was uniformly covered with barium. Pre- 
sumably the electrons entered the coating from all directions and deposited 
barium uniformly over the entire surface. The optimum obtained by evap- 
oration of barium onto the surface was less than these optima. The reason is 
that barium was evaporated onto only one side of the filament. Consequently, 
the emission from the back side of the ribbon remained constant while that 
from the front side increased to the optimum. The ratio of the first and third 
optima in Fig. 2 is of the proper magnitude to agree with this interpretation. 

The last optimum emission on glowing at 1040°K was slightly higher than 
the optimum which just preceded it. After barium had been evaporated onto 
the ribbon, the front side was covered beyond the optimum while the back 
side was covered with less than the optimum amount of barium. The fourth 
optimum in Fig. 2 was slightly higher than the third because during the initial 
stages of glowing at 1040°K some of the barium from the front side migrated 
to the back side of the ribbon and increased the barium concentration there. 

Thus far we have interpreted the changes in activity when current was 
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sent into the oxide coated filament in terms of the barium deposited at the 
outer oxide surface by electrolysis. The oxygen deposited near the core was 
assumed to have no effect on the activity. This assumption can be verified by 
comparing the results when the oxide was electrolized with those obtained 
when barium was evaporated onto the oxide surface. The third optimum in 
Fig. 2, when corrected for the fact that barium was evaporated onto only 
one side of the ribbon, is equal to the first optimum. Since oxygen was de- 
posited near the core face in one case and not in the other we conclude that 
oxygen on the core face does not affect the activity. 

Our observed changes in activity when barium was made to appear or to 
leave the surface of the oxide are qualitatively similar to those observed for 
barium on tungsten. They are strikingly different, however, in one respect. 
For barium on tungsten, the optimum activity is thousands of times greater 
than that for clean tungsten, while for the cases of barium on the oxide dis- 
cussed above, the optimum activity is less than twice the initial activity. This 
dissimilarity is due to the fact that when an activated oxide filament is 
glowed at moderate temperatures, its surface is not freed from adsorbed bari- 
um. In fact, the surface in some cases may be nearly completely covered, as 
was shown in a previous paper.' 

These results do not seem to be readily interpretable on the view that the 
emission is determined by the amount of barium on the core face. The testing 
temperature was so low that the barium could not have diffused into the 
oxide and increased the barium concentration at or near the core. The ob- 
served changes in emission were, therefore, not due to any change in the sys- 
tem at or near the core surface but must have been due to changes in barium 
concentration on the surface of the oxide. 


THE EFFECT OF OXYGEN ON THE EMISSION 


Whether the emission is determined by the core surface or oxide surface 
can also be tested by observing the effects of oxygen on the emission. It has 
been shown! that if oxygen is brought to the surface of an active oxide coated 
platinum-nickel core filament, the activity decreases. The effect is the same 
whether the oxygen is deposited by evaporation from an external source or 
whether it is produced by electrolysis of the oxide. From these experiments it 
follows that in active filaments with a platinum nickel core, the emission is 
determined by the outer oxide surface. We have used a Konel core filament in 
repeating the experiments in which oxygen is brought to the surface by elec- 
trolysis. 

These experiments were performed in a tube of the same type as that used 
in studying the effect of barium on the emission and shown in Fig. 1. As emis- 
sion-limited current was drawn from the coated filament to the plates, the 
activity decreased rapidly and then more and more slowly. This is illustrated 
in Fig. 3. Curve 1 shows how the emission current decreased as current was 
drawn to the plates at a temperature of 660°K and a plate potential of 100 
volts. At intervals, during this drawing of current, the activity was tested at 
a lower temperature, 500°K. Curve 2 shows how the activity under the nor- 
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mal testing conditions decreased with the time that current was drawn at a 
temperature of 660°K. The activity at the testing temperature decreased by 
a factor of ten. The filament was then glowed at 770°K and the emission in- 
creased rapidly at first and then more and more slowly as shown by curve 3. 
The glowing temperature was finally raised to 900°IKK and the activity in- 
creased back to its normal value as shown by curve 4. 

These results are very similar to those previously found with a platinum- 
nickel core filament as can be seen by comparing Fig. 3 of this paper with 
Fig. 10 of the previous paper.! From this it seems clear that the behavior of 
coated filaments with Konel cores is not essentially different from that in 
filaments with platinum-nickel or platinum-iridium core. In both cases the 
decrease in activity is due to oxygen on the surface. This means that the 
thermionic emission is determined by the condition of the outer oxide sur- 
face. 
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Fig. 3. 


These time changes caused by the electrolytic deposition of oxygen are 
obtained most readily at moderate plate currents and moderate tempera- 
tures. However, in vacuum tubes operating normally, heavy currents are 
usually drawn from the filament to the plate at temperatures around 1050°K. 
Under these conditions the activity usually remains quite constant with the 
time of drawing current. There are two reasons for this: (1) The currents are 
usually limited by space charge and the proportion of current in the oxide 
carried by ions is very small.! (2) At this temperature the rates of diffusion of 
barium and oxygen in the oxide are high so that the oxygen and barium ions 
upon becoming neutralized at or near the outer oxide and core surfaces re- 
spectively diffuse quite rapidly back into the oxide. 


EFFECT OF REMOVING OXIDE COATING 


The next type of experiment was designed to make a test of the hypothesis 
that the enhanced emission is due to barium adsorbed on the core surface. On 
this view, if the oxide were removed from the core, the emission should be at 
least as great as before. The tube used for this test consisted of two parallel 
plates, in the center of which was placed an oxide coated filament with a 
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KXonel core. The filament was in the from of a ribbon approximately 0.125 
cm (50 mils) wide. The adherence of the coating to the core of this particular 
filament was exceptionally poor so that if the filament was subjected to a 
mechanical vibration or strain, the coating would completely peel off. 

The experiment consisted in observing the activity before and after the 
coating was removed. The filament was activated initially by glowing. The 
activity of the coated filament on glowing for a number of hours at approxi- 
mately 1050°K is shown by power-emission line A in Fig. 4. After this activ- 
ity was observed, the filament was cooled to room temperature and the tube 
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Fig. 4. 


jarred. This caused all of the coating to fall off. The activity was again meas- 
ured at low temperatures and is shown by power-emission line B. The activ- 
ity decreased by a factor of about 6000. Subsequent glowing of the decoated 
core failed to change the emission appreciably. The decoated core was of a 
greyish appearance due to the usual oxidation of the core metal during the 
treatment of the filament. 

Power-emission line B was taken at temperatures sufficiently low that 
barium could not have evaporated from the decoated core surface had it been 
there directly after the removal of the oxide. It is known that barium will not 
evaporate from a tungsten surface even at much higher temperatures than 
those used in determining line B." 

The results of this experiment can readily be interpreted on the view that 


3 Eglin. Phys. Rev. 31, 1127 (1928). 
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the emission is dependent upon the amount of barium on barium oxide. The 
large decrease in emission was due to the loss of the oxide coating which 
carried the outer oxide surface of low work function with it. 

The large decrease in emission is not in accord with the view that the emis- 
sion is determined by the amount of barium adsorbed on the core face unless 
the assumption is made that the barium adsorbed on the core adheres more 
tenaciously to the oxide than to the core and that when the oxide and core 
are parted, the barium chooses to remain with the oxide. We know of no way 
of testing such an assumption. We do know that barium sticks tenaciously to 
both metallic and oxide surfaces. It seems quite probable, therefore, that 


some of the barium should have remained on the core. If the core had been 
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“active” when the coating was present it should have been partially “active” 
when the coating was removed and subsequent glowing at high temperatures 
should have changed the activity. 


EFFECT OF CHANGING THE AREA OF SUPPOSED EMITTER 


On the view that the electrons are emitted thermionically between core 
and coating, the current that reaches the plate may be limited by the num- 
ber of electrons that are able to leave the core. If the area of the metallic core 
surface, from which the electrons are supposed to escape, could be reduced, 
the emission should be reduced proportionately. On the other hand, if the 
emission is limited by the external oxide surface, it should not change when 
the area of the core surface is changed. 

Such an experiment was conducted in a tube containing an equipotential 
cathode cylinder coated with a mixture of barium and strontium oxide in 
which was embedded a metallic ribbon or probe completely insulated from 
the core. An enlarged cross-section of the cathode is shown in Fig. 5A. An 
indirectly heated cathode was employed, consisting of a tubular nickel core 
covering a quartz rod in which was a tungsten heater wire. The nickel core 
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was coated with a layer of oxide; then a 0.0025 X 0.0127 cm (15 mil) nickel 
ribbon, which had previously been coated with a layer of oxide, was wound 
helically about the coated core and the whole coated over with a second coat 
of oxide. A much enlarged cross-section of the oxide showing the relative posi- 
tions of core, nickel ribbon or probe and oxide, is shown in Fig. 5B. The area 
of one side of the probe is equal to about one-third of the area of the core. The 
cathode assembly shown in Fig. 5A was placed in the axis of three cylindrical 
anodes, 1.5 cm in diameter. The outside two cylinders are 0.8 cm and the 
central collector 0.6 cm long. Six thoriated tungsten filaments were placed 
outside of these collectors for use as clean-up filaments. 

The experiments consisted in measuring the emission from the cathode 
to the plate when the negative terminal of the battery was connected to: (1) 
the core with the probe floating, (2) the probe with the core floating and, (3) 
both core and probe. The metallic surface areas are as 1, 2/3 and 5/3. 

The results of this test are shown in Table I. The emission currents, when 
the negative terminal of the battery was connected to the core, probe, and 
core and probe together are given for several different temperatures. At any 
temperature, the emission currents in all three cases are practically equal. 


TABLE I, 


Emission current in amps. with 49 volts applied between plate and 
Temp. °K = - 


Core (Probe floating) | Probe (Core floating) Core and probe 
545 4.85 X10 4.78 X1075 4.80107 
643 3.06 X 10~* 2.84 X10 2.98 «10-6 
711 2.42 X10™ 2.14 10~ 2.3110 


These results cannot be interpreted on the view that the electron current 
is limited by emission from the core. Since the current “emitted” from the 
core alone was equal to the current “emitted” from the probe alone, one would 
certainly expect the resultant emission, when the plate battery was connected 
to both core and probe, to be appreciably larger than the emission from 
either one alone. This was not verified as can readily be seen from the table. 

On the other hand the results are to be expected on the view that the 
electrons are emitted thermionically from the external oxide surface. The 
emission was the same in all three cases simply because the area of the outer 
oxide surface was unchanged. 


OXIDE CONDUCTIVITY 


Reimann and Murgoci® have investigated the variation of the conduction 
current between two coated filaments, twisted together, with the potential. 
They found that the current varied linearly with the voltage at low current 
densities but sometimes showed incipient saturation at potentials of a few 
volts. They state that, “at current densities comparable with those in the 
coatings of oxide cathodes from which saturated thermionic space current is 
being taken, the current conducted through an oxide powder between two 
electrodes, embedded therein, also saturates”. From this they conclude that 
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the conduction current in any individual oxide crystal obeys Ohm’s law and 
that the current is carried by thermionic electrons between the various crys- 
tals and between core and oxide. At low current densities, the currents across 
the gaps are limited by space charge and most of the potential drop is across 
the oxide crystals. This accounts for the linear portion of their curves. At 
high current densities, the current is limited by thermionic emission in one or 
more gaps. This interpretation is the basis of their conclusion that there is a 
limitation of thermionic space current, “between the core metal and coating 
or within the coating itself”. 
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Due to the importance of this experiment, we have repeated their meas- 
urements with an improved design of tube. The tube contained the special 
equipotential cathode shown in Fig. 5. and was described in the preceding 
section. 

The measurements consisted in noting the value of the conduction cur- 
rent when various potentials were applied between core and probe. It was 
found that as long as the currents and voltages were small, Ohm’s law was 
obeyed, but if the applied potential was more than about one volt, the con- 
duction current sometimes varied with the time. When the conduction cur- 
rent varied with the time, it always increased at a fast rate initially and then 
more and more slowly. In some cases it increased to an eptimum value and 
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then decreased but did not fall below its initial value. The increase of conduc- 
tion current with time is illustrated in Fig. 6. The conduction current on a 
logarithmic scale is plotted against the time that electrons were flowing from 
the core to probe at a temperature of 555°K. Four curves are shown for po- 
tentials between the core and probe of 1.5, 3, 5 and 8 volts. After each of 
these curves, the cathode was glowed for ten minutes at 555°K with no po- 
tentials applied. The curves were reproducible, showing that this glowing was 
sufficient to bring the oxide back to its initial condition. The conduction cur- 
rent always increased with time until at the end of five minutes it had reached 
an almost constant value. The phenomenon is attributed to an increase in 
oxide conductivity due to an accumulation of the products of electrolysis in 
the oxide. A more detailed study of this phenomenon is now in progress. 

A current voltage curve can be obtained from the data of Fig. 6. Such a 
curve is shown in Fig. 7. Curve A was obtained by plotting the initial values of 
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the conduction current against the applied potential. The points form a good 
straight line indicating that the oxide obeys Ohm’s law. The final values of 
conduction current gave curve B which is concave toward the current axis. 
There is no indication of current saturation as reported by Reimann and 
Murgoci even though the current density at the highest potential is 300 times 
larger than the total saturated thermionic emission at this temperature. For 
these cathodes there can be no limitation of thermionic space current at the 
core face or in the oxide. 

This particular test has been made on three cathodes with the same re- 
sult. Furthermore we have never found a case in a large number of different 
types of coated filaments in which the behavior indicated such a limitation of 
thermionic current at the core surface. We therefore believe that the reported 
deviations from linearity may be attributed to changes in conductivity with 
time or to polarization since we have found the shape of our current voltage 
curves to be affected by these factors. It may also be that two filaments 
twisted together actually do form a gap in the oxide and that the current is 
limited at this gap. 
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POTENTIAL DISTRIBUTION IN THE OXIDE 


By means of the probe it is possible to test whether the electrons are emit- 
ted thermionically from the core and then drift through the pores of the oxide 
where they form a pseudo space charge. On this view the probe should some- 
times be negative with respect to the core and the probe potential should not 
vary linearly with the current emitted to the plate. On the other hand, if the 
electrons are emitted thermionically from the outer oxide surface and if they 
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pass through the oxide as they would through a metal of high resistivity, the 
probe should always be positive with respect to the core and the probe po- 
tential should be directly proportional to the current through the oxide. 
Furthermore the ratio of the probe potential to the plate current should give 
the resistance of the oxide between the core and probe. The value of this re- 
sistance should agree with that determined in the conductivity measure- 
ments described above. 

In the experiments to differentiate between these views, the potential of 
the probe in the oxide was measured as current was drawn from the core to the 
plate. A null method was used in measuring the probe potential. The results 
are illustrated in Fig. 8, which is a plot of the potential of the probe with re- 
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spect to the core versus the current to the plate in amperes at a temperature 
of 1000°KXK. The current to the plate was varied by changing the plate poten- 
tial. The values of plate potential are indicated in Fig. 8 below the current 
values. The current was limited by space charge up to approximately 1.2 
milliamperes. \When the current was limited by emission, the current varied 
with the plate potential because of the characteristic poor saturation of these 
oxide cathodes. 

These data show that the oxide is positive, regardless of whether the cur- 
rent reaching the plate is limited by space charge or by emission, as was pre- 
dicted on the basis of our theory. However, the observed curve differs from 
the predicted in two respects. 

In the first place the curve does not pass through the origin. When the 
plate current is zero, the probe has a negative potential with respect to the 
core. Since there is a constant flow of energy across the oxide, there must 
exist a temperature difference between the core and probe. The intercept, 
therefore, measures the thermal e.m.f. generated by the two nickel-barium 
oxide junctions at the two temperatures. The temperature difference is esti- 
mated to be something like 20 degrees. All of our conduction current voltage 
curves show this intercept. It does not appear in Fig. 7, however, due to the 
low temperature and the large voltage range plotted. 

That the intercept is due to a thermal e.m.f. was demonstrated in the fol- 
lowing manner: The core and probe were connected together through a vari- 
able resistance and a galvanometer. The current indicated by the galvanom- 
eter was changed by varying the external resistance. A plot was made of the 
reciprocal of the current versus the external resistance. The plot gavea straight 
line relation whose slope was equal to the floating probe potential at this 
temperature. Furthermore, the oxide resistance, as determined from this 
plot, agrees with the resistance determined from the slope of a current volt- 
age curve at this temperature. This means that the core-oxide-probe system 
acts just like a source of e.m.f. with a definite internal resistance. The value of 
the e.m.f. or resistance varies with the temperature. It was found that the 
intercept of Fig. 8 varied linearly with the power input to the cathode as is 
to be expected if the temperature difference between any two points in a 
medium conducting heat is directly proportional to the rate at which energy 
flows through the medium. 

The second deviation from the predictions is the fact that the curve in 
Fig. 8 is linear only in the region which is well defined by space charge. Over 
the portion of the curve in which the current is limited by emission, the po- 
tential increases more slowly than the current. This is due to the fact that 
the probe potential varies with the time and the points shown on the curve 
represent equilibrium values. Thus, when the plate current was suddenly 
changed from a low value to 4.3 milliamperes, by raising and maintaining the 
plate potential to approximately 80 volts, the probe potential changed rap- 
idly with time, as illustrated by points 1, 2, 3 and 4, which were taken 5, 25, 
80 and 300 seconds respectively after the plate current was increased. 

This phenomenon is the same as that observed when conduction current 
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is drawn between core and probe and which was described above. If instan- 
taneous values of probe potential had been taken, the straight dashed line 
would have been obtained. The slope of this line represents the resistance of 
the oxide between the core and a point in the plane of the probe. 

If this interpretation is correct, the resistance as thus determined should 
be somewhat less than the resistance obtained from the initial line of a con- 
duction current-voltage curve at the same temperature. From Fig. 8 the 
oxide-resistance is 105 ohms. The resistance determined from the slope of a 
conduction current voltage curve at the same temperature is 268 ohms. The 
ratio of these resistances is 2.65. At a temperature of 756°K, the resistance 
obtained from the probe potential plate current curve is 0.54 10' ohms and 
the resistance determined from the slope of the conduction current-voltage 
curve is 1.1510! ohms. The ratio between these resistances is 2.12. Since the 
ratios of the cross-sections of the current paths in the two types of curves is 
somewhat greater than 1 and somewhat less than 3, it is to be expected that 
the ratio of the resistances would be somewhere between these values. The 
observed ratios 2.65 and 2.12 are entirely reasonable. Furthermore, the plate 
current-probe potential curves are similar to the conduction current-voltage 
curves as regards their deviation from linearity. This deviation from linearity 
occurs at the same potential difference between core and probe for the two 
curves. The magnitude of the deviation at any probe potential is approxi- 
mately the same in the two cases. 

These results fully confirm the prediction that the potential of a point in 
the oxide with respect to the core should be positive and should be directly 
proportional to the current through the oxide. It is therefore reasonably cer- 
tain that the electrons pass through the oxide as they would through a metal 
of a high resistivity and that they do not become occluded on the oxide par- 
ticles and thus set up a pseudo space charge. 

The conclusion that the active layer is on the oxide surface and that the 
current is not carried thermionically between core and coating is based thus 
far on tests in special experimental tubes. It can be extended to numerous 
other tubes by a consideration of the potential distribution between two in- 
sulated bodies both of which are thermionic emitters. Let us assume that the 
electrons are transferred thermionically from the core to the coating and then 
reemitted thermionically from the coating to the plate. Let us further assume 
that the electron emissivity of the core is considerably less than that of the 
coating. Before any potential is applied to the plate, the potential of the oxide 
will differ from that of the core by a potential equal to the contact potential 
difference at the core-oxide interface. At the instant when a positive plate po- 
tential is applied, the coating will give up more electrons to the plate than it 
receives from the core. Consequently. the coating will become positively 
charged with respect to the core and the potential difference between coating 
and plate will decrease. As long as this potential difference between coating 
and plate is sufficient to keep the current from the coating saturated, the 
electron emission from the coating will exceed that received by the coating, 
and the coating will become more and more positively charged. This process 
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will continue until the current from the coating is limited by space charge 
and is just equal to the emission limited current from the core to the coating. 
When this steady state is reached, an appreciable part if not most of the po- 
tential difference applied between core and plate will be used up between the 
core and the coating. Consequently, when the space current is limited by 
emission; (1) the potential of a probe embedded in the oxide should be an ap- 
preciable fraction of the applied potential; (2) an appreciable part if not the 
major part of the energy dissipated in the tube should be dissipated in the 
coating, which should consequently get very hot. 

These predictions are not confirmed by experiment. The data for Fig. 8 
show that the probe potential is only about 0.3 volt even when the plate po- 
tential is 100 volts and even this 0.3 volt is to be ascribed to an7R drop rather 
than to a potential difference across the core-oxide interface. Furthermore, it 
is a well-known fact that in commercial tubes, a negligible part of the energy 
represented by the product of the space current and the applied plate potential 
is dissipated in the filament. It is only in unusual filaments with very thick, 
shaggy coatings that any appreciable part of the applied potential is used up 
in the oxide and in this case the resistance of the coating is sufficient to ac- 
count for the energy dissipated in the filament. These facts make it appear im- 
probable that the emission is ever limited by the core in ordinary oxide coated 
filaments. 


Do THE ELECTRONS COME FROM THE ADSORBED BARIUM 
ATOMS OR FROM THE UNDERLYING OXIDE? 


While it is obviously impossible to observe directly whether the emitted 
electrons come from the adsorbed barium or from the underlying oxide, never- 
theless experiment can indirectly decide between these two views. The pre- 
dictions made on these two views are quite distinct and can be tested by ex- 
periments. 

If the thermions come from the adsorbed barium, the activity or emission 
current at a fixed temperature should be directly proportional to the number 
of monatomically adsorbed atoms and should increase steadily from a low 
value characteristic of a bare surface to a value characteristic of solid barium. 
On the other hand if the electrons come from the underlying oxide and if the 
barium is ionized and thus helps the electrons escape, one might reasonably 
expect the activity to increase at a rate which is much more than proportional 
to the concentration of adsorbed barium and that it might reasonably reach 
an optimum value for a monatomic layer before it decreases to its value char- 
acteristic of sold barium. Of course, eventually as the concentration of barium 
increases, the electrons must originate in the barium. 

The experiments described above and in previous publications in which 
barium was deposited on the oxide surface either by electrolysis or by evap- 
oration from an outside source, decidedly favor the second hypothesis and 
definitely contradict the predictions of the first hypothesis. 

The behavior of barium on the oxides is strikingly similar to that of bari- 
um on tungsten. In both cases as the surface concentration increases log 7 
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increases rapidly at first then more and more slowly, passes through an opti- 
mum and then decreases to approach the value for solid barium; when the 
surface concentration is subsequently decreased, log 7 again increases to the 
same optimum and then decreases toward its original value. This striking 
similarity in behavior points to a similarity in the mechanism of emission in 
the two cases. 

For a layer of barium or other electropositive elements adsorbed on tung- 
sten, it is generally held that at least some of the adsorbed barium is ionized 
and that the emitted electrons come from the underlying tungsten rather than 
from the adsorbed barium. On this adion grid theory one can readily explain: 
(1) Why the work function decreases," passes through a minimum and then 


] 


increases, (2) why the contact potential changes correspondingly," (3) why 
the current voltage curves saturate poorly if the surface is not uniformly cov- 
ered,'® (4) why the barium sticks to the tungsten at relatively high tempera- 
tures,” (5) why the adsorbed elements sometimes come off as positive ions," 
(6) why the rate of positive ion emission decreases as the surface concentra- 
tion increases." 

Because this adion grid theory is capable of interpreting these experimen- 
tal facts we believe that for one or perhaps even two layers of barium the 
emitted electrons come from the tungsten or oxide rather than from the bari- 
um. 

There is one aspect in which barium on the oxides differs from barium on 
tungsten. In tungsten the number of “free” electrons or those available for 
emission is fixed; in the oxides this number probably increases by large factors 
as the amount of barium dispersed through the oxide increases. This view is 
based on the observation that the conductivity of oxides increases by large 
factors when the amount of free metal dispersed in the oxide increases. Pre- 
sumably the electrons that take part in the conduction are also “free” to 
leave the surface of the oxide if they have sufficient kinetic energy when 
close enough to the surface. Consequently it is to be expected that the emis- 
sion will depend not only on the amount of barium on the surface but also on 
the amount dispersed through the oxide. The barium on the surface makes 
it easier for each electron to leave the surface: It decreases the work function 
@ in Richardson's equation, i=A7°%e~* *’. The barium dispersed through 
the oxide increases the number of electrons that approach the surface: It in- 
creases the “A” in Richardson’s equation. 

We arrive at this view partly as a result of the following experiment. In the 
tube described in Fig. 1, the cathode was glowed at 1040°K until its activity 
as tested at 500°K reached a steady and reproducible value. A measured elec- 
tron current was then sent into the cold oxide coating from an external fila- 
ment for a measured time. The activity of the oxide filament as tested at 
500°K was determined periodically. It was found that the activity increased, 
passed through an optimum and then decreased. Following this treatment, 

14 Becker, Trans. Amer. Electrochem. Soc. 55, 153-175 (1929), 


1 Becker, Bell Laboratories Record 9, 54—58, Oct. 1930. 
16 Becker, Phys. Rev. 35, 1431 (1930). 
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the cathode was glowed at 1040°K while its activity at 500°K was again tested 
periodically. It was found that the activity increased at first, came to an 
optimum, which differed slightly from the preceding optimum, and then de- 
creased until it approached a steady value. This steady value was greater 
than the preceding steady value on glowing at 1040°K. Electrons were then 
again sent into the oxide until the activity passed through an optimum and 
decreased. This treatment was again followed by a glowing treatment. Both 
processes were repeated again and again. 

Fig. 9 shows some of the results. The various activities are plotted as a 
function of the total number of milliampere minutes (m.a.m.) of current 
sent into the oxide cathode. At any value of m.a.m. there are, in general, 
four characteristic activities shown in the figure. The first set of points do not 
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and should not form a smooth curve since the m.a.m. between successive 
glowings at 1040°K was irregular. If the interval between two successive 
glowings is unusually long, the initial activity is unusually low as it should be. 
The other sets of points form smooth curves as they should. The most im- 
portant curve is the uppermost one for the optima on sending electrons into 
the oxide since each point represents the emission when the surface is covered 
with a monatomic layer of barium. This confirms the previously known fact, 
that the concentration of barium on the surface is not the only factor deter- 
mining the activity. 

We interpret this experiment as follows: After the initial glowing at 
1040°K the concentrations of barium in the oxide and on the surface had 
reached a steady state. When electrons were sent into the oxide, oxygen 
was deposited on the core while barium was brought to the surface by elec- 
trolysis. The oxygen combined with the core since it is well known that a 
Konel core is readily oxidized. When the concentration of barium on the sur- 
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face reached a monatomic layer, the activity had an optimum value. We esti- 
mate that as the electrolysis continued in some cases several layers of barium 
were deposited on the surface. During the glowing at 1040°K this barium dif- 
fused back into the oxide and thus increased the concentration of barium 
dispersed through the oxide. After each treatment this concentration in the 
oxide was greater than after the preceding treatment. This is the reason why 
the optima and the steady value glowing curves increased with the m.a.m. 

This experiment seems to us to be a crucial test between the two hypothe- 
ses; (1) that the electrons originate in the adsorbed barium itself, (2) they 
originate in the oxide underneath the adsorbed barium. On the first hypothe- 
sis it is difficult or impossible to see why there should be any optimum and 
why the optima should depend on the treatments to which the oxide was sub- 
jected. On the other hand, the second hypothesis is able to explain readily the 
observed facts. 


THE ROLE OF THE CORE METAL 


In this laboratory it has long been recognized that the nature of the core 
material has a very great influence on the activities that can be attained and 
the ease with which they can be attained. King!’ has shown that the average 
electron emissivity of a number of “combined” coated filaments with plati- 
num-nickel core was higher than the emissivity of similar coatings on plati- 
num-iridium cores. More recently Lowry' has shown that uncombined coated 
filaments with Konel metal cores were better electron emitters than some 
coated filaments with platinum cores. The emission from oxide coated nickel 
is also usually much better than from oxide coated platinum. According to 
Beese,'* if 0.1 percent of barium is alloyed with the core, the easily attainable 
activity is appreciably improved. 

The influence of the core material on the easily attainable activities is 
thus a well established fact. It has usually been assumed that this influence is 
an indirect one. Recently Lowry‘ has expressed the belief that the core ma- 
terial directly affects the activity. As a result he, “assumes that the source of 
the emission is the composite layer formed by occlusion of alkaline earth 
metal on the surface of the core”. He admits however, “that no crucial tests of 
this explanation have been offered except that of showing the pronounced in- 
fluence of the core metal”. The experiments described above constitute such 
a crucial test since they show that the activity is determined by the outer 
oxide surface. It is well known that thermionic properties are directly affected 
by only a few atomic layers near the surface. It is also well known that the 
oxide coating is thousands of layers deep. Consequently the effect of the core 
material must be an indirect one. 

The ways in which the core material may indirectly affect the activity are 
numerous. Anything which increases the concentration of barium adsorbed 
on the surface of the oxide or dispersed through the oxide, or anything which 
changes the composition or physical structure of the oxide will affect the ac- 


17 King, Bell Tech. Jrl. 2, 31-100 (1923). 
18 Beese, Phys. Rev. 36, 1309-1313 (1930). 
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tivity. The oxide very likely reacts chemically with some core constituents to 
form metallic barium some of which reaches the surface by diffusion. Carbon 
which is frequently present in cores as an impurity almost certainly reacts 
with the oxides. In some cases certain core materials, nickel for example, may 
be dispersed through the oxides. Such dispersed materials change the con- 
ductivity of the oxide and the ease with which electrolytic decomposition 
takes place. It is quite likely that such impurities in the oxide affect the crys- 
tal size of the oxide and thus influence diffusion, adsorption, and electrolytic 
phenomena which in turn affect the activity. If the core is purposely made to 
contain metallic barium, this barium will diffuse through the oxide and be- 
come adsorbed on the surface. The core material may also influence the ease 
with which the carbonates are decomposed to the oxides when the filament is 
first heated. Finally, the core material certainly affects the composition of the 
compounds which are formed when oxide filaments are heated in air to make 
“combined” filaments. The nature of these compounds and the products of 
their decompostion when the filament is heated in a vacuum, certainly affects 
the activity. In these and numerous other cases the core affects the activity in 
a round-about way rather than directly. 
CONCLUSIONS 

From these experimental results we conclude that: (1) The active layer is 
at the outer oxide surface.'® The activity depends upon the concentration of 
barium and oxygen on this surface and also upon the amount of metallic ba- 
rium dispersed through the oxide. The core material does not directly affect 
the emission but it does greatly affect the ease with which free barium is pro- 
duced by heat treatment or electrolysis. (2) The thermionic electrons origi- 
nate in the oxide just underneath the adsorbed barium. (3) Most of the cur- 


rent through the oxide is conducted by electrons, a small portion being car- 
ried by barium and oxygen ions. 


19 Huxford (Phys. Rev. 38, 379-395 (1931)) comes to this same conclusion as a result of his 
work on the photoelectric emission from oxide cathodes. 
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WAVE-LENGTH STANDARDS IN THE SPECTRA OF ALU- 
MINUM. SILICON AND BISMUTH IN 
THE SCHUMANN REGION 


By R. V. ZUMSTEIN 
MENDENHALL LABORATORY, Onto STATE UNIVERSITY 


(Received October 5, 1931) 


ABSTRACT 
The second order spectra of these elements have been photographed along with 
first order iron lines with a two meter vacuum grating. Between 1900 and 1500A val- 
ues are found for the aluminum lines which check very closely the work of Bowen and 
Ingram. The silicon wave-lengths are 1816.922, 1808.01, 1533.42 and 1526.71. For 
bismuth the values are 1902.33, 1823.71, 1791.82, 1787.39 and 1777.01. These values 


are believed to be accurate to within about 0.02A. 


N A previous communication! certain wave-lengths in the spectra of car- 

bon and tin were determined to about 0.02A. With a few improvements 
the same method has been used to obtain standard wave-lengths in the 
spectra of aluminum, silicon and bismuth. The details of the method may be 
obtained from the above mentioned article. The results obtained are recorded 
in Table I. Each measurement is the average of about five plates. 


Aluminum 

The source of light was a carbon arc in an atmosphere of hydrogen or 
nitrogen at 1 cm pressure. The lower carbon was 3.5 cm diameter with a 
shallow hole in the center. About 4 gm aluminum and 0.5 gm of very pure 
iron wire were placed in the lower electrode. The upper electrode was a solid 
carbon rod 1 cm diameter with a distance between the electrodes of about 
3mm. The current of 80 amperes was obtained from a 110 volt d.c. generator. 
The lower electrode was positive and the exposure lasted about 8 minutes. A 
fluorite window was cemented over the slit in order to allow a good vacuum 
to be maintained in the spectrometer and any desired gas pressure in the arc 
chamber. Bowen and Ingram® have also made measurements of aluminum 
lines by direct comparison with iron and their results are included in the table. 
Although the two sources of light and the methods of producing the spectra 
were different yet the agreement is very good. The aluminum are works best 
in the nitrogen atmosphere. It was, however, necessary to use hydrogen when 
the lines were near the strong cyanogen band at 3884A. Recent measure- 
ments of these lines have also been made by Sawyer and Paschen,’ Selwyn‘ 
and Fowler.® 

1 R. V. Zumstein and D. S. Marston, Phys. Rev. 38, 305 (1931). 

2 1.S. Bowen and S. B. Ingram, Phys. Rev. 28, 444 (1926). 

> R.A. Sawyer and F. Paschen, Ann. d. Physik 84, 1 (1927). 

‘ E. W. H. Selwyn, Proc. Phys. Soc. 41, 402 (1929). 

5 A. Fowler, Proc. Roy. Soc. A123, 427 (1929). 
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TABLE I. Wave-length standards (I.A. vac). 


Aluminum II and III 


Bowen and Ingram Zumstein Classification 
Int. r error Int. r error 
10 1862.775 0.02 5 1862.782 0.02 II] 3s°S; —3p°P:° 
6 1862.34 0.03 I] 3s3pP.°—3s4s838, 
4 1858.05 0.03 Il 3s3p'°P,°—3s48'S, 
2 1855.95 0.03 I] = 3s3p* Poo —3s4s8S, 
10 1854.715 0.02 6 1854.722 0.02 Ii] 39°81 —3p?P 9 
4 1767.730 0.01 2 1767.76 0.02 IT 3s3p'P.—3p?3P, 
4 1765.814 0.01 1 1765.84 0.02 I] 3s3p'P,°—3p* Po 
5 1763.939 0.01 5 1763.95 0.02 IL 3s3pP»,°—3p?3P., 
4 1761.973 0.01 1 1762.00 0.02 II 3s3p°P.o—3p?§P 
4 1760.101 0.01 2 1760.13 0.02 I] 3s3p°P,°—3p?4P, 
5 1724.982 0.01 5 1724.981 0.01 Il 3s3p°P.°—3s3d°D 
5 1721.273 0.01 3 1721.279 0.01 II 3s3p°P,\°—3s3d°Ds 
4 1719.455 0.01 | 1 1719.459 0.01 Il 3s3p' Poo —3s3d*D 
| 
6 1670.802 0.03 | 4 1670.78 0.03 I] 3s? 1So—3s3p'P,° 
Silicon II 
Fowler Zumstein 
10 1816.98 | 4  1816.922 0.01 35°3p°P}\9 —x? 
ba 1808 .09 } 3 1808.01 0.02 33 p?P x? 
10 1533.55 7 1533.42 0.02 3523 p?Pyy —3s%4s2S) 
8 1526.38 5 1526.71 0.02 3523 p*P 10 — 3524525) 
Bismuth I] 
McLennan, etc. Zumstein 
100U 1902.42 25 1902.33 0.02 6piOpy132—Op37s 2,9 
80 1823.80 5 1823.71 0.02 6p 1OPi 342 —Opy375 9." 
70 ~—-:1791.93 9 1791.82 0.02 OpyOPy32; —Opy7s Lo? 
80 1787.47 + 1787.39 0.02 OP :O0P1 442 —Opi347s 10,° 
90u 1777.13 10 1777.01 0.02 Op16p132; —Opy7s 21 
U Very diffuse, u diffuse 
Silicon 


There are two strong pairs of lines due to Si II. They should be very useful 
standards because a small quantity of silicon brings them out in the are. I fre- 
quently find them in the spectra of vacuum tubes from the glass or quartz 
wall of the tube. Fowler’s®:* wave-lengths are included in the table. His value 
1526.38 seems to be a misprint of 1526.83, the silicon lines were obtained 
from an arc with a smaller lower carbon, about 1 cm diameter having a hole 
0.5 cm diameter which contained the silicon and iron. It was necessary to use 
the hydrogen atmosphere as bands were always present in the nitrogen at- 
mosphere. The current was 60 amperes d.c. 


Bismuth 


There are five Bi II lines which are very strong in the are and spark. They 
may also be obtained from a fused quartz vacuum tube if a small piece of bis- 


6 A. Fowler, Phil. Trans. A225, 46 (1925). 
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muth is placed in the tube. The most recent measurement of the bismuth 
lines seems to be by McLennan, McLay and Crawford’ and their values are 
given in the table. The classification is also taken from their paper. The 
second order bismuth and first order iron spectra were obtained from an arc 
in which the lower electrode was a 2.5 cm iron rod with a hole 0.5 cm diameter 
and 3 cm deep to contain the bismuth. The upper electrode was carbon as 
before. The current was 35 amperes d.c. in hydrogen at 1 cm pressure for 
most of the plates. A few were taken with 60 and 90 ampere:alternating cur- 
rent arcs in nitrogen. Because there was no systematic shift of the wave- 
length with increase of current it is felt that the iron lines are free from pole 
effect in spite of the large current used (to the order of accuracy that may be 
obtained from a spectrum having the dispersion of 6A/mm). 

At present there is great interest in the fine structure of the bismuth 
lines. 1902.33 was very intense and broad if there was much bismuth present. 
It is only of value as a standard where there is a slight concentration of bis- 
muth atoms. 1777.01 was always slightly diffuse even at small concentrations. 
It would perhaps resolve into components in a higher order or with a finer 
slit. The other bismuth lines are sharp. It may be mentioned that our spec- 
troscope has a slit 0.05 mm wide and clearly resolves the carbon lines 1658.12 
and 1657.90. It is hoped that others will publish similar (or better) wave- 
length determinations. We should have a much larger number of lines in this 
region of the spectrum for which at least three independent observers check 
to within 0.02A. I am indebted to Dr. J. B. Green for helpful discussion of 
the classification of these lines. 


7 McLennan, McLay and Crawford, Proc. Roy. Soc, A129, 587 (1930). 
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CERTAIN SPECTRA IN THE VANADIUM I 
ISO-ELECTRONIC SEQUENCE 


By HeLen T. GILROY 
PHYSICAL LABORATORY, CORNELL UNIVERSITY 


(Received July 24, 1931) 


ABSTRACT 

Displacement of multiplets in the iso-electronic sequence which begins with the 
arc spectrum of vanadium.—Regular displacements were observed for analogous 
quartets and sextets in the spectra of Mn III, Fe IV, Co V and Ni VI, continuing 
those already known for V I and Cr II. In addition a new sextet sequence has been 
found for V | to Co \V. The configuration changes investigated were 3d‘ 4p to 3d‘ 4s, 
3d‘ 4d to 3d‘ 4p, 3d‘ 4p to 3d° and 3d* 4sp to 3d3 4s?, 

Moseley diagrams and the irregular doublet law.—The irregular doublet law was 
applied to systems of sextets and quartets due to electronic changes in atoms having 
five electrons in outer shells. When the change did not involve a change in total quan- 
tum number, the law was closely followed. 

Centroid diagram.—-Shifts of energy levels for sextets and quartets of (P° D®° F°) 
3d‘ 4p have been calculated for V I to CoV, using the centroid method. Values are not 
absolute because not all the levels of this configuration are known. But relative values 
are useful for predicting higher states in the sequence. 

Landé interval rule —Typical tests of the Landé interval rule are given. 

Regular doublet law.—The (Av)'/* is linear with atomic number in some cases, 
but not in all. 

Tables are given for the new lines and new term values. 


HE regular and irregular doublet laws have been shown to hold for sev- 

eral iso-electronic sequences in the first long period of the table of ele- 
ments.! 3, This report gives the results of a further application of these laws 
to the iso-electronic sequence which starts with the arc spectrum of vana- 
dium, and also of an attempt to find radiated lines due to changes in energy 
level involving ZL values which are less than the maximum. 

The neutral vanadium atom has, in addition to the closed sub-shells of 
electrons called 1s? 2s? 2p° and 3s? 3p°, five valence electrons which, for this 
iso-electronic sequence, may have the configuration 3d* 4s*. Lines in the arc 
spectrum of vanadium will be due then, to excitation of any one or more of 
these valence electrons and their subsequent return to a lower energy state. 
Several sextets and quarters have previously been found in this spectrum, 
due to changes in electron configuration from 3d‘4p to 3d‘4s, 3d*4p to 3d°, 
3d°4sp to 3d*4s*, 3d*4sp to 3d*4s and 3d*4p to 3d*4s7.4° °°, 

1 Gibbs and White, Phys. Rev. 29, 426 and 655 (1927); Gibbs and White, Phys .Rev. 33, 
157 (1929), 

2 Gibbs and White, Proc. Nat. Acad. Sci. 13, 525 (1927); and 12, 598 and 448 (1926) 

3 White, Phys. Rev. 33, 538, 672 and 914 (1929), 

‘W. F. Meggers, J. of Wash. Acad. of Sci. 13, 317 (1923); 14, 151 (1924). 

°Q. Laporte, Die Naturwissenschaften 11, 779 (1923). 

® H. N. Russell, Astrophys. J. 66, 184 (1927). 
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Of the second member of this sequence, the first spark spectrum of chro- 
mium, only quartets and sextets of the electron changes 3d‘4p to 3d‘*4s and 


s 


3d‘4p to 3d° have been reported.®:7:>. Since the chromium atom which is emit- 
ting the first spark spectrum has lost one electron, it will have as many elec- 
trons outside the completed sub-shells as the neutral vanadium atom. Hence 
the spectra have been found to be similar in several respects, though the rela- 
tive order of energy levels may differ. This will be shown later in one of the 
graphs. Very few data have been published about the remaining spectra of 
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Fig. 1. Regular displacement of multiplets. 


this sequence, Mn III, Fe IV, Co V and Ni VI. One sextet group in Mn III, 
3d44s °D —3d'4p °F°, has been identified.? 
According to the present theory of atomic structure and line spectra, a 
space quantization of the electrons 3d‘4s give the following energy levels; 
20S, D, G),?4(P, F), 20S, D, F, G, I), ?4(P, D, F, G, ID) and**(D). Of these, 
only the 4°(D) which are involved in the emission of the more intense lines, 
have been considered in this investigation. Similarly, from the 3d‘4p configu- 
ration only those levels which are derived from the °*D level of a d* configura- 
tion, have been studied, that is‘ (P°, D°, F°). In the next higher configuration, 
3d‘4d, we have levels *°(.S, P, D, F, G) from the same d‘ *D limit. In the d*® 


7 Meggers, Kiess and Walters Jr., J. Opt. Soc. Amer. 9, 361 (1924). 
5 C. C. Kiess and O. Laporte, Science 63, 234 (1926). 
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configuration there are levels *(D, G) and ®S from the same limit. Since there 
are two possible methods of ionizing an atom having valence electrons d's, 
one by the removal of an s electron and the other by the removal of a d elec- 
tron, we might build a five-electron system on the 3d*4s configuration, whose 
lowest energy levels should be *(P, F). The addition of an s electron to this 
configuration gives levels ‘*(P, F) of the 3d*4s* configuration, while the addi- 
tion of a p electron gives 3d*4sp 4°(.S°, P®, D°, F°, G°). This report includes 
the wave-lengths of a few multiplets due to the electronic change (3d*4s*— 
3d*45p). 
DIsPLACEMENT OF MULTIPLETS 


The method employed for predicting the spectral regions in which these 
multiplets should be found, is that of Gibbs and White.':* Figure 1 is in part 
a reproduction of their graph showing the regular displacement of multiplets 
with increasing atomic number but the same number of outer electrons, and 
with increasing number of d electrons in the incompleted sub-shell but in the 
same state of ionization. For one electron transition, 3d‘4s—3d‘4p, and one 
multiplet group, °D—*F°, radiated frequencies have been found for V I, 
Cr Il? and Mn III? with separations of about 13,000 cm~!. From this regular- 
ity one may expect that the corresponding line for Fe IV will be at about 
61,000 cm, for Co V at about 74,000 cm and for Ni VI at about 87,000 
cm. These points are indicated by circles instead of solid dots in Figure 1. 
In Fe V the line 3d*4s °F;—3d°4p °G°, found by White’® at 69,905 cm™ fits 
into this diagram, as do 3d°4s 7S;—3d°4p *P°,; for Co IV and Ni V at 66,573 
cm! and 80,376 cm™ respectively, both determined by Morell.’ With these 
frequencies and those now identified for lines °D—°F®° in Fe IV, Co V and 
Ni VI, it is possible to predict with a fair degree of accuracy the most intense 
lines in parallel sequences. For instance, the line 3d°4s °F; —3d*4p °G%, of Co 
VI should be at 82,500 cm and 3d*4s °Dg.—3d°4p ® Foy /2 of Ni IV at 70,700 
cm", 

Photographs taken with a vacuum spectrograph in the regions indicated 
for the five-electron sequences, show the head line of (°D —®F°) (3d*4s — 3d*4p) 
from Fe IV at 61,312 cm™, from Co V at 74,312 cm™ and from Ni VI at 
87,388 cm~'. These are plotted in Figure 2. In the same manner, from a 
knowledge of quartets and sextets in the spectra of V I and Cr II, correspond- 
ing multiplets have been found for the remainder of the sequence. Some of 
these are shown in Fig. 2. This completes the multiplet groups produced by 
the electron change 3d*4s —3d‘4p, which approach the limit 3d*°D, a multi- 
plet arising from the configuration 3d‘ of the corresponding atom, in the next 
higher state of ionization. 

Another possible configuration change involved in this same iso-electronic 
sequence is from 3d*4p to 3d®. Since ®S is the only sextet in the 3d° configura- 
tion the only probable sextet group of lines of any intensity is °S—*P°. This 
results in three lines, °S5;2—®P°3/2,5/2 


72 Whose term differences are already 
known for all the elements in the sequence, having been found in one of the 


® Morell, Thesis, Cornell, 1928. 
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sets of multiplets mentioned above; i.e (3d*4s —3d*4p) (“D—®P°). This group 
of lines has been followed through the sequence except in Ni VI, where the 
lines should appear at about 318A. At this very short wave-length the lines 
are so faint and the probable error in reciprocal cm so large, that this group 
has been omitted from the tables of wave-lengths and term values, although 
two lines were found approximately in this position. Lines due to two more 
changes in electronic configuration, 3d‘4p—3d‘4d and 3d*4s*—3d*4sp, have 
been found for the sequence to Co V. The group *F°—°G from the 3d*4p— 
3d‘4d change, involving the largest L values, contains the strongest lines of 
the first configuration change, though much weaker than the strong lines of 
the 3d‘4s —3d‘4p groups. For Mn III two additional sextet groups, *F° —*F 
and *F°—®D, have been found for 3d‘4p — 3d*4d. 
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Fig. 2. Displacement of multiplets. Iso-electronic sequence 3d'4s —3d'tp., 


In Figure 2 the nearly linear increase in radiated frequency with increas- 
ing atomic number, can be observed from the small change in direction of the 
connecting lines. This is also true of other multiplets not shown in this chart. 
A 3d‘4p — 3d‘4d change involves approximately 20,000 cm shift in frequency 
from any element to the next higher in the sequence, a 3d‘4s — 3d*4p change 
involves 13,000 cm~ shift and a 3d*4s*—3d°4sp, about 13,500 cm~!. Where 
the change in electronic configuration involves a change in total quantum 
number, the lines are displaced somewhat irregularly toward the shorter 
wave-lengths. In the case of a 3d°—3d‘*4p change the displacement is about 
60,000 cm! between any two members of the sequence. 

One of the tests which has been used throughout to distinguish between 
lines due to high and low stages of atomic ionization, is apparently not ab- 
solutely reliable when adjacent lines belong to different sequences. In general, 
the presence of an inductive resistance in series with the spark gap very 
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greatly reduces the intensity of the high ionization lines.'’. In the man- 
ganese spectrum the (3d‘4p— 3d'4d) (°F° —®G) group of Mn III is closely ad- 
jacent to (3d°4s —3d°4p) (®F—5G°) of Mn IV and (3d*4s —3d*4p) ?F—?F°) of 
Mn V. An inductance which is sufficient nearly to efface the strongest line and 
completely to efface the other lines of the Mn III group, reduces the intensi- 
ties of the lines of the Mn IV and Mn V groups toa much less extent. Without 
the inductance the intensities of the latter two groups are nearly the same as 
that of the strongest Mn III line in the multiplet under discussion. 


IRREGULAR DOUBLET LAW 


These same data may be combined in another manner to illustrate the 
irregular doublet law. Bowen and Millikan™® have shown that the irregular 
doublet law for x-rays may be transferred to doublets of the second and third 
periods which are due to one-electron systems. Gibbs and White! :?*-“have 
extended this application to doublets of the fourth, fifth and sixth periods and 
to triplets, quartets and quintets in the first and second long periods of the 
elements. Table I gives the results of a test of this law for systems of lines due 
to five electrons in outer shells, quartets and sextets having the largest L 


TABLE I, Irregular doublet law. Values of v'/? referred to 3d* *Do of V II, Cr III, Mn IV, ete. 














Config.| T. | VI A |CrIl A |MnIII A |FelV A \CoV A NiVI 
3d*4s | ®Doro 228 120 | 348 122 | 470 122 | 592 122 | 714 122 836 
3d*44p | fF oie 171 122 | 293 122 | 415 123 | 538 122 | 660 122 782 
3d*4d | ®Gi3/2 90 126 | 216 121 37 122 | 459 122 | 581 122 703 
3d5 6S 5/2 182 184 | 366 162 | 528 150 | 678 143 | 821 129 (950) 
Values of v'/2 referred to 3d‘ *Do of V II, Cr III, Mn IV. ete. 
3d*4s 1D) | 214 124 338 123 | 461 124 585 122 | 707 123 830 
3d44p =| 4F° ge 167 120 | 287 121 | 408 123 | 531 122 | 653 123 776 
Values of v'/? referred to 3d°4s °F; of V II, Cr ITI; etc. 
3d*45? 4F oo 237 5 77.5 315 77.5 392.5 77.5 470 78 548 
3d@*4sp 1G ive 158 78 236 77.5 313.3 i, 390.6 77.8 468.4 


| 


values being selected to represent each system. Graphically this can be shown 
in a Moseley diagram, as in Fig. 3. In this figure are plotted the square roots 
of term values referred to 3d**D, of the corresponding atom in the next higher 
state of ionization. In the case of V I, for instance, Russell’s'" value of 52,300 
for the limit of 3d‘4s ®°D,,.2 was assumed, giving 51,988 for 3d*4s ®*Dgj.. The 
square root of 51,988, that is 228, was then used as the starting point for the 
graph. Knowing the radiated frequency of 3d*4s °Dy)2—3d*4p °F°y; 2 we may 


10 Fowler, Phil. Trans. Roy. Soc. A225, 1 (1925). 

1 Gibbs, Vieweg and Gartlein, Phys. Rev. 34, 406 (1929), 

2 Bowen and Millikan, Phys. Rev. 24, 209 (1924); Phys. Rev. 25, 295, and 26, 150 (1925); 
27, 144 (1926). 

13 Gibbs and White, Proc. Nat. Acad. Sci. 12, 551 and 675 (1926); 14, 345 and 559 (1928); 
Phys. Rev. 29, 359 (1927); 31, 520 (1928); 33, 157 (1929). 

4 Russell, Astrophys. J. 66, 233 (1927). 
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determine the term value of 3d‘p ®F°,,,. referred to the same limit. The 
square root of this term value gave the first point on the 3d*4p ®F°),/2 curve. 
For the Cr II spectrum Russell’s approximate value of 122,000 for 3d*4s °D, 2 
referred to 3d* *Dy of Cr III, was used and the square roots of term values 
for 3d‘4s "Dy. and 3d‘4p° F°;; 2 were determined as in the case of V 1. The lim- 
its of the sextet series are not known for Mn ITI, so an extrapolated number for 
the square root of the term value was read from the graph, assuming that 
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Fig. 3. Moseley Diagram. v'? vs. atomic number. 


3d*4s °Dy 2 could be represented by a straight line. This assumption was made 
on the strength of curves for four sequences reported by White.*® Since the 
radiated frequency 3d*4s °Dy2—3d'4p °F°i,,2 is known, the square root of the 
term value for 3d‘4p °F°\,,. can be readily calculated. A continuation 
of this method for the remaining elements in the sequence resulted in par- 
allel lines, showing that Av'’? is constant, independent of the atomic number, 
as required by the irregular doublet law. When the same method was applied 
to the lines 3d*4d °Gi3,2 and 3d° ®S;)2. corresponding curves were obtained. In 
the former case the curve is very nearly parallel to those for 3d‘4p ®F°), 2 and 
3d‘4s °D g)2,but not in the latter case. Since the irregular or screening doublet 
law in x-ray spectra holds only for levels between which the transition involves 
no change in total quantum number of the electrons, the line representing 
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v'/? for 3d®° ©Ss)2 should not be parallel to those for 3d*4s, 3d*4p and 3d‘4d, in 
all of which the total quantum numbers of all the electrons involved in the 
electronic configuration, are the same. 

The term values for the quartets, recorded in Table I, are referred to the 
lowest level, 3d* °Do, of the sextet limits, and the same method was used in 
calculating the v'’* for successive elements. A slightly different method was 
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Fig. 4. Shift of Energy Levels. 3d‘4p *(F°P?) °(P°D° F’) 


used for the second set of quartets in Table I, because the limits were known 
only in the case of 3d*4s* *Fy,. of V I. For convenience, the reference level 
taken is 3d*4s °F, of V II rather than the actual limit, 3d*4s °F;. From the 
radiated frequency 3d*4s? 4Fy).—3d*4sp 4G°;,,2 and the known term value of 
3d°4s* 4F yo, the term value for 3d°4sp *G°i,;2 can be found and hence the v'” 
for each level. Assuming that Av!’ is constant and knowing the values of 
3d°4s*? 4Fyo—3d*4sp 4G°i1/2 for the remainder of the sequence, values for v'” 
can be calculated. With these values plotted for both 3d*4s* 4F 5). and 3d*4sp 
4G°11/2, the lines are observed to be straight, which is in agreement with the 
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results for the sextets and the first set of quartets having the same total 
quantum number. The one exception is the 3d5 ®S;/2 line, already mentioned, 
which is related to the others by means of an electronic change involving a 
change in total quantum number and hence not a violation of the irregular 
doublet law. 

A comparison of Table I with Fig. 3, shows that 3d*4s? 4F 9/2. represents the 
lowest energy level of V I, but does not for the remainder of the sequence. 
Instead, 3d° °S;,2 has dropped slightly below 3d*4s? 4F 9,2 for Cr II and with 
rapidly increasing frequency difference, continues to be the lowest level for 
the rest of the sequence. The level 3d° °S;)2 for Ni VI has not been definitely 
determined, but there is small probability that the v'/? will not be in the posi- 
tion indicated by the dotted line in Fig. 3. 


TABLE II. Landé interval rule. Term separations of 3d‘4s in cm™, 


Spectrum *Dy)» BD 7/9 6D 5/0 8D) 3/9 6D sy2 
VI 113 91 67 41 (4) 
(4.5) (3.6) ee (1.6) 
Cri 192.7 156 115 70.8 (7) 
(4.5) (3.6) (2.7) (1.7) 
MnIll 296 241 180 132 
(4.5) (3.7) (2.7) | (2.0) 
Fe lV 594.5 476 341 253 
(4.5) (3.6) (2.6) (1.9) 
CoV 851 678 524 314 
(4.5) (3.6) [3.47 (1.66) 
NiVI 1272 976 642 341 
(4.5) (3.5) (2.3) (3.2) 
Theory 4.5 3.5 2.5 1.5 
‘Dy. ‘D519 (D3/2 {Dir 
VI 137 102 63 (4) 
(3.5) (2.6) (1.6) 
CrIl | 226 166.7 | 103 (7) 
(3.5) 2.6) (1.6) 
Molll 328 241 146 
| (3.5) (2.6) (1.6) 
FelV | 448 | 307 | 184 
(3.5) 2.4) (1.4) 
CoV | 626 428 | 265 
(3.5) (2.4) (1.5) 
Ni VI 852 625 373 
(3.5) 2.6) (1.5) 


Theory | 3.5 2.5 1.5 
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CENTROID DIAGRAM 


Greater detail in analysing the shift of energy levels is presented in Fig. 4. 
The zero line in this figure is the centroid of the configuration under consid- 
eration for each element, in so far as the levels have been determined. Ver- 
tical distances are the frequency differences between this centroid and each 
level. The centroid, according to the usual method" is calculated as the mean 
of all the levels weighted in proportion to 27+1, where j is the inner quantum 
number of the level. The final grouping of the levels in Co V indicates a pos- 
sible coupling which differs from the Russell-Saunders but is not sufficiently 
different to follow the jj coupling of much heavier elements."'® Addition of 
other quartet and doublet levels, now unknown, will change the values of the 
levels given, but should not appreciably change their relative shift. The rela- 
tive values are useful in predicting higher states in the sequence. 


THE LANDE INTERVAL RULE 


The Landé interval rule was found useful in locating most of these mul- 
tiplets. Though it does not hold for all cases, Table II gives a typical illustra- 
tion of the extent of variation in the spectra studied. In this table term sep- 
arations are given in reciprocal centimeters; in brackets under each separation 
is a number to be compared with the theoretical ratios of term separations 
given at the bottom of the table. The spread of the multiplets, which appears 


TABLE III. Regular doublet law. 




















Av Avvé s 
3d‘4s 4D 7;2—*Ds/2 \ I 137 3.42 14.36 
CrIl 226 3.88 14.20 
Mnolll 328 4.28 14.18 
FelV 448 4.61 14.34 
CoV 626 5.02 14.31 
Ni VI 852 5.41 14.32 
3d*4s Dy 2—*Dz/2 VI 113 3.26 17.85 
Cr II 193 3.73 18.22 
Mnolll 296 4.16 18.50 
FelV 594 4.92 18.30 
CoV 851 5.41 18.55 
Ni VI 1272 5.98 18.68 
3d*4p 6 F ll 2—*F°y 2 \ I 142 3.46 17.65 
CrIl 287 4.12 17.62 
Mnolll 490 4.71 17.78 
FelV 935 5.54 17 .63 
Co V 1374 6.10 17.62 
Ni VI 2183 6.82 17.50 
3d*4d 6Gi3/2—*Gire VI 99 3.80 17 .83 
CrIl 159 3.56 18.14 
Molll 317 4.24 18.05 
FelV 575 4.90 17.96 
CoV 929 5.a0 17.93 





% Mack, Laporte and Lang, Phys. Rev. 31, 748 (1928). 
1% Mack, Phys. Rev. 34, 17 (1929). 
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TABLE IV, 


Configuration change 3d°4s?—3d°4sp. 
~ s S i 





Mn IIT. 


A 
iF, 632 iF 460 Fs) 340 Fs, 
Sp 
iG 55850 .6 
50 
1790.49 
495 
§5355.7 55987 .9 
IG 23 50 
1806.50 1786.10 
338 
55017 .6 55650 .2 56110.1 
18 25 40 
1G 1817.60 1798 .05 1782.19 
292 55818 .2 56158 .3 
12 6 
1G’. 1793 .57 1780.68 
Fe lV 
s 
Fy 824 I 626 1F $50 | 
sp 
68268 .2 
IG 11 40 
1464.81 
595 —— - 
67673 .2 68496 .9 
4G°, 5 40 
1477.69 1459.92 
425 
67246.8 68071 .7 68697 .4 
1G 5 37-x 25 
1487 .35 1469 .04 1455.66 
356 . 
68341 .0 68791 .4 
iG } 15 
1463.25 1453 .67 
Co V. 
. sé 
i ‘Fy 1088 1F 2/5 966 1F 5/9 544 a 
sp a =" 
} 80844 .0 
{G*) 20 
1236.95 
846 
| 80198 .2 81186.6 
1G°o2 | 8 15 
1246.91 1231.73 
532 
80654.9 81420.6 
1G° 7/2 | 2 8 
1239.85 1228.19 
419 | 


81001 .2 


2 
1234. 


5 


on 





in Fig. 2, is here shown in the increasing value of Av with increasing atomic 


number. 


The other doublet law which has already been mentioned, the relativity 
or regular doublet law in x-ray spectra, serves as another check on the selec- 
tion of multiplets. This “doublet” must be tested by the Av between levels 
having the same L values but different inner quantum numbers."’ Landé first 


noticed that this relation could be applied to optical spectra.'* Bowen and 


p 





_ § 4p); 
ating, 
a 
45818 .2 
4F°s 80 
2182.54 
167 = 
45641 .0 
iF 30 
2190.53 
149 
45503 .9 
iF°. 1 
2197.61 
59 - - 
aP 
51348 .9 
‘Dp 80 
1947 .46 
209 . 
‘D° 5/2 
168 
47° 
91 
) ae 
42328 .76 
4P° 5/2 40 
2362 .46 
542 
4p 3/2 
390 
4P° 12 
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REGULAR DouBLET LAW 


TABLE V. Mn III. Configuration change (3d‘4s—3d‘4p). 


329 


1Ds)2 


45979 .9 
70 
2174.86 
45830.4 
3 
2181.96 


51677.4 


08 


1942.94 


17 Sommerfeld, “Atombau” 4th Ed. p. 420. 


18 Landé, Zeits. f. Physik 16, 394 (1923). 
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46072 
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Millikan and Gibbs and White™ have tested the law for one-electron sys- 
tems and the latter have applied it to the location of similar multiplets in 
higher electronic states. One form of this law is 


Av = K(Z—s)4 


Table III gives the values of v'/4 for a few multiplets reported in this investi- 
gation. Column 1 gives the configuration, column 2, the levels whose Avr is 
used in the calculation and column 6 gives the screening constant. The in- 
crease in v!/4 is nearly linear, but not exactly so in all cases. The introduction 
of Landé’s correction for penetrating orbits does not eliminate the variations 
from linearity. 


TABLE VI, New term values for V I and Cr II. 


¥ i. Cr IT 
Referred to 3d°45s? 4F3y. Referred to 3d° ®S5/2 
(Russell, Astrophys. J. 66, 233, 1927) (C. C. Kiess, Bur. of St. J. of Res. 5, 775 (1930)) 
3d‘4d 6G3/2 45850.3 3d*4d §G3/2 86571 .0 
®G5/2 45883 .6 ®G5/2 86629 .0 
®§Gr/2 45938.5 6Gr7/2 86715.7 
ae 46007 .1 6Go/2 86827 .8 
6G yy 2 46085 .2 ®Gi, 2 86964 _ 
6G 13/2 46183 .7 ®Gisre 87124.2 


TABLE VII. Term values of Mn III, referred to the limit of the sextets, estimated from 
the Moseley diagram. 














Config. T. Value Config. T. Value |Config. T. Value 
3d'4d8Fyyp 111,373 | 3d4p «Dp 161,172 | 3d4p 8 F%yp «172,583 
314 209 490 
6 F y/o 111,687 1D°sre 161,381 6 F° 9/2 173 ,073 
207 168 400 
6Fr. «111,894 | ‘D°s2 = «161,549 6F°.,. 173,473 
151 | 1 | 313 
6 Fo 112 ,045 1D°s72 161 ,640 6 F°s 12 173,786 
90 224 
6 F3/9 112,135 4 F919 166,703 6 F° 3/9 174,010 
52 167 158 
SF iyo 112,187 §F°o/9 166,870 6 F°s/2 174,168 
149 
6D y/o 112,595 1 F° sie 167 ,019 3d*4s ‘Drj2 212,521 
207 59 328 
6D7/2 112,802 4 F° 3/9 167 ,078 {Deo 212 ,849 
160 242 
CDs 10 112,962 6D 9/2 169 ,684* {D)3/2 213 ,091 
157 4P°s/2 170,192 * 146 
‘Dsyp «113,119 ®D°x2 +170,467* ‘Dyn 213,237 
84 6P° r/o 170,682 * 

6D iyo 113,203 4P° s/o 170,734 * 6D5/2 220 ,900 
6Gis2 ~=—«113,701 ‘Ds. + ~—-171,103* 298 
317 6P°si2 171,118 * 6D 7/2 221,198 
6G), 2 114,018 4P° i120 171,124 ? 241 
275 6P° 3/2 171,466 * 6Ds/2 221,439 
6Go/2 114,293 6D)° 3/2 171 ,567* 178 
211 6D) 1/2 171,855* 6D 3/2 221,617 
6Gr/2 114,504 132 
102 | SDije 221,749 

6G; 2 114 , 606 
33 3d5 6Ss/2 278,552 

6G 3/2 114,639 
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+ TABLE VIII. Term values of Fe IV, referred to the limit of the sextets, estimated from 
. the Moseley diagram. 
Config. T. Value | Config. T. Value | Config. T. Value 
3d*4d 8G 210 ,479 \3d'4p ®D° go 283 ,473* |3d'4p °%F° 5/2 291 ,379 
575 388 
- °Gitse 211,054 4P°s/2 285 ,994 * 6 F° 3/9 291 ,767 
: 509 240 
, ®Go/2 211,563 6P°x/9 286,217 * 6 F119 292 ,007 
- 417 
6G7/2 211,980 6D° x2 286,633* |3d'4s ‘Daye 341 ,056 
247 | 448 
5 8Gs5/2 212,227 $P°s/2 286,639 * Dsi2 341,504 
88 6P°s/2 286,921 * 308 
8G 3/2 212,315 §P° 1/2 287 ,032 * ‘Dsr2 341,812 
184 
3d*‘4p = 4D 2/2 273,472 6P° 319 287,446 *| Dire 341 ,996 
265 
‘D's. 273,737 SDs. 287,566" ‘Dey 350,464 
143 663 597 
1D° 3/2 273,880 6)° 3/2 288 ,231* Dr. 351,061 
111 391 476 
ip°, 2 273,991 6D? x72 288 ,622* 6); 2 351,537 
6F°iy2 289,152 342 
4 F 9/2 281,584 935 ®D 3/2 351,879 
246 8F°9;2 290,087 253 
4 F°o/9 281 ,830 736 6D ire 352,132 
180 Fx. 290,823 | 
1 F° sie 282 ,010 556 | 3d ®Ssre 460 ,278 
97 


1 F° sie 282,107 


TaBLe IX. Term values of Co V referred to the limit of the sextets, estimated from the 
Moseley diagram. 








- ——————— ——— 
Config. T. Value Config. T. Value | Config. T. Value 
3d'4d = Gi 3/2 337 ,287 3d‘4p = =®D°gi2 431,194* | 3d‘4p = 8 Fs 438,762 
929 573 
°Gisse 338 ,216 6P° 7/2 431,488 * 6 F° sho 439 335 
785 376 
6Go 2 339 ,001 ‘Pp, 2 431 ,976 ° 6 F° sh 439,711 
631 
°Gr/2 339 ,632 6P°s/0 432,622 * |3d'4s ‘Dro 501 ,264 
425 626 
6Gs/2 340 ,057 ‘Psa 432,757 *| 'Ds/2 501 ,890 
312 428 
6G 5/2 340 ,369 61° 2/9 432 ,.934* | ‘Dsi2 502 ,318 
} 265 
3d‘4p 4 F°gie 426 ,409 4P°s12 433,306 * | ‘Dire 502 ,583 
274 
'F°s,. 426,683 6P°,,, 433,437 * | 6 Dos 509 , 796 
197 851 
{Fe sie 426,880 61)°5/2 434 ,130* ®Drys 510 ,647 
145 677 
‘f° 427 ,025 ®D°s.  434,977* ®Dsv2 511,324 
524 
SD°io «=9435,463* | 6Ds/2 511,848 
314 
6F°s2 «©6435, 484 6D rs 512,162 
1,374 
6 F° 9/2 436,858 3d° 6 S52 673 ,859 
1,073 





6 F°, 2 437 ,931 
831 





i) 
Nm 
aw 
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TABLES OF TERM VALUES AND WAVE-LENGTHS 


Two illustrations of multiplet groups of lines are given in Tables IV and 
\. Each line is represented by its frequency, intensity and wave-length in a 
vacuum. About fifty lines have been traced for the change in configuration 
3d44s —3d‘4p through the sequence which starts with V I. Approximately 
half of these go through to Ni VI, the remainder to Co VY. In the other three 
electronic changes, 3d'4p — 3d‘4d, 3d°—3d‘p and 3d‘4s*—3d*4sp, twenty lines 
have been traced to Co V, and in addition some fainter multiplet lines found 
in Mn III. Tables VI, VII, VIII, [IX and X give the energy level values re- 
ferred to the lowest level, 3d‘ °Do of the corresponding atom which has lost 
one more electron. These values depend on the limits of the sextets in V I and 


TABLE X. Term values of Ni VI referred to the limit of the sextets, estimated from the 


Moseley diagram. 


Config. T. Value Config. T. Value Config. T. Value 
3d Ad G43/2 $94 090 sd'4p = 8 FP go 613,691 3dits 1D3/9 692 ,038 
1,286 . 1,485 373 
Gyre $95 376 6F 615,176 ‘Dp, 692,411 
1,1 16 
sd 4p Fyn ~~ 604, 140 6 F°, 616,322 Ds2 698,896 
333 1,045 1,273 
F 604.473 6 Fs i0 617 ,367 8Dz12 700 , 169 
270 507 976 
‘fF 604,743 Fo yi 617,874 Ds)2 701,145 
100 642 
\} 604 ,843 sd*45 iD; 690 ,561 D3 701,787 
852 341 
ae 606 ,982 ‘D: 691,413 Dye 702,128 
Pepe 625 
6P°... 608 ,709 
1,154 
P 609 .863 
6F°,, 611,508 
2,183 


TABLE XI. IVave-/engths of new lines. 


Vanadium | Chromium I] 
\(L.A. air) Int. v (vac.) Origin \ (1.A. air) Int. v (vac.) Origin 
3d'4p 3d'4d 3d‘4p = 3d'3d 

4799.01 8 20831.9  ®Fy42—8Gy 2 2558.28 12 39075.3 °F y1.—%G 
1785.46 1 20890.8 6F -8G5 2 2549.43 10 39211.2 6F° 8G, 
4784.48 30-x 20895 .1 6 Fo 8Gyi2 2539.76 10 39360.8 6 F°9/9 —®Gy 
4776.44 60 20930 .3 F° 11/2 —®G, 2539.11 60 39370.8 &F°, 8G, 
4773.06 10 20945.1 6 F° 25 —8Gs)4 2537.60 12 39392.7 6 F°2)5—8G 
4766.68 50 20973 .1 6 F919 —9G 11/2 2531.79 40 39485 .0 6 F°. 8G 
4764.13 } 20984.3 6 F°5 9 — 8G; 2530.93 60 39498.4 6 Foo — 8G, 
4757.48 50 21013.7 6} — G49 2525.47 8 39583 .9 6F -8G; 
$756.01 1 21020.2 6 FS 3,9 —®8G3/9 2524.52 40 39598 .8 6 F°, 8G 
4751.58 35 21039.8 6 F959 —8Grz/2 2520.42 20 39663 .3 6F 8G 
4748.51 38 21053.4 6} — G52 2519.79 1() 39673.6 6F 5G 
4746.66 35 21061.6 F°;2—°G 2516.70 30 39722.1 6 F 8G 
2515.20 8 39745.8 6F°, 8G 








SPECTRUM IN THE V I ISO-ELECTRONIC SEQUENCE 





2231 


Cr IT as calculated by Russell," and the Moseley diagram of Fig. 3. From the 
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d most recent values of the constants involved in the relation between principal 
‘ ionization potential and term value, the ionization potentials were calculated 
" from the equation, 
a 1 =0.00012336 X term value in em™, 
- In this case “principal ionization potential” is used to designate the potential 
- necessary to remove, completely, one electron, changing the atom from the 
d lowest energy in the state under discussion to the lowest energy in the next 
t TABLE XII. Wave-lengths of Mn I11, in order of increasing frequenc) 
d 
A(I.A.) Int. v (vac.) Origin \(1.A.) Int. vy (vac 
3d'4s 3d 4p 3d°48? 
2382.77 30 419607.9 1D3j2—9*P 1/9 1817.60 15 55017.6 ‘Fy 
2374.56 50-x 42113.1 'Ds;2—* P° 3/2 1806.50 18 55355.7 *F 9/2 
2362.46 40 42328.8 1D3;2—-* Ps /2 1798.05 18 55650. 2 1Fs)9 
2300.86 50 42357.4 *D3;2—*P° 3). 1793.57 10 =55818.2 1F 5/2 
2352.72 8 42504.2 Dij2—*P 3/2 1790.49 50 = 55850.6 ‘Fy 
2344.23 12 426057.9 'Dsi2—' Ps): 1786.10 50 55987 .9 'Fr/2 
2331.09 2 42898.4 ‘D3.—'P 1782.19 40  56110.1 PF s/2 
2197.61 1 § 45503.9)  *Dey—4 F*. 1780.68 6 56158.3 ‘FP 
2190.53 30, 45051.0 (D3)¢—'1F°. 
2182.54 80 45818.2 ‘Dzi2—-4 Fy 3d'4p 
2181.96 3 45830.4 ‘Dsi2—'F; 1707.46 35 58506.5 °F yy: 
2174.86 70 45979.9 ‘Dsi2—' F°; 1701.12 2 58784.8 ad ad 
2173.28 2 40013 4 ‘Dp iF 1698.31 35 58882.1 oF, 
2170.49 90 40072 5 'D3i2—4*F 1095.55 I 58977 .9 6°; 
2166.44 8 = 40158.7 ‘Dy.—'F 1693.22. 40 = 59059.1— ® Fy 
2009. 80 ] 49756 2 6D 32—*D*, 1089.52 15 59188.1 6 f°, 
2005 . 27 3 19868 .6 ®Ds.2—*D 1686.62 25 59290. 2 or", 
2004.45 2 49889 .0 §Dij2—*D*; 1084.10 1 59378.5 ¢F 
2001.32 20 = 49907 .0 6);;2—8P 1683.17 20) = -559411.7 of id 
1998.16 30 50046 O 6D. .—*D 1679.69 10 59534.8 $F, 
1997.04 25 50074.1 6)s9—8P° 5/5 1666.99 60 59988 .4 Fs, 
1996.30 1 50092 .7 Dz2—®D* 52 1659.21 25 602069 .6 6K’, 
1994.19 25 50145.7 D32.—°P 1653.50 40 60477.8 6 F%, 
1992.94 5 50177.1 D,2.—*D 1052.66 10 60508 .5 6°. 
1991.32 25 50217.9 ®Dy:2—§P 1648.30 15 60668 .6 fd 
1987.57 4 50312.7 Ds 2—®P*s)2 1644.39 5 60812.8 ‘fF 
1986.86 30. = 0330.7 Ds 2—®D° 5/2 1644.05 tr. 60825.4 “7 
1982.83 40 =50433.0 ®Dy SP" 5/2 1642.72 18 60874.6 Ff 
1979.78 1 50510.7 ®§Dz2—"P°s/2 1642.14 l 60890. 2 cf 
1971.29 40 50728.2 ®D)2—*§D° 7/2 1640.13 tr 60970.0 6 FS, 
1962.07 40 50966.6 "Ds s—*D®s)2 1639.77 10 60984.2 °F 
1952.52 50 51215.7 6 Dg:2—®§D 9/2 1633.71 45 61210.4 FY”, 
1947.46 80 = 551348.9 1D3;2—4*D° a2 1629.15 30 61383.6 6 F°, 
1943.61 2 51450.6 D3:2—4D* 12 1623.89 5 61580.5 of 
1942.94 $5 51408 .4 'Ds:2—'*D 5/2 1619.59 20 61744.0 6 f°. 
1941.34 10 = §1510.8 *Di2—*D' 9/2 1618.46 2 61787.1 ¢F 
1940.26 30, §1539.5 'Ds)2—4D* 3/2 1615.96 10 = 61882.7 ‘fF 
1938.23 l 51593.5 'Dyj2—4*D° y/2 1615.62 8 61895.7 ad 
1935.08 5 51677.4 ‘Ds:2—*D° 7/2 1613.63 5 61972.1 6 f 
1934.80 1 51084.9 'Dyj2—4D° 3/2 1613.22 | 61987.8 6F°, 
1933.94 4 51707°9 ‘D512 —-*D° 3/2 1611.86 2 62040.1 6F 
3d 
925.2 10 108081. S 
922.2 40 108431 . 
918.5 100 108870 
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higher state of ionization. Since 3d° °S is the lowest level for Mn III, Fe IV 
and Co V, the value of this level referred to 3d‘ °>Do of each atom in its next 
higher state of ionization, was used in the calculation. The results are; Mn III 
34.4 volts, Fe IV 56.8 volts and Co V 83.1 volts. 

The final tables, XI to XV, give the new lines for this sequence. For each 
element studied, the values of wave-length, intensity, frequency and origin 
are given, the order being that of increasing frequency. 

The writer wishes to take this opportunity to express her thanks for the 
use of the vacuum spectrograph and her appreciation of the very helpful ad- 
vice of Professor R. C. Gibbs during the progress of this investigation. 


TABLE XIII. Wave-lengths of Fe IV in order of increasing frequency. 


\ (1.A.) Int. v (vac.) Origin \(T.A.) Int. v (vac.) Origin. 

3d'4ts 3d'tp 3d*4s° 3d®4sp 
1825.55 8 54778.0 1D3)2—* Py /2 1487.35 5 67246.8 1 F yo —4G° 7/2 
1822.72 2 54863.1 ‘Ds;2—*P 3/2 3d'4s 3d't4p 
1819.29 l 549606.5 Dyj2—*P 1/2 1485.48 12 67318.3 1Dz2—4*D" 5/2 
1815.61 25 55061.8 ‘Dzj2—1 P's )2 1479.65 38 67583.06 ‘Dr2—-4D° 3/2 
1812.53 1 55171.5 1D3;2—*P° 3/2 3d°4s*  3d84sp 
1801.53 5 55508 .4 1Ds;2—8 P's) 1477.69 5 67673.2 1 Fy:2—4*G'g/2 
1088.44 2 59226.3 ‘Drj2—'F 3d‘4s  3d*tp 
1081.45 25 59472.5 '‘Dzj2—4*F 9 1475.67 28 67765.8 D512 -4 D512 
1680.86 i 59493 .4 1Ds.2—-*F’; 1474.52 2 67818.7 ‘D32 —*D* 1/2 
1675.78 25 59673.7 ‘Ds2.—-'F*; 1472.13 35 67928.8 'D3)2—-4*D* 3/2 
1674.89 5 59705.4 'p ‘F 1470.54 2 68002.2 ‘Dij2—* Dy 
1672.18 5 59802. 2 'D32—-'* Fs 1469.92 20 = 68030.9 ‘D512 —-4*D° 7/2 
1669.73 2 59889 .9 ‘Dyj2—tF 1469.04 37-x 68071.7 1‘D3;2—4D* 5/2 
1063.52 10 60113.4 6D3;2—' F 3d°4s° 3d54sp 
1663.21 10 3=60124.7 6SDij2—*®F ye 1469.04 x  68071.7 1 Fr)2—4G° 7/2 
1062.26 20 60159.1 6p) 6 F, 3d'4s 3d'4p 
1660.07 20. = 60238 .4 D7z)2—*F°; 1468.11 2 68114.8 ‘Dyj2—-*D*3;2 
1656.61 15 603064.2 ®Dij2—8F 3d°4s? 3d54sp 
1656.25 10 60377.5 6D yi9 —8 F%y 1464.81 10 68268 .2 F972 —4G* 1/2 
1052.85 20 = 60501.6 6D 3i2—8 Fos /2 1463.25 } 68341.0 1 F532 —4G°5)2 
1647.05 45 60714.6 6D5:2—* Fes). 1459.92 40 68496.9 1 F3)2—4G° 9/2 
1640.03 65 60974.5 6D z;2—8 F° 9/2 1455.66 25 68697 .4 *F5;2—4G 7/2 
1630.99 75. = 61312.4 6Dyp2—® Fe ye 1453.67 15 68791.4 1F3;2—4G°s5/2 
1579.73 3 63302.0 6D).19—8D° 3/2 3d'4p 3d'4d 
1574.68 8 63505.0 6Di2—*D° 1/2 1280.43 10 78098.8  ®F°s1;2—®Gir/e 
1571.21 10 63645.2 6D 3/2 —®§D "3/2 1273.49 2 78524.4 6 F°9/2 —®Go/2 
1566.54 3. 63834.9 6Dy:2—"§D° 3/2 1271.08 15 78673.2 = ® F° 4/2 —®Gy3/2 
1565.05 2 63895 .7 6D 1 :2—®D*° 3/2 1268.40 2 78839.5 6 PF? 2;2—®G7/2 
1563.30 10 63967.2 6D512—®§D "5/2 1265.28 15 79033 .9 6 F972 — Gre 
1560.26 15 64091.8 ®D5/2—®P° 3/2 1263.47 15 79147.1 6 F°5 2 —®Gs/2 
1559.08 15 64140.4 6Dzj2—*P 52 1261.72 10 79256.9 6 F° 2/9 —®G9/2 
1556.48 15 64247.4 6Dy;2—®P° 7/2 1259.54 30 79394.1 6 F° 52 —®Gi/2 
1555.01 1 64308. 2 6D 3;2—®§D° 5/2 1258.68 2 79448 .3 6 F372 —®G3/2 
3552.11 15 64428.3 6D 7)2—®§D° 7/2 1257.29 6 79536.1 6 F°3;9—®Gs/2 
1547.58 15 64616.9 6Ds12 —°P°s/2 1254.80 10 79694.0 6 Fs 9 —®G3/2 
1546.03 8 64681.6 6D 12 —®P° 3/2 3d* 3d‘4p 
1542.15 15 64844.4 SD 7;2—"P°z/2 587.6 2 172829. 6 S5/2—®P° 3/2 
1540.77 1 64902.5 6D 512 —8D° 7/9 576.8 40 173368. 6S5/2—°P°s/2 
1538.67 25 64991.1 6Dyg;2—®§D° 9/2 574.5 50 174061 $512 —°P°s/2 
1524.67 15 65587.9 6D7;2—®§D° 9/2 
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TABLE XIV. Wave-lengths of Co V in order of increasing frequency. 


Int. v (vac.) Orign. 
3d'4s  3d'4p 
20 = 67171.4 1Ds3j2—*P 1/2 
25 67293.8 'Dsi2—4*P* 3/2 
20 67435.0 'D, »—'*P 1/2 
yA 67448.2 'Dyj2—'*P 5/2 
30 67720.8 ‘Dsi2—*P°a)2 
35 68074.4 1Ds)2—* P52 
15 68503 .9 ‘Dsi2—-'P*s 
32 71988.5 ®Ds5;2—*° F 
10 72452.2 ®Dyj2—* F*, 
10 72513.7 6D 3.—'F°; 
25 72562.1 ®D5)2—®F°; 
30 72716.7 ®Dzj2—* F°7 
30 72828.4 ®Dij2—8F; 
10 72938.9 ®Do;2—* F°y 
4 73030.0 1D7).—'F°; 
30 73086.6 ®D32—* F's 
30 73304.6 ‘D3j2—4*F 9 
30 73393.9 6D5)2—8 F°; 
20 73458.3 ‘Dsi2—4* Fs 
30 73655.6 ‘Ds a= iF 7 
tr. 73741.9 §D3;2—4* F 3/2 
40 73789.8 6Dij2—*§ Fase 
15 73886.9 ‘D3i2—-* F “5/2 
6 74007 .2 ‘Dyje—* FF y2 
50 74312.4 ®Do;2—® F°iy2 
35 76856 9 6D; 2—*D"; 2 
40 77168.2 6D; 2—*D"; 2 
25 77187.3 6), 2—*D*; 2 
28 77703.2 Dy 2—®D*° 9/2 
15 77881.6 ®Ds;2—®P 3/2 
30 78025.6 6D; »—*P §/2 
50 78307 .9 ®Dy 9—*P 7/2 
2 78399.4 6 D372 —® P* 3/2 
20 = 78602.1 ®Dyyj2—8D* 1/2 
20 78696.8 6 D512 —® P52 
tr. 78712.9 ®Di;2—®P° 3/2 
5 79159.0 6D7z).—8P 7/2 
6 79452.7 ®Dy 2—*D 11/2 
TABLE XV. Wav 
Int. v (vac.) Origin. 
3d'4s 3d‘4p 
5 83912 .3 6D3;2—® F°y/2 
2 $4253.11  "Dyya—8 Fy 
4 84419.5 §Dsyy—8F° 
20 84760.2  "Diyn—8F 
15 85464.2 "Dsy2—8F°s 
10 85969.7  ®Dsy2—* F°; 
2 86088 .2 4p, o—iF | 
15 86420.7 *Dzj2—* Fg 
12 86478 .3 6Doj2—* Fg 
2 86670 .9 4§Dsj2—4F°; 
10 86940.6 ‘Ds. —4F* 
8 87195.4 ‘D3. —-' FY; 
15 87295.8 §1D3jo—'F*: 
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A NEW TYPE OF CRYSTAL FINE-STRUCTURE: 
LITHIUM FERRITE (LEO - FrE2Os) 


By E. PosnjAK aNp Tom. F. W. Bartu 
GEOPHYSICAL LABORATORY, CARNEGIE INSTITUTION, WASHINGTON, D. C. 


(Received October 9, 1931) 


ABSTRACI 


The interpretation of the x-ray diffraction obtained from the isometric modifica- 
tion of lithium ferrite resulted in the conclusion that the smallest “unit” of this struc 
ture contains four anions and four cations. The anions, oxygens, occupy the four 
equivalent points +b while the cations, iron and lithium, occupy together the four 
equivalent points 4c. The large difference in the scattering power of iron and lithium 


] 
| 


makes it possible to arrive at the definite conclusion that in the structure of lithium 


ferrite the same set of equivalent positions is occupied by the two chemically differ- 
ent elements (variate atom equipoints). It isshown that the distribution of iron and 
lithium in this set of equipoints is not regular, that is, there are not always two of each 
cation present in the “unit”; the distribution is one of chance, which, however, must 
comply with the requirement that an equal number of each of the cations is always 
present within a relatively small space. In view of these findings the conception of 
the unit cell loses its traditional chemical significance and becomes strictly a geomet- 
ric conception. The “unit cell” of lithium ferrite has a meaning only if its lattice be 
regarded as geometric points in space. The lattice of lithium ferrite is then identical 
with the one of the “sodium chloride” structure (4b, 4c); the unit cube contains one 
molecule of LisO-Fe.03, and the length of its edge is 4+.141+0.005A. The density of 
lithium ferrite is 4.368 and its refractive index nm, ; = 2.40 +0.04. 


INTRODUCTION 

N THE course of studies of ferrites it became of interest to prepare and 

examine the properties of the alkali ferrites. Although sodium and potas- 
sium ferrites have been described in the literature, there is apparently no 
record of the preparation of lithium ferrite. It will be appropriate therefore to 
mention that the experiments showed that this compound could be prepared 
in two modifications, an isotropic and an anisotropic one. The latter resulted 
from the interaction of a concentrated solution of lithium hydroxide and fer- 
ric oxide when heated in a pressure bomb somewhat below 600°C, while 
above this temperature the cubic modification was formed. The isometric 
modification was also prepared by heating the appropriate mixture consisting 
of lithium carbonate and ferric oxide, at red heat. The relation of the two 
modifications of lithium ferrite has not been determined. In this paper we 
shall be concerned only with the one formed at the higher temperature which 
is isotropic, and which was found not to invert when cooled to and kept at 
room temperature. The optical examinations were kindly made by Dr. 
George Tunell of this Laboratory, who found that the isotropic modification 
has a refractive index 1j=2.40+0.04. The determination of the density of 
this modification by the pycnometer method! resulted in the value of 4.368. 


1 J. Johnston and L. H. Adams, J. Am, Chem. Soc. 34, 563 (1912). 
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CRYSTAL FINE-STRUCTURE 


X-RAY DIFFRACTION MEASUREMENTS 

When lithium ferrite was prepared in the bomb by crystallization from 
solution, minute single octahedral crystals were obtained, the edges and 
corners of which were modified by rounded faces which were apparently 
dodecahedra and cubes. They were, however, too small to be utilized singly 
for x-ray measurements. Diffraction was therefore obtained only by the 
powder method. The apparatus was one made by the General Electric 
Company, equipped for using K, radiation of molybdenum. The spacings 
were standardized in the usual way by exposure of sodium chloride on the 
same film alongside of lithium ferrite. Data obtained from such a powder 
spectrogram are given in Table I. By using the customary equation 


TABLE I, Powder diffraction data from lithium ferrite (LizO- Fe2O3). 


Planar spacing Intensity (estimated) Indices ay 


2.39 4 111(1) 4.143 
2.07 10 100(2) 4.142 
1.461 9 110(2) 4.128 
1.247 3 113(1) 4.144 
1.195 4 111(2) 4.144 
1.035 2 100(4) 4.141 
0.949 1 133(1) 4.140 
0.925 5 120(2) 4.139 
0.845 4 112(2) 4.143 
ae 111(3) * 
0.798 1 115(1) 4.150 
0.732 1— 110(4) 4.144 
0016 > 

0.690 2 sath 4.132 
0.654 2 130(2) 4.139 
0.624 1 113(2) 4.141 
0.575 1— 230(2) 4.145 
0.553 1 123(2) 4.138 


ay=4.141+0.005A 


m =ao*p/ \J,where m is the number of molecules of LivO - FesO3; within the unit, 
M the mass of a molecule of the substance, p its density, and do the length of 
the edge of the unit cube, we find  =0.993. This is, within experimental 
error, a whole number, as it should be, and one may therefore assume that 
one molecule of LisO - FesO; is associated with the unit cube. 


APPLICATION OF SPACE GROUP CRITERIA 

From the reflections given in Table I it is immediately obvious that the 
lattice underlying the structure of lithium ferrite is a face-centered one. An 
examination of the tabulation of the results of the theory of space groups 
shows, however, that there is no space group with an underlying face- 
centered lattice, or for that matter of any other cubic lattice, which would ac- 
commodate two lithium, two iron, and four oxygen ions. This fact would sug- 
gest that it may be necessary to multiply the number of molecules of Li,O 
-FesO3, and therefore the length of the edge of the unit cell in which they are 
contained, by a simple integer, as for instance by two; however, we shall 
show later that this will be found to conflict with the experimental data. 
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ATOMIC ARRANGEMENT OF LIO + FEsOs 


The comparison of the diffraction data from lithium ferrite with those of 
magnesium and ferrous oxides presents a clue for the solution of the problem. 
Thus it was found that the diffraction from lithium ferrite bore a very close 
similarity to that of the two substances just mentioned. The powder diffrac- 
tion patterns of all three are reproduced in Fig. 1 and it will be readily seen 
how small the differences in spacings and intensities are. In view of recent ex- 
perience in the study of spinels* in which the present authors had shown that 
different elements occupy crystallographically equivalent positions, it was 
thought not to be improbable that lithium ferrite presented another case of 
variate atom equipoints. Both magnesium oxide’ and ferrous oxide! had been 
shown to have the sodium chloride structure containing four cations and four 
anions per unit cell in a face-centered arrangement (4), 4c). In the case of 
lithium ferrite it was thought that by analogy lithium and iron together may 
occupy four equivalent positions and the oxygens the other four; thus com- 





Fig. 1. Spectrograms of I, MgO; II, LisO- FesO3; and III, FeO. 


plying with the experimental evidence of the presence of two lithium, two 
iron, and four oxygen ions per unit cell of the lithium ferrite structure. 

By making this assumption, the next question that arises concerns the 
interrelation between the lithium and iron ions within the crystal: are the 
points in arrangement 4c occupied in a regular or an irregular fashion by the 
two different kinds of ions? The following discussion will prove that it is 
necessary to conclude that the distribution of lithium and iron among the 
points of arrangement 4c must be one of chance, complying only with the re- 
quirement of an equal number of each within a relatively very small space. 

The simplest regular arrangement which we may assume would be ob- 
tained by placing the lithium and iron ions alternately between the oxygens. 
Then in the direction of the edge of the cube we would have O-Fe-O-Li-O—. 
It is quite obvious that in this case the length of the edge of the unit cube 


would be twice that of the “sodium chloride” arrangement where it extends 
only from one oxygen over a cation to the next oxygen. The length of the 
‘ 


‘sodium 
chloride” structure, and if we assume the regular distribution of iron ,and 


edge of the unit cell given in Table I corresponds to the one in the 


2 Tom. F. W. Barth and E. Posnjak, J. Wash. Acad. Sci. 21, 255 (1931). 

3 W. P. Davey and E. O. Hoffmann, Phys. Rev., [2], 15, 333 (1920); W. Gerlach and O. 
Pauli, Zeits. f. Physik 7, 116 (1921); R. W. G. Wyckoff, Am. J. Sci. [5], 1, 138 (1921). 

‘'R. W. G. Wyckoff and E. D. Crittenden, J. Am. Chem. Soc. 47, 2876 (1925). 
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lithium it would therefore be necessary to conclude that the true length of the 
edge of the cube is 2a9. This would of course result in the necessity of re- 
assigning all our indices to higher orders—they would all be multiplied by 
two, which means that no first order reflections at all would occur in the 
lithium ferrite structure. However, such a conclusion can be shown to be in- 
compatible with the established theory of the interaction of x-rays and 
crystals. The proof in this case is identical with that advanced by L. Vegard 
and H. Schjelderup® and more precisely brought out by M. v. Laue’ in clear- 
ing up the theory of diffraction in the case of mixed crystals. The discussion 
may be confined to the consideration of the structure factor of the face- 
centered cubic crystal resulting from the regular arrangement of lithium and 
iron mentioned above, the length of the edge of the unit cell of which is Ao 
= 2a. The structure factor can be expressed as the product of the following 
three parts: 


F, = {1 fe g2ti(htk)/2 4 g2ri(htl/2 4 g2ei(ktl 2]2 
F, = {1 fe gttiChtk)/4 4 gtei( hth) 4 4 e2ri(k+l) [4]? 
F; = lO(1 fe e2tiCMFRED 2) 4 Lp. gm 2ri(Mt kt /2 4 Fe. g2ri(ht kth 2]2, 


The part F,; is due to the fact that the whole lattice is made up of face- 
centered lattices; the part F, because from such a lattice three other identical 
lattices will be developed by the displacements A o/4, 0, Ao/4; 0, Ao/4, 
Ao/4 and Ao/4, Ao/4, 0; and part F; shows that in the direction parallel to a 
body diagonal there are situated equally spaced O-Li-O-Fe. With the help 
of this structure factor all reflections which can occur may be calculated. 
When this is done it is found that while all the reflections which have been 
observed should occur in this structure, there should in addition be present 
reflections which, however, were not found in the spectrogram. For instance, 
the reflection from 111(1), the spacing of which would be 4.78A, has the 
structure factor 16.16 (Fe—Li) and, owing to the difference in the scattering 
power of iron and lithium, the intensity of this reflection should be stronger 
than any of those observed. As a matter of fact there is no indication of a 
diffraction line in this position, and therefore the assumption of the regular 
distribution of iron and lithium which required doubling the length of the 
edge of our unit cell must be discarded. 

We now have to evaluate our experimental data in regard to the other 
assumption, namely, the chance distribution of iron and lithium in the four 
equipoints (4c) of the “sodium chloride” arrangement. Taking into considera- 
tion not too small a portion of the crystal an equal number of points is oc- 
cupied by iron and by lithium. Therefore in calculating the intensities the 
average of the scattering power of the two may be taken, (Fe+Li)/2. The 
position of the atoms are: O in (40) i.e.000, 330,305,034 3; and 2Fe+2Li 
in (4c) i.e. } 3 3,2.00,030,00 3. The intensities of reflection were calculated 


on the basis of the equation 


5 L. Vegard and H. Schjelderup, Phys. Zeits. 18, 93 (1917). 
6 M. v. Laue, Ann. d. Physik [4], 56, 497 (1918). 
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I+ cos? 26 _ 
‘J FF, 
sin 26 
employing the F-values published by W. L. Bragg and J. West’ for iron and 
oxygen. For lithium the F-curve given recently by R. W. James and G. W. 
Brindley® was used. The results are given in Table II from which it will be 


TABLE II. Comparison of observed and calculated diffraction intensities from 
lithium ferrite (L120 - Fe2Os). 


Indices Estimated Calculated Indices Estimated Calculated 
(111) 4 1.4 (333)) , 13 
(200) 10 10.4 (115) “ 
(220) ) 3.3 (440) 1— 0.8 
(113) 3 2.3 (600)) ; oy 
(222 4 3.1 (244) . ; 
(400) 2 1.3 (260) 1 1.0 
(133) 1 1.5 (226) 1 0.8 
(240) 5 4.0 (460) i 0.5 
(422) 4 2.8 (246) 1 0.8 


] 
| 
| 
| 
| 
| 
| 
| 





seen that the calculated intensities are in very good agreement with the 
estimates made from the spectrogram. Therefore we must conclude that this 
is the correct structure and that iron and lithium together occupy four 
equipoints of the “sodium chloride” arrangement filling these points in equal 
molecular ratio by chance distribution. The holohedral symmetry required 
by the “sodium chloride” arrangement is in accord with the observed external 
crystal faces and it may also be mentioned that the lattice dimensions of 
lithium ferrite agree well with the accepted values of the atomic radii. 


CONCLUSIONS 

In a recent study of the structure of spinels the authors? have shown 
that the 16 equivalent positions (16c) of this structure are not all occupied 
by chemically equivalent ions, but that eight of them are of one kind, such 
as the trivalent Fe***, Al***, Gat**, etc., while the other eight are bivalent 
ions like Mg*, Fet", etc. The presert study of the structure of lithium fer- 
rite, which structurally is the simplest possible case and therefore an even 
more convincing one, again proves that crystallographically equivalent posi- 
tions in a crystal may be occupied by chemically different ions (Fet++ and 
Li‘). Such crystals with variate atom equipoints challenge in a certain way 
our usual conceptions of “crystal” and “chemical compound.” Crystallo- 
graphically, in crystals with variate atom equipoints we find that the usual 
symmetry requirements (symmetry operations) cannot be extended to its 
smallest unit, that is, the unit cell. Such an extension can only be accom- 
plished if the atoms are regarded purely as geometrical points in space. Crys- 
tals with variate atom equipoints do not exhibit in their lattice the regular 

7W.L. Bragg and J. West, Zeits. f. Krist. 69, 118 (1929). 

8 R. W, James and G. W. Brindley, Phil. Mag. [7] 12, 81 (1931). 

®* Tom. F. W. Barth and E. Posnjak, J. Wash. Acad. Sci. 21, 255 (1931). 
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periodicity in regard to the chemical character of the atoms composing it, 
which is usually associated with our conception of compounds. However, it 
should be remembered that the conception of the molecule also found no sup- 
port from the crystal structure of such simple substances as the alkali 
halides, some oxides, etc.; indeed, the conception of the “unit cell” was in- 
troduced and in a sense replaced it, but only as a convenient descriptive term, 
for it would be very arbitrary to think of the chemical molecule as being 
identical with the unit cell. In the solid state the only logical limitation of the 
molecule is the macrocrystal itself. 

It may be suggested that the structure with variate atom equipoints be 
regarded as representing the general case of which the other structures are 
special cases. We know that the possession of a (geometrical) unit cell of in- 
definite chemical composition (which is identical with having variate atom 
equipoints) is apparently the property of all mixed crystals and is therefore a 
very common phenomenon. There seems to be no obvious reason from the 
point of view of geometrical and descriptive crystallography why compounds 
would not require similar treatment. 

Several cases are on record in which the same problem arose. For in- 
stance, ammonium-oxy-fluoro-molybdate,'® (NH 4)sMoO3F3, whose x-ray 
diffraction data indicate that the O and F ions occupy crystallographically 
equivalent positions. In this case it was possible to explain the structure by 
assuming a larger unit cell, the existence of which, however, could not be 
brought out by the x-ray spectrograms on account of the similarity of the 
scattering power of O and F. Other cases were potassium cyanate,'! KCNO, 
in which C and N seemed to occupy crystallographically equivalent positions 
and Co(NHs3)sH2OSQ,I," in which the NH; groups are partly replaced by 
H,0. In these cases again the explanation given for ammonium-oxy-fluoro- 
molybdate appeared reasonable. In the case of lithium ferrite, however, it 
can be shown in view of the large difference in the scattering power of the 
cations that an enlargement of the unit cell is inadequate to explain this 
structure, and thus it becomes much more reasonable to assume that the 
iron and lithium ions are irregularly distributed within the same set of equi- 
points. 

While very few cases of this type of structure have so far been encountered 
in compounds, and it is also impossible at present to say what significance at- 
taches to this fact, further studies will show whether or not these cases are 
fortuitous. 





10 L. Pauling, J. Am. Chem. Soc. 46, 2738 (1924). 
1S. B. Hendricks and L. Pauling, J. Am. Chem. Soc. 47, 2904 (1925). 
12 O. Hassel, Norsk. Geol. Tidsskrift. 10, 33 (1928). See also idem, p. 92. 
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ABSTRACT 


This paper deals principally with two systems of units, designated A and B. In 
both, the velocity of light and the rest mass of the electron are taken as units. In A, the 
length unit is h?, 47°9e?, which is the radius of the first Bohr hydrogen orbit, in B, it is 
h/ 2mmoc, which is (27)~! times the Compton shift in scattering at 90°. In each system, 
the choice of the above units determines the unit of charge through the equation for 
the Coulomb force, f= &/'r*. In system A, the electronic charge is numerically equal 
to the fine structure constant, a; in system B, the square of the electronic charge is 
numerically equal to a, and h is equal to 27. It is shown that many formulas of quan- 
tum theory are greatly simplified when written in terms of system B; the coefficients 
of the Schrédinger and Dirac equations contain only small integers and the electronic 
charge. The use of these units provides a consistent scheme for simplifying the algebra 
associated with problems of quantum theory. 


$1 

E ARE all familiar with numerous cases in which the mathematical 

treatment of physical problems is simplified by a suitable choice of 
units. In the computation of atomic energy levels Hylleraas' and others have 
found it very useful to employ a unit of length of the same order of magnitude 
as the radius of the first Bohr orbit. Sometimes also, the energy required to 
ionize the hydrogen atom from its lowest state is taken as the unit of energy. 
However, when the relativistic wave equations are used, the self-energy of 
the electron is a more convenient unit. This circumstance led the writer to 
consider the whole question of natural units for use in problems of atomic and 
nuclear physics. It soon appeared that rather striking simplifications of the 
wave-mechanical equations can be achieved by proper choice of units. The 
determination of the most convenient unit systems was not straightforward, 
but required considerable searching. The writer’s conclusions are presented 
in this brief paper, which is devoted to methodology, and contains no new 
physical result. 

One of the best-known attempts to simplify the equations of quantum 
theory and related subjects is that of Planck,? who chose new units of length, 
time, mass and temperature, of such sizes that the velocity of light, the quan- 
tum of action, the universal constant of gravitation, and the gas constant 
are all numerically equal to one. The rounded values of the units of length, 
time and mass are as follows: 


1 Hylleraas, Zeits. f. Physik 65, 209 (1930), and earlier papers. 
2 Planck, Heat Radiation, English translation by Masius, p. 175. 
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Unit of length: 4 10-* centimeter 

Unit of time: 1.3 10-* second 

Unit of mass: 5.410- gram. 
We leave the gas constant out of consideration, since it may always be made 
unity by properly choosing the unit of temperature. 

Obviously, the difficulty with this system is that the new units are not 
convenient in size for use in atomic problems. The same criticism may be 
directed against many similar attempts. The writer tried, therefore, to ob- 
tain systems of units which fulfill, as far as possible, the following require- 
ments: The fundamental units of length, time and mass must be of such 
magnitude that atomic lengths, times, and masses are expressible by fairly 
small numbers, as long as we deal with small quantum numbers; and the 
coefficients in the principal equations of atomic physics should be simplified 
when the new units are used. Two of the systems examined will be discussed 
in detail. 
$2 


cs 


In setting up a system of natural units almost every step consists in aban 
doning some artificial relation associated with the c.g.s. system. We try to pro- 
ceed as a Maxwell demon probably would if he were entrusted with the con- 
struction of a natural and universal scheme of units. In this section we con- 
cern ourselves with two systems, designated A and B. In both, the velocity 
of light, c, is taken as the unit of velocity. In extranuclear problems, the units 
of length adopted are as follows: 

A: h?/4r°moe*, the radius of the first hydrogen orbit if the motion of the 

nucleus is neglected. 

B: h/2xmoc, the Compton wave-length change in scattering at 90°, di- 

vided by 27. 
The corresponding units of time are fixed by the choices already made. They 
are, 

A: h?/4r*moe*c. 

B: h/2armoc*. 

In both systems we take the rest mass of the electron as the mass unit. 
At first sight it might seem better to assign the value unity to e, the elec- 
tronic charge, but this does not simplify the more important equations of 
quantum theory as much as the choice we have made.’ 

It will often be convenient to prime a quantity measured in c.g.s. units, 
the unprimed symbol being reserved for the same quantity measured in the 
new units. Thus h’ = 6.547 X 10-*’ erg sec., the conventional value of Planck's 
constant, while it happens that in system B the numerical value of / is 27. 


8 The essential point is, we cannot make both the elementary charge and the electronic 
mass simultaneously equal to unity, unless we are willing to modify the classical equation for the 
force between two charges by introducing a constant analogous to the constant of gravitation. 
The expression f = & 7’, giving the force bet ween two equal charges, «, serves to define the unit of 
charge. If the numerical values of f and r are unity, then ¢ is the unit of charge. But it is readily 
verified that the force between two electrons at unit distance is not one in either of the schemes 
considered here, so the electronic charge cannot be one in these systems. 
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The unit of action in B is mo’-c’: (h'/2rmo'c’) =h'/2r = (1.042 + .0013) & 10-77 
erg second. This is the quantum of action adopted by Dirac, Weyl and others, 
in preference to Planck’s constant. The use of the symbol h for this quantity 
has led to so much confusion that a new one seems desirable. Perhaps /to 
would be an acceptable designation. The desire to employ /:’/27 as the unit 
of action constituted the writer’s reason for choosing h’/2rmo'c’ as the new 
unit of length in system B. Anyone who wishes to employ Planck's constant 
as the unit of action may do so by taking h’/mo’c’ as the length unit; but 
then the factor 27, or some power of it, will appear in many equations. 

In Table I we give the c.g.s. numerical values of the new units of certain 
important physical quantities. These are rounded, since it is not necessary to 


TABLE [. Approximate c.g.s. values of natural units. 


Physical quantity c.g.s value of unit in system A c.g.s value of unit in system B 
Length h'? ‘42? moe’? =0.5 KX 1078 h’/2xmg'c’ =3.9XK10- 
Time h’? ‘4n?mpo’e"c’ =0.17 XK 10718 h’/2xmo’c'? =1.3 KX 107! 
Velocity c’=3X 10° c’=3 X10" 
Mass mo’ =9 X 10-28 mo’ =9 XK 10-28 
Momentum mo’c’ = 2.7 X10-!? mo'c’ =2.7 X 107-17 
Energy mo’c’?=8.1 1077 mo’c’2=8.1 10-7 
Action ah’/2r7=1.4 X10 h’/2x=1.0X 10-27 
Charge e’/a=6.5 X 1078 e’/all2?=5.6 10-9 


use them in recasting the equations of quantum theory. In the table, a rep- 
resents the fine structure constant, which is dimensionless. According to 
Birge,* we have 


Var p2 
a = —— = (7.283 + 0.006) x 10-3 (1) 
he 
and 
1 he 
. — = — = 137.29+ 0.11. (2) 
a 2re- 


The numerical value of the unit of charge in any system may readily be 
found with the aid of these relations. In system B, for example, c=1, and 
2r/h=1. Therefore, 

e? =a. (system B only) (3) 
and the new unit of charge measured in c.g.s. electrostatic units must be 
e’/al? = 4.770 X 10-1°/8.533 KX 107? = 5.59 KX 10-° e.s.u. Similarly, 


e=a. (system A only). (4) 


It is reasonable to suppose that in nuclear problems it will prove con- 
venient to use units exactly like those of Table I, except that the mass of the 
proton, or possibly that of the alpha-particle, will replace the electronic mass 
in the definitions of the units. Attention may be directed to the quantity 
e?/moc*, which has the dimensions of length (it is equal to ah/2mmyc) and is of 
the same order of magnitude as the classical radius of the Lorentz electron. 


‘ Birge, Phys. Rev. Supplement 1, 1 (1929). 
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Systems involving the so-called gravitational radius of the electron have also 
been considered by the writer, but will not be discussed here. 


$3 

It is now possible to state the relative advantages of the proposed sys- 
tems. Atomic diameters are of the order unity in system A, and frequencies 
associated with the outer electron shells are of the same order as the corres- 
ponding c.g.s. wave numbers. It appears that the units of system A are well 
adapted in size to the discussion of the outer electrons and of wave-lengths in 
the optical region, while system B is more useful in dealing numerically with 
fast electrons and x-ray phenomena. However, the chief benefits to be derived 
from the use of these units are associated with the facts that algebra is often 
simplified, and that many atomic constants have small numerical values. 
For example, in both systems the numerical measures of a mass and of the 
corresponding energy are identical, since c=1. The self energy of the electron 
is unity. Wave number and frequency are numerically identical and further 
the electrostatic and electromagnetic units of any quantity are the same. The 
expression for the Lorentz force per unit charge is E+ [vH] and many other 
electrodynamic formulae are less complex than in c.g.s. units. 

It is interesting to note the simple forms assumed by certain equations of 
atomic theory when the system B is employed. All quantities belonging to the 
electron have values expressible in terms of integers and of the electronic 
charge, provided the customary expressions for the electronic angular mo- 
mentum and magnetic moment are rigorously correct. Thus, the angular 
momentum is numerically 1/2, and the magnetic moment e/2. Of all elec- 
tronic properties, then, only the charge requires experimental determination, 
from the standpoint of both our new unit systems.’ In both of them, its 
numeric is connected in a simple way with the fine structure constant, as we 
see from Eqs. (1) to (4). 

Further, in system B the energy, mass and momentum of a photon are all 
given numerically by 27, and exponential factors in wave functions are 
simplified. Thus, numerically e?*““/* becomes e~“*. Such examples could be 
indefinitely multiplied. 

We now illustrate the application of system B to several important equa- 
tions. Heisenberg’s commutation relation is 





hl ; 
pq — ap = — (5) 
2ri 
But h = 27, and (5) may be rewritten as 
e 
pq—qp=-— il. (system B only). (5a) 


5 Of course it is not implied that the determination of electronic constants other than the 
charge can be avoided in connection with practical problems. For example, in order to express a 
length of the order of a few centimeters in terms of the new unit of length, that unit would first 
have to be found in terms of some familiar unit, such as the centimeter. The new systems are 
designed to reduce labor for the theoretical and not the experimental physicist. 
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In this form, the physical units of the right member are submerged, but 
the algebra of any matrix problem is simplified, and the “lost” constants can 
easily be reinserted in the final result. It is not necessary to go through la- 
borious transformations in obtaining (5a) or other simplified equations. For 
example, in the new units as in the old, Schrédinger’s equation has the form 


Sr? 


Ay + r (FE — V)y = 0; (6) 
2 


but in system B, 42°, h° =1, numerically, and (6) becomes, 
Ay + 2(E—V)y = 0. (system B only). (6a) 


The relativistic Schrédinger equation and the Dirac equations are also 
simplified. To summarize, when we use system 8, the general equations of 
quantum mechanics have rational coefficients, except for the occurrence of 
the electronic charge, which is numerically equal to a”. 

Eddington® has brought forward a theory involving space of sixteen di- 
mensions, which indicates that 1/@ may be exactly 137, that is, 1+1/2 
(17.16). If this were substantiated, all coefficients in the wave equation would 
be rational. However, Birge’s value of 1/a, cited in Eq. (2), disagrees with 
Eddington’s 137 by more than twice the probable error. Other interpreta- 
tions of a have been suggested by Lewis and Adams,’ by Perles,’ and by 
Fiirth;® but such matters, important as they may be, lie outside our present 
scope. 

In conclusion, it may be worth while to note that the use of the natural 
units discussed focuses attention on certain unsolved problems of quantum 
theory. The only empirical constants which occur when we apply the Schri- 
dinger Eq. (6a) to the problem of the hydrogen atom are a and m/AM. The 
former enters through the fact that V = —Ze?/r = —Za/r, in accordance with 
Eq. (3). No doubt the value of a is connected with the internal mechanism of 
the electron, as we can see by examining classical electronic models, while it 
appears probable that m/.V/ will eventually be interpreted as the ratio of two 
eigenwerte of a still-to-be-discovered wave equation. Pending the elucida- 
tion of these matters, the use of our system B reduces the wave equation to 
very simple terms. 


6 Eddington, Proc. Roy. Soc. A126, 696 (1930) and earlier papers. 
7 Lewis and Adams, Phys. Rev. 3, 92 (1914). 

8 Perles, Naturwiss. 16, 1094 (1928). 

* Fiirth, Zeits. f. Physik 57, 429 (1929). 
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ABSTRACT 


The writers have adjusted and extrapolated the compressibility data obtained by 
Bartlett and his collaborators on carbon monoxide, so that accurate p—v—T relations 
from —70° to 400° and up to 1200 atm. are available. The relatively low pressure iso- 
therms of Scott at 25° and of Goig-Botella at 0°, 12.44°, and 20.22° are included. De- 
rivatives are obtained by the graphical scheme used for similar calculationson nitrogen. 
The specific volume, density, expansion coefficients — (p/v)(dv/dp)rand (T/v)(dv/dT) > 
fugacity, Cp, Cp—Cy, Cr, Joule-Thomson coefficient » are calculated and shown in 
curves and a table for 14 pressures and 11 temperatures in the range —70° to 400° and 
25 to 1200 atm. In particular, Cp vs. p isotherms, C, vs. ¢t isobars, t vs, pu =const.graphs 
are shown; among the last, the ».=0 curve is the inversion curve. There are no direct 
experimental data for comparison. On account of similarity in the molecular structure 
and the spectra of the molecules CO and No», one might look for some correspondence 
in the physical properties of the two gases. In general, the trends of the two are quali- 
tatively similar. The C,—C, vs. p isotherms all show a maximum. This maximum 
is very flat at the highest temperatures and comes at about 700 atm. As the tempera- 
ture decreases, the maximum becomes pronounced and moves to lower pressures; it 
comes at about 200 atm. along the —50° and —70° curves. Along the —70° isotherm a 
second maximum appears at about 550 atm., but it is not evident at higher tempera- 
tures. C, —C, approaches R, of course, along all isotherms as the pressure is decreased 
to zero. Cy is obtained by adding AC, to C,*. C,* denotes the heat capacity for a given 
temperature at zero pressure; \C, is the change in C, with pressure along a given 
isotherm. It is evaluated thru /? — T(d*v dT*),dp. The derivative occurring under the 
integral sign is obtained by the authors’ graphical scheme at a sufficient number of 
points for mechanical integration under the isotherm. Along isotherms at 50° and 
lower, Cp increases rapidly with pressure and reaches a maximum at about 300 atm. 
Changes in pressure above 500 atm. cause only relatively small changes in C, at any 
temperature. Above 200 atm. and below 0°, C, increases rapidly as the temperature is 
lowered. The C, vs. ¢ isobars show that from 300 to 1200 atm. C, has a minimum at 
about 100°. On the low temperature side of this minimum the curves are very steep; 
along the 1200 atm. isobar C, drops from 4.4 R at —70° to 2.57 Rat 100°. Above 100°, 
C, is only a few hundredths cal. /mole deg, higher than C,* for pressures up to 400 atm; 
further increase in pressure to 1200 atm. raises C, only a few tenths. Below 25°, C, for 
p=25 is slightly less than C,*. Below 0°, C, at 100, 150, and 200 atm. drops far below 
C,* as the temperature is lowered. A graph showing A\=v(pv/ RT —1) vs. p isotherms 
and isobars is shown, the data for which are listed in the table. This graph is very 
convenient for interpolating p—v—T data. Having given two of the three p—v—T 
coordinates, the third is quickly estimated from the graph, or is readily computed 
more exactly by reading the ordinate A and solving A=v(pv/ RT —1) for the unknown 
desired. Values for the second virial coefficient are found. They are expressible by B 
= 58.03 —19.84 T-' cc/mole between —70° and 400°. 
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AIRLY complete compressibility data for several gases over considerable 

range of pressure and temperature are now available. The work of Bart- 
lett and his collaborators and of others on nitrogen, hydrogen, and their 
mixtures,' carbon monoxide,’ methane,’ and helium‘ form valuable extensions 
of hitherto existing data. A method of determining derivatives such as 
(dv/dp)r, (dv/dT),, (d*v/dT*), from compressibility data enables various 
physical properties to be computed. The writers have been using a graphical 
scheme for evaluating derivatives. Curves and a table showing specific 
volume, density, fugacity, expansion coefficients —(p/v)(dv/dp)r and (T/z) 
(dv/dT)», AC», Cp, Cp—Cy, Cr, and p for nitrogen over the range —70° to 
600° and from 20 to 1200 atm. have been published.’ In the present paper we 
give the results for carbon monoxide. 

This graphical scheme depends on the fact that 


I 


A = 0(po/RT — 1) (1) 
and 


a= RT/p-2 (2) 


and their derivatives with respect to p,v, T express the deviation from Boyle’s 
law; and that any departure of —(p/v) (dv/dp)r and (T/v) (dv/dT), from 
unity is evidenced by A and a and their derivatives being different from zero. 
In addition to the relations between the derivatives of v, A, and a given by 
Eqs. (3) to (10), we shall need® 


po/RT — (dA/dT-'),/vT 








(T/v)(dv/dT)» = rer (15) 

(T/v)(dv/dT) » = po/ RT [p*(dA/dp)» + (1 + 2pd)] (16) 

(T/v)(dv/dT) » = (da/dT-),/vT + RT/pv (17) 

~ 1(d%/dT?), = Ls {(—)- 3 —_(r =I . (18) 
» \\ar/ =p aTV ar/S, 


1 Bartlett, J. Amer. Chem. Soc. 49, 687 (1927); 49, 1955 (1927); Bartlett, Cupples, Tre- 
mearne, ibid. 50, 1275 (1928); Bartlett, Hetherington, Kvalnes, Tremearne, ibid. 52, 1363 
(1930). 

? Bartlett, Hetherington, Kvalnes, Tremearne, J. Amer. Chem. Soc., 52, 1374 (1930); 
G. A. Scott, Proc. Roy. Soc. 125A, 330 (1929); Severian Goig-Botella, Anales soc. espan. fis- 
quim 27, 315 (1929); one set of his measurements at 0° is published in duplicate in the Comptes 
Rendus 189, 246 (1929). 

3 Kvalnes and Gaddy, J. Amer. Chem. Soc. 53, 394 (1931). This publication gives data 
from —70° to 200° and up to 1000 atm. Isotherms at 300° and 400° will soon be undertaken by 
Dr. Wiebe on the same apparatus. 

* Wiebe, Gaddy, Heins, J. Amer. Chem. Soc. 53, 1721 (1931). This publication gives data 
from —70° to 200° and up to 1000 atm. Isotherms at 300° and 400° will soon be undertaken by 
Dr. Wiebe on the same apparatus. 

5 W. Edwards Deming and Lola E. Shupe, Phys. Rev. 37, 638 (1931). 

6 In this paper, the equations, figures, and tables will be numbered as continuations from 
those in the paper on nitrogen. 
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because it is more accurate to use A and a in isobars against 7 than against 
T, and because the second derivative is conveniently found from pv(dv/dT), 
vs. T isobars, as will be explained later. 

After Bartlett’s? data on carbon monoxide were published a recalibration 
of his thermocouple showed that the temperatures recorded as —25°, —50°, 
—70° should have been —24.99°, —49.93°, —69.90°. The slight corrections 
necessary at these temperatures were made, and then A vs. p isotherms were 
plotted from Bartlett’s data at —70°, —50°, —25°, 0°, 25°, 50°, 100°, 150°, 
200° to 1000 atm., and from Scott’s 25° isotherm, which goes to 170 atm., 


-1) n Amagat ur 


/Pv 
vEF 








~.0020 5 


W00-~CS? ~~ B00 00 
Pressure in Atmospheres 


Fig. 7. A vs. p isotherms for carbon monoxide to 400 atmospheres. Bartlett's points are 
flagged circles, Goig-Botella’s are circles, Scott’s are crosses. Scott's isotherm is at 25°, Goig- 
Botella’s are at 0°, 12.44°, and 20.22°. The data were smoothed according to the curves. 


and from Goig-Botella’s isotherms at 0°, 12.44°, and 20.22°, which go from 
50 to 130 atm. The low pressure portion of these isotherms are shown in Fig. 
7. We also plotted A vs. 7— isobars obtained from Bartlett’s data, at 25, 50, 
75, 100, 150, 200, 300, 400, 500, 600, 800, 1000 atm., from —70° to 200°. On 
these curves were also placed points from Scott’s and Goig-Botella’s data 
where they could be used. By trial and error smooth isotherms and isobars 
were finally placed so that the same value of A would be read from a curve on 
either plot at a given temperature and pressure. This is equivalent to fixing a 
smooth A, p, 7~' surface in space. 
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The pv/ (pv), value for 800 atm. and 25° was misprinted in Bartlett's paper 
as 1.9915. It should be 1.0115. 

Bartlett’s isobars were extrapolated to 1200 atm. and his isotherms to 
400°; this is a 20 percent extrapolation with regard to pressure and a 22 per- 
cent extrapolation with regard to 7~'. Since Bartlett gives nine isotherms and 
twelve isobars in the range 25 < p< 1000 atm. and 0.002113 S$ 7~' < 0.004922, 
extrapolation to 1200 atm. and to 0.001485°K~' should be trustworthy. The 
value of these extrapolations, if they are any where near as reliable as we 
think they are, must be considerable; to extend the p-v-7 observations to 300° 
and 400° and to 1200 atm. would require some changes in the apparatus; in 
fact serious difficulties would have to be overcome in experiments with carbon 
monoxide at 300° and 400° under high pressure. 


pv 











0 D 


/ 


Fig. 8. The isothermal variation of pv with p at low pressure for an actual gas. Carbon monoxide 
takes the form of (z) at 50° or lower, and takes the form of (iz) at 100° or higher. 


As with nitrogen, the close proximity of the plotted (experimental) values 
of A to the final smooth curves, on which lie the adjusted values of A, attests 
to the high precision of the compressibility data and gives promise that the 
derived calculations should be reliable. An exception occurs at Bartlett's low 
pressure observations, as is seen in Fig. 7. The curves shown were drawn 
from the following considerations. 

Holborn and Otto’ found that the expression 


po = RT + apt bp? + cp' (19) 


is capable of following the data of most of the permanent gases along an 
isotherm from about 20 to 100 atm. Recently William Wild’ has observed that 


7 Holborn and Otto, Zeits. f. Physik 33, 1 (1925). 
§ William Wild, Phil. Mag. 12, 41 (1931). 
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this power series, when used with constants obtained from data between 
roughly 20 and 100 atm., extrapolated to 1 atm. gives the “compressibility” 
(usually denoted by 1+A, the ratio of the pv product at zero pressure to the 
product at 1 atm., both at 0°C) in agreement better than 1 in 10,000 with the 
value obtained from low pressure data where a linear equation py = R7T+ap 
suffices. These facts mean that the series (19) is capable of expressing the 
trends of the isotherms from zero pressure up to 50 or 100 atm. 
From Eq. (19), 


A = a+ (a2/RT + b)p + (2ab/RT)p? + (be/RT + 0p? +--+ (20) 


A pv vs. p isotherm will take the form (7) or (77) in Fig. 8, depending on 
whether the temperature is below or above the Boyle temperature; at the 


A 


(ti) 








Fig. 9. The graphs of A vs. p corresponding to the pv vs. p isotherms in Fig.6. 


Boyle temperature pv = RT and the curve is a horizontal line, at least for 
some distance. Along (77) a>0 and b)>0, hence the corresponding A vs. p 
graph will begin as a straight line with a positive intercept and positive slope 
and will then curve upward as indicated in Fig. 9, since the coefficients of 
p and p* in (20) are positive. Along (i) a<0 and b>0, so the corresponding 
A curve will begin as a straight line with a negative intercept and positive 
slope and will then curve downward as shown, since in (20) the coefficients of p 
and p? are positive and negative respectively. The trends thus predicted for 
the A curves are beautifully followed by Goig-Botella’s and Scott’s points in 
Fig. 7, but not by Bartlett's. Goig-Botella’s and Scott’s apparatuses were de- 
signed for the low pressure region, but Bartlett’s was designed primarily for 
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work from 100 to 1000 atm., and the upward curl of his points may come from 
a small systematic error, active only at low pressure. This explanation of the 
deviation is satisfactory according to a private communication from Dr. 
Bartlett. 

It should be noted that this discrepancy is only slight. The A curves are 
magnified residuals; further, (dp/dA),,7 = R7Tp* is very small at the low pres- 
sure (or low density) end—at 25 atm. and 0° a change in A of 0.0001 Amagat 
units affects the calculated pressure only 0.06 atm.; therefore the points in 
Fig. 7, instead of showing the data to be unreliable, really show them to be 
remarkably systematic. 

The family of A vs. T7~' isobars (not shown) become nearly straight lines 
at the higher temperatures and at the lower pressures. The zero pressure iso- 
bar is fitted well enough by a straight line, and 


A = 6 — (a/R)T“ (21) 


may be taken for its equation. When A is replaced by v(pv/RT—1), this be- 
comes closely 


(p + a/v*)(v — b) = RT, (22) 
which is van der Waals’ equation. From this, 


— T(d%/dT?), = 2a/RT? at p = 0. 


bo 
ww 
—I 


The slope —a/R of the zero pressure isobar is — 0.8856 Amagat units, so 


— T(d*x/dT*), = 2 X 0.88567-* Amagat units 74) 
(2 


II 


960.77? cal./mole atm. deg. 


This quantity will be used later in calculating the heat capacities. It is the 
value of (dC,/dp),r at zero pressure. A more accurate equaticn of state would 
give the same result for this purpose, since we need the derivative — 7(d*z 
dT’), only at zero pressure. 

Eq. (1) can be rewritten as 


po/RT = 1+ Ap. (25) 


A at low pressures is then the second virial coefficient, usually denoted by B; 
so the A vs. TJ! zero pressure isobar is really a plot of B. It is expressed by 
statistical theory in terms of the interaction energy € of two molecules, and 
the temperature, by 


B= ann f (1 — e~*/*T) pdr, (26) 
0 


According to London,® —e lies between 3a?V,/4r° and 3a°V;/4r°. a here de- 
notes the polarizability of the molecule, and is not the a of Eq. (2). V. and V; 
are the excitation and ionization energies, and r is the molecular separation. 


* Eisenschitz and London, Zeits. f. Physik 60, 491 (1930); London, Zeits. f. Physik 63, 245 
(1930). 
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Margenau’’ evaluated the above integral by assuming that e= © for r<d, 
and —¢e=3a°V;/4r° when r>d. His result is 
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Fig. 10. Carbon monoxide. The curve marked “Exp.” shows the experimental values of 
the second virial coefficient from —70° to 200°C. The extrapolation (dashed) gives b = 58.03 cc 
mole. This value in Eq. (27) gives the curve marked “Theory”. 


B = b(1 — 0.75y — 0.094? — 0.014y? — 0.0019y4* — 0.00022 y5 
(27) 
— 0.000022y® — ---) 


10 H. Margenau, Phys. Rev. 36, 1782 (1930). 
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where 
b 2rNd*/3, y a*V;/d®kT dr? Veal / ORT. 


b is thus four times the volume of V spheres of diameter d. If V is the number 
of molecules per mole, 0 is in cc, mole. b can be evaluated by extrapolating 
the zero pressure A vs. 7 isobar back to 7~!'=0. The value so obtained is 
b=0.002590 Amagat units or 22403 0.002590 = 58.03 cc/mole. Zahn and 


Miles" give information from which it is possible to deduce that the polariz- 
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Fig. 11. a vs. p isotherms for carbon monoxide. 


ability of CO is 1.97 X10-**cc per molecule. John T. Tate and P. T. Smith” 
found 14.20 electron volts for the ionization potential of CO. 

With these, y=177.77~-'. The curve given by the series (27) is marked 
“Theory” in Fig. 10. The curve marked “Exp.” is our A vs. 7~' zero pressure 
isobar. The agreement is fairly good. The theoretical curve has a perceptible 
curvature over the range of experiment, — 70° </< 200°, while the other does 
not. According to a recent paper by Kirkwood and Keyes," the second ‘virial 


















1 C, T. Zahn and J. B. Miles Jr., Phys. Rev. 32, 497 (1928). 
2 From a paper read at the Washington meeting of the American Physical Society, May 
2, 1931. . 
18 J. G. Kirkwood and F. G. Keyes, Phys. Rev. 37, 832 (1931). 
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coefficient for He goes through a maximum at about —100°, and the same 
phenomenon should appear at sufficiently high temperatures for other gases. 
This would imply that the experimental curve should not be extrapolated as 
a straight line to 7~'=0 and that ) < 58.03; also that the assumptions under- 
lying the development of Eq. (27) are not fully valid at high temperatures, 
and that perfect agreement of the curves in Fig. 10 is not to be expected. The 
experimental curve in Fig. 10, or the list of A at zero pressure at the bottom ot 
Table II are probably as good values for the second virial coefficient from 
— 70° to 400° as can be gotten from the data available. 

Thea vs. p isotherms of Fig. 11 might be of some interest. There has been 
some conjecture" concerning the shape of these curves for a real gas, and 
Fig. 11 is probably the first publication for an extended range for any gas." 
The areas under the curves are used in determining fugacities by Eq, (28). 

The tables published by Bartlett and others show compressibility factors 
pv /(pv), at the different pressures and temperatures. The denominator (pz), 
is the value of pv at S. T. P. Baxter™ gives 1.00048 for pu / (pv), at zero pres- 
sure. Using Birge’s value 22414.1 cc for the volume of a mole of an ideal gas 
at S. T. P. we have 22414.1,/1.00048 = 22403.3 for the factor to convert 
Amagat units of volume into ce ‘mole. Multiplication of densities in mole /cc 
by 28.006 converts them into g/cc. We also use R = 82.0489 cc atm. /mole deg. 
or 1.9864 cal. /mole deg., and 273.18° for the ice point, after Birge. 

The final values of the physical properties are shown in Table II and in 
the figures. Care has been taken in each entry to give only as many figures as 
we consider significant; the last figure is considered doubtful. No points are 
shown on the curves because they are drawn through the plotted point in 
every case. Each physical property listed will now be discussed. 


Specific volume v, column 2; density p, column 3; A, column 10 and Fig. 12. 


The values of A were read from the A vs. p isotherms or from the A vs. 
7! isobars. Those for zero pressure or zero density constitute the second 
virial coefficient, and are shown at the bottom of the table and in Fig. 10. 
Eq. (1) solved for v then gives the specific volume for any pressure and 
temperature at which A is known. The densities in column 3 are in g/ce and 
were obtained by dividing 28.006 by the corresponding 7 in cc / mole. 

The A vs. p isotherms and isobars of Fig. 12 are convenient for exhibiting 
and interpolating the p-v-7 data, as is described in the title to the figure. Any 
one of the p-v-7' coordinates can be quickly estimated when the other two are 
given; when greater accuracy is desired, the value of A, as read from the graph 
corresponding to the two given coordinates (p and 7’, v and p, etc.), is sub- 
stituted in Eq. (1) to obtain the third coordinate. The values of A are listed 
so that anyone desiring to make interpolations in the p-7-7 data with more ac- 
curacy than can be gotten from the Fig. 12 appearing here can construct a 


4 Lewis and Randall, Thermodynamics, p. 195 (McGraw-Hill Book Company, 1923). 

'4@ Added in proof. Since this was written, a table of a for nitrogen from —148° to 300 
and to about 100 atm. has appeared in a paper by George Tuncll, J. Phys. Chem. 35, 2885 (1931). 
‘ Baxter et al., J. Amer. Chem. Soc. 53, 1627 (1931). 
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1.248 1.47 8.43 


AND LOLA E. SHUPE 


/ 


liad 


cegree 


a" »m Pre 


em 


~ 


ee > de de be 


02 


R6 
SO) 
02 


Annan 


63 
7.08 


31 
ree | 


.96 
93 
90 
90 
00 


ee a 


mann anon 
wn 


36 

61 
5.99 
6.31 
6.48 
6.48 
4.96 
4.94 
4.94 
4.95 
5.02 
5.05 
5.07 
5.10 
5.22 
5.39 
aoe 
5.81 
5.93 
5.92 
4.97 
4.96 
4.96 
4.98 
5.04 


10 

Pa \ 
cc/mole 
35.62 
31.57 
—27.71 
—23.64 
15.57 
—8, 33 
4.01 
14.05 
22.85 
30.69 
44.76 
57.31 
63.16 
68.73 
—2?7.69 
24.40 
—21.24 
—17.99 
11.40 
—§ 20 
5.60 
14.63 
22.94 
30.47 
$3.46 
$4.91 
60.27 
65.42 
19.33 
16.76 
—14.23 
11.58 
—6.50 
—-1.46 
7.84 
15.88 
23.41 
30. 33 
42.14 
52.58 
57.35 
62.01 
—12.55 
10.44 
8.33 
6.25 
2.02 
2.15 
10.08 
17.39 
24.08 
30.24 
41.11 
50.65 
55.00 
59.28 
—6.72 
5.04 
3.32 
1.52 
03 

















PHYSICAL PROPERTIES OF COMPRESSED GASES 


TABLE II. (Continued). 
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. 2947 
. 3428 


. 3835 


. 4485 
. 5009 
5231 


.5431 


.02000 
.03961 
.05881 
.07755 


. 1146 


.1473 
. 2082 
. 2607 
. 3057 
3449 


4093 
.4612 
. 4840 
. 5046 


.01784 
.03529 
-05233 
. 06893 
. 1008 


- 1309 
. 1858 
. 2340 
.2763 
. 3137 


. 3765 
.4276 
-4501 
.4706 














4 5 6 7 8 
, p ( dv ) ~( dv ) 
J -_——{_— — — AC Cc 
vo \dpJ/ pv \ar/, . 7 
atm calories /mole 
197.5 .851 1.229 1.72 8.68 
306.2 .724 1.116 1.93 8.89 
430.8 612 984 1.95 8.91 
576.4 .540 869 1.93 8.89 
748.1 .488 772 1.89 8.84 
1191 417 .644 1.80 8.76 
1808 . 387 .555 1.73 8.69 
2201 .373 .522 1.71 8.66 
2661 . 348 .493 1.67 8.63 
t=50° Cp*=6.965, Cy*=4.979  cal./mole deg. 
24.94 1.000 1.058 ae 7.19 
49.82 995 1.109 .46 7.42 
74.74 985 1.149 .68 7.64 
99.81 .969 1.176 .88 7.85 
150.8 925 1.193 1.21 8.17 
203.7 .871 1.177 1.42 8.39 
317.8 .755 1.097 1.62 8.59 
447.5 650 . 984 1.68 8.65 
597.7 .580 . 883 1. 6! 8.64 
772.9 .527 .796 1.65 8.61 
1218 454 67. 1.58 8.54 
1826 .418 . 580 1.50 8.46 
2207 402 -551 1.46 8.42 
2649 376 518 1.42 8.38 
t=100° Cp*=6.987, Cy*=5.001 cal./mole deg. 
25.11 994 1.037 17 7.16 
50.48 986 1.069 .34 7.33 
76.18 974 1.092 .50 7.49 
102.3 959 1.108 .64 7.63 
155.9 924 1.119 .87 7.86 
211.9 . 881 1.112 1.04 8.02 
333.1 792 1.064 1.24 8.22 
469.8 705 . 980 1.32 8.31 
625.9 . 643 . 898 1.34 8.33 
805.1 . 588 831 1.33 8.32 
1249 .514 .715 1.27 8.26 
1835 .470 .635 1.21 8.20 
2194 .453 .600 1.18 8.16 
2604 .428 . 569 1.15 8.14 
#=150° Cp*=7.024, C,*=5.038 cal./mole deg 
25.21 .991 1.024 mF 7.16 
50.86 .980 1.044 .26 7.28 
77.00 968 1.058 .38 7.41 
103.7 954 1.067 .49 7.52 
158.8 923 1.074 .67 7.70 
216.6 . 888 1.070 81 7.84 
341.9 .814 1.037 1.01 8.03 
482.5 .741 .971 1.11 8.13 
641.5 .685 .906 1.15 8.17 
821.9 .634 . 848 1.16 8.19 
1260 .562 .743 1.16 8.18 
1825 .514 . 668 1.13 8.15 
2164 .495 .638 1.12 8.14 
2548 .473 . 606 1.11 8.13 
t=200° Cp*=7.076, Cy*=5.090 cal./mole deg 
25.26 . 989 1.015 11 7.18 
51.08 .977 1.028 ome 7.28 
77.48 964 1.035 oot 7.38 
104.5 .951 1.040 39 7.47 
160.5 .923 1.045 54 7.62 
219.4 .892 1.038 .66 7.74 
347.1 . 830 1.014 . 84 7.91 
489.8 . 769 . 962 .94 8.02 
649.9 .718 .908 .99 8.07 
830.1 .671 .859 1.03 8.10 
1261 . 600 . 767 1.06 8.14 
1805 .550 .692 1.08 8.15 
2128 .531 . 664 1.08 8.16 
2488 .510 .632 1.08 8.16 
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Tasce Il.—(Continued) 


1 2 3 4 5 6 7 8 : 10 
p 4 Pp p T ) AC; c; ' 4 
Leia, 
atm cc/mole "g/cc atm : calories, mole degree cc/mole 
t=300° C, 7.218, C,*=5.232  cal.,/mole deg 
25 1905 01470 25.31 ; ORR 1.006 07 7.29 5.23 23.86 
50 964.3 ~02905 $1.27 O75 1.009 14 7.36 5.23 4.35 
75 651.0 .04302 77.88 962 1.010 .20 7.42 §.24 24.8 
100 $94.5 05664 105.2 950 1.010 .26 7.48 5.24 25.45 
150 338.0 OS285 161.9 O24 1.010 . 36 7.58 §.21 26.46 
200 267 8 . 1086 221.6 900 1.000 .45 7.66 §.22 27.56 
300 182.2 .1537 350.8 R50 976 ~ 7.80 5.21 29.60 
400 143.6 1951 $94.1 803 946 68 7.90 5.20 31.77 
500 120.6 ~2322 653.2 763 904 .10 7.9oR 5.25 34.03 
600 105.3 . 2659 829.7 722 . 864 82 8.04 5.28 36.20 
800 86.42 . 3241 1243 655 .792 A 8.14 S.34 40.64 
1000 75.02 3733 1749 606 721 99 R21 5.49 $4.67 
1100 70.87 3952 2042 586 698 1.01 8.23 5.49 46.62 
1200 67.40 4155 2372 .567 670 1.03 8.25 5.54 $8.53 

t=400° Cy*=7.386, C.*=5.400  cal./mole deg. 

25 2238 .01252 25.32 987 1.000 05 7.44 5.40 28.90 
50 1133 .02472 $1.31 975 .999 10 7.49 5.40 29.26 

75 765.0 .03661 77.96 96? 997 15 7.84 5.41 29.68 
100 581.0 04821 105.3 950 996 19 7.48 5.40 30.16 
150 396.9 07057 162.1 927 987 26 7.65 5.40 30.92 
200 304.9 .09186 221.8 905 .978 33 7.41 5.40 31.70 
300 212.9 1316 350.6 R64 954 $4 7.82 5.40 33.27 
400 166.9 1678 49) 4 823 931 33 7.92 5.39 34.86 
500 139.4 2009 648.6 _790 897 62 8.00 5.45 36.5)? 
600 121.0 2314 820.3 758 861 69 8.08 5.52 38.11 
800 98.18 2852 1215 696 793 R3 8.21 5.66 41.45 
1000 84.41 3318 1688 649 733 93 8.32 5.81 44.61 
1100 79.42 3527 1958 626 716 97 R.35 5.78 $6.20 
1200 75.25 3722 2252 605 .696 1.00 8.38 5.78 47.79 

A=v(pr/RT —1) in cc/mole extrapolated to zero pressure 

( A ( A 
—70 — 39.65 100 4.84 
—50 —30.89 150 11.09 
—25 —21.96 200 16.09 

0 —14.63 300 23.37 

25 —8.51 400 278.50 

50 —3,38 


larger scale chart for that purpose. It is planned to publish large size plots of 
A vs. p isotherms and isobars for the gases nitrogen, carbon monoxide, 
hydrogen, 3:1 hydrogen nitrogen mixture, methane, and helium, as a U. S. 
Department of Agriculture publication. 


Fugacity f, column 4. 


Fugacities are computed from the equation 
> 
f = pexp (— 1/RT) [ adp. (28) 
7 0) 
The integral was evaluated by mechanical integration of thea vs. p isotherms 
of Fig. 11. 


Expansion coefficients —(p/v)(dv/dp)r and (7/v)(dv/dT),, columns 5 and 6. 


TheA vs. p,a vs. p, and A vs. p isotherms and the A vs. 7-', a vs. T~!, and 
A vs. p isobars are now used to get derivatives. The slopes of these curves can 
be determined at any point by the graphical method described in the paper 
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on nitrogen.® This method consists of estimating the slope of an a or A curve 
by mechanical means, and then using this slope as a correction term to find 
the corresponding derivative of v, by Eqs. (3) et seg. The three determinations 
of —(p/v) (dv/dp)r obtained through Eqs. (6), (7), (8) at each point were 
plotted in isotherms against pressure and in isobars against temperature, and 


Volume in cc per mole 


500 400 300 250 200 190 100 7s 65 50 45 40 
“TT TT + ry | t y . rt = r 7 , + 7 T - r 
| | | | | 
L + + + + - } + + + + + + . + + > + + + + + + | 

6G... | a \ + + + + + + + + 4 4 M + } } + + + 4 =: bt j 


6 ye 
| | 


-24, 
| | | | 
~32} | } 
L 1 t + t 
-40 25 atm | 1 1 = a ae oe it i | | l l | l I i j 
0 JO 006 006 06 00 v2 04 06 0I@ 020 .0@2 00 0% 


Density = p in moles per cc 


Fig. 12. A vs. p isotherms and isobars for carbon monoxide. By means of this graph one can 
readily interpolate the p—v—T data. Thus, for p=0.010 moles per cc and t=0°C, the pressure 
can be roughly estimated as 240 atm. By reading off \=5.0 cc per mole at this point and using 
v=1/p=100 cc per mole, T=273.18°, R=82.049 cc atm. mole deg., the equation A=v(py RT 
—1) gives p=235.3 atm. 


were adjusted by placing smooth curves that have the same ordinate on both 
plots at any pressure and temperature, just as the A and a curves were 
smoothed. The ordinates read from either plot are given in column 5. 
Likewise there are three determinations of (7'/v)(dv/dT), at each point, 
through Eqs. (15), (16), (17). They were adjusted by plotting pv(dv/dT), vs. 
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7 isobars at 25, 50, 75, 100 atm.; these isobars turn out to be straight lines. 
At higher pressures the adjustment was made by drawing smooth curves to 
pu(dv/dT), vs. T and (dv/dT), vs. T— isobars and (T/v) (dv/dT), vs. p 
isotherms, and taking the average of (7'/v) (dv/dT), obtained from the three 
ordinates at a given temperature and pressure. 

It should be noted that, at every point, the determinations of an expan- 
sion coefficient obtained through the different equations agreed very closely 
and consequently little smoothing was necessary. Agreement to three figures 
in all three determinations was not unusual. 


AC,, and the heat capacity C,, columns 7 and 8 and Fig. 14. 


AC, is the change in C, caused by a change in pressure at constant temper- 
ature. It is obtained through the thermodynamic equation 


(dC,/dp)r = — T(d*x/dT?) >, (11) 


which when integrated between 0 and p along an isotherm gives 
Pp 
C, = C,* + AC, = C,* + f — T(d*v/dT?) ,dp. (12) 
0 


C,* is the heat capacity at zero pressure, and it is necessary to assume 
some value for it at each temperature in order to complete the calculations. 


040, — — 











010 , ane 
pom + +——_+ + +—t + 
AU me a 


b 
& 


& 
8 
Ss 





in calories per mole atmosphere degree 





























| +. Bae Sa aS ee = | 
= a oe a ee ee a ae: ee | = | l 
— ae 400 800 7000 1200 


600 
Pressure in atmospheres 


Fig. 13. —T(d*v/dT*),=(dC,/dp)r vs. p isotherms. The area under a curve between any 
two pressures is the change in heat capacity (at constant pressure) in cal./mole degree between 
these two pressures, at that temperature. 





There are some experimental determinations of C, at 1 atm., but they are 
scattered. When corrected to zero pressure by an equation of state they all 
agree pretty well with the quantum equation 
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Cy* = 7R/2 + R(3090/T)%3%/7/(e3090/7 — 4)2, (29) 


which we have accordingly used for C,*. C,*=C,*—R. We have assumed 
that the rotational states remain fully excited down to —70°. We wish to 
thank Dr. W. M. D. Bryant of the Du Pont Ammonia Corporation for advice 
concerning the choice of a formula for C,*. 
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Fig. 14. Carbon monoxide. Cy vs. p isotherms. 


The integral in Eq. (12) was evaluated by a mechanical integration under 
the —T(d*v/dT*), vs. p isotherms, which are shown in Fig. 13. For these 
curves at 25, 50, 75, 100 atm., the ordinate was obtained at any point through 
Eq. (18) from the slope and ordinate of the corresponding pu(dv/dT), vs. T 
isobar, which for the four low pressures was always a straight line, as was 
previously noted. There is little doubt that the values of — T(d*v/d7™*), there- 
from obtained are very accurate, since the slopes and ordinates of straight 
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lines can be definitely determined. This means that C, must be quite ac- 
curately calculated through these pressures. 

Beyond 100 atm. the determination of the second derivative by means of 
the pu(dv/d7), vs. T isobars was supplemented at each point by taking the 
slopes of the (dv/d7), vs. T-! isobars. The two determinations agreed well 
enough to lead one to expect AC, to be correct to within a few hundredths 
cal./mole deg. throughout the whole range. 


6 


rs re a 


Cp-Cy in calories per mole degree 


Ww 





600 800 1000 
Pressure in atmospheres 


Fig. 15. Carbon monoxide. C,—C, vs. p isotherms. 


Eq. (24) was used for the zero pressure intercept in Fig. 13. Some time 
ago the question was raised by the writers"® whether —7(d*v/d7*), or 
(dC,/dp),,—0 as p—0, as would happen if the behavior of the heat capacity 
of the actual gas approaches that of a perfect gas. As the gas expands, 
pu-RT and C,—Crv-R, but Eq. (22) shows that —7(d*v/dT*),—-2a/RT? 
#0, as p-0. 





16 W. Edwards Deming and Lola E. Shupe, Phys. Rev. 37, 220 (1931). 
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Since (dC,/dp)y#90 at very low pressures, the limiting heat capacity 
C,* is not reached except at zero pressure. As the gas expands, there is no 
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Cy in calories per mole degree 

















Temperature in °C 


Fig. 16. Carbon monoxide. C, vs. ¢ isobars. 





point reached beyond which further expansion is accompanied by changes 
in C, that are infinitesimal compared with the changes in p. 
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The curves in Fig. 13 show that at low temperatures (dC,/dp)7 varies 
considerably with pressure, the lower the temperature the greater the varia- 
tion. At 25° and above, this derivative is nearly constant through 50 atm. 
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Scale for isobars from 25 to 400 atm 





din degrees per atmosphere 


Scale for isobars from 400 to 1200 atm 





-100 0.06~™~té“‘t;«‘«éCOU™C*~*~*~*~*W 200, = «300—S—“<«~*«CO 
Temperature in ~C 


Fig. 17. Carbon monoxide. u vs. ¢ isobars. 
and then decreases with further increase in pressure. Beyond 500 atm. this 


derivative is small at all temperatures, so very little change in C, is produced 
at any of our temperatures by compression beyond 500 atm. 
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There are no experimental data available on carbon monoxide, but there 
are the authors” calculations on nitrogen to compare with. Fig. 3 for nitro- 
gen and Fig. 14 for carbon monoxide show that the C, curves are very simi- 
lar. At —50° and —70°, C, for carbon monoxide is slightly higher than it is 
for nitrogen, but at —25° and above, the reverse is true. The difference is 
nowhere greater than some tenths cal. /mole deg. 


The quantity C,—C,, Fig. 15; the heat capacity C,, column 9 and Fig. 16. 
C, —C, = — T(dv/dT) ,?/ (dv/dp)r (13) 


The derivatives in this equation are simply related to the expansion coeffi- 
cients in columns 5 and 6, so C,—C, can be calculated for each pressure and 
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Fig. 18. Carbon monoxide. ¢ vs. p «=constant curves. u is given in °C per atm. « >0 means 
that the gas is heated by an adiabatic compression. 


temperature. The results are shown in Fig. 15. According to Eq. (22), C,— 
C,-R as p-0, at all temperatures. 

C, is calculated by subtracting C,—C, from C,. Some of the C, vs. ¢ iso- 
bars are shown in Fig. 16. More of them could not be drawn without causing 
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confusion. Above 50°, isobars for p=0, 25,..., 400 almost coincide. At 
higher pressures C, is higher. Below 50°, C, at 25 atm. falls a few hundredths 
cal./mole deg. under C,*. Below 50°, C, at 50, 75, 100, 150, 200 atm. deviates 
considerably from C,*. The isobars for 100, 150, 200 atm. take peculiar quick 
descents as the temperature drops below — 25°; this is most pronounced for 
150 atm. The isobars for 300, 400, . . . , 1200 atm. have a minimum at about 
100°. On the low temperature side of this minimum the curves are very 
steep. The graph for nitrogen in Fig. 5 shows the same characteristics. 


Joule-Thomson coefficient y, Figs. 17 and 18. 
The Joule-Thomson coefficient can be calculated from the equation 
upC, = (T/v)(dv/dT), — 1. (14) 


The values of u can be read from the curves of Figs. 17 or 18. The latter is a 
family of u curves obtained from the yu vs. ¢t isobars (Fig. 17) and yu vs. p iso- 
therms (not shown). The »=0 curve in Fig. 18 is the inversion curve. 

The ultimate accuracy of calculations made by the present method is the 
accuracy of the p-v-7 relations. Data from the various laboratories that have 
undertaken compressibility work agree very closely, and thus give assurance 
that calculations made from them should be reliable provided the derivatives 
can be accurately evaluated. Compressibility data over a wide range of tem- 
perature and pressure for a number of gases are now available, and the pres- 
ent method is a quick and accurate means for the determination of a num- 
ber of physical properties. Calculations for other gases are in progress. 
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RECIPROCAL RELATIONS IN IRREVERSIBLE PROCESSES. II. 


By Lars ONSAGER 
DEPARTMENT OF CHEMISTRY, BROWN UNIVERSITY 


(Received November 9, 1931) 


ABSTRACT 

A general reciprocal relation, applicable to transport processes such as the con- 
duction of heat and electricity, and diffusion, is derived from the assumption of mi- 
croscopic reversibility. In the derivation, certain average products of fluctuations are 
considered. As a consequence of the general relation S=k log W between entropy and 
probability, different (coupled) irreversible processes must be compared in terms of 
entropy changes. If the displacement from thermodynamic equilibrium is described 
by a set of variables a, - - - , a,, and the relations between the rates a, «+ + ,a@» and 
the “forces” 0S/da,,---+, 0S/da, are linear, there exists a quadratic dissipation- 
function, 

20(a, a) = Vp jai; aj =dS/dt=S(a, 4) = (dS da;)a; 
(denoting definition by =). The symmetry conditions demanded by microscopic 
reversibility are equivalent to the variation-principle 
S(a, a) — (a, a) = maximum, 

which determines a, - + + , a», for prescribed a, +--+, a. The dissipation-function 
has a statistical significance similar to that of the entropy. External magnetic fields, 
and also Coriolis forces, destroy the symmetry in past and future; reciprocal relations 
involving reversal of the field are formulated. 


I. INTRODUCTION 


N A previous communication! a reciprocal theorem for heat conduction in 

an anisotropic medium was derived from the principle of microscopic re- 
versibility, applied to fluctuations. In the following we shall derive reciprocal 
relations for irreversible processes in general, particularly transport processes: 
conduction of electricity and heat, and diffusion. 

As before we shall assume that the average regression of fluctuations will 
obey the same laws as the corresponding macroscopic irreversible processes. 
In (1) we considered fluctuations in “aged” systems, i.e., systems which have 
been left isolated for a length of time that is normally sufficient to secure 
thermodynamic equilibrium. For dealing with the conduction of heat we 
naturally considered the fluctuations of the distribution of heat, and we stud- 
ied the behavior of the quantities a), a2, a3 =the total displacements of heat 
in the directions x), x2 and x3, respectively. 

We brought the laws of irreversible processes into the theory of fluctua- 
tions by studying averages 


=—" 7 = 1 ¢=e’’ 
a;(thal(t +r) = lim =—s a;(t)ao(t + r)dlt (1.1) 
t=t’ 


t ef of 


1 L. Onsager, Phys. Rev. 37, 405 (1931). Cited in the foliowing as (1). 
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of the values of two fluctuating quantities a; and ay, (in this particular case 
displacements of heat in two perpendicular directions) observed with a pre- 
scribed time interval 7. The condition of microscopic reversibility we applied 
in the form: 


a,(Dactt + 7) = ax(tja,(t + 7). (1.2) 


The calculation of averages of the type (1.1) involves several steps. First 
of all, something must be known about the distribution of values of the fluc- 
tuating quantities a, a:--- ; we shall employ standard methods for cal- 
culating the average products: 

ar, @rtte, * > * (1.3) 
with but a slight variation. In addition, we must know the average changes 
(of quantities az, a; +--+ ) which accompany a given deviation a,’ of a quan- 
tity a, from its normal value &,(=0). On this basis a certain initial state of an 
irreversible process is associated with the displacement a; =a,’; the average 
regression towards the normal state will obey the ordinary macroscopic laws 
governing such processes. 

The average regression is described by the functions: 

Q(T, a ;’) 
defined as the average of the quantity a@;, taken over all cases, (picked at ran- 
dom for an aged system), in which, 7 seconds earlier, the quantity a; had the 
value a;’. Whenever these functions are linear in a;’, which will be the com- 
mon case when reasonable variables a are chosen, the knowledge of the av- 
erages (1.3) suffices for evaluating (1.1). 

In (1), $4, we derived reciprocal relations for heat conduction in an aniso- 
tropic body, showing that the conducting properties of the most general (tri- 
clinic) crystal can be represented by a symmetrical tensor (ellipsoid). In that 
particular case it was not necessary to calculate the averages (1.3), nor to de- 
termine completely the state associated with a displacement a; =a;’, because 
the necessary information could be derived from considerations of symmetry. 
Even so, these considerations were based on the proposition that, in regard 
to the probability for a given distribution of energy, the different volume ele- 
ments of a homogeneous crystal would be equivalent, so that the anisotropy 
of the crystal could be neglected in this particular connection. This proposi- 
tion involves the fundamental principles of statistical mechanics although it 
obviates a part of the general mathematical apparatus. 

We shall review the derivation briefly. If J;, Jz, J3 denote the components 
of the heat flow along the coordinate axes x1, x2, ¥3, respectively, and T the 
absolute temperature, the phenomenological laws of heat conduction in a tri- 
clinic crystal take the general form 


Ji - LiyX, + L2X + Li3X3 
J» - LX, + Lo2.X¢ + Lo3X3 (1 .4) 
Js _ L3iXi + L32X¢ + L33X3 
































































RECIPROCAL RELATIONS 
where X,, Xe, X; are the components of the “force” on the heat flow 


X, = —(1/T)@T/dx,;; Xo = — (1/T)OT/dxe; X3 = — (1/T)@T/dx3 (1.5) 


(Carnot). In order to derive the reciprocal relations 
Lie = Loy; Los = L 30: L3 = Lis 


we considered the fluctuations of the moments 


fis onal 


Qe = exodV 


of the distribution of energy, €=€(x1, x2, x3). When we chose the external 


(1.6) 


boundary of the crystal spherical, center at the origin, all questions pertain- 
ing to the instantaneous distribution of energy have spherical symmetry (cf. 
above). Thus 


= (0: a;2 = at: ajas = 0, (1.7) 


and with a displacement of energy there is associated a temperature gradient 
in the same direction: 


CTa,’ 
X(ay’, as’) CT a.’ 


(1.8) 


oT dx yo 2! = TX (ay’, as’) 


where C is for our immediate purposes a mere constant. (Certain rather 
trivial considerations are needed to justify our assumption of a /inear rela- 
tion between displacement (a;’, a2’) and gradient ( TX,, 7X2). When we take 
that much for granted, the more special form (1.8) follows from the spherical 
symmetry. ) 

The gradient (1.8) determines the heat flow J according to (1.4), and the 
rate of change & of the displacement a is the same as the total flow 


a;(ay’, as’, a3’) == day dt as [sav = CV (Liye) + L209" + L 3303’) 
° (1.9) 


ato(ay’, ae’, a3’) = — CV (Ley; + Lovee’ + Lo303’). 
Then in a short interval of time At 
ao(At, ay’) = a2(0, ay’) + ceo(ay’)At = 0 — LoyCVay’At, 
where &:(0, a’) vanishes by symmetry. From this, obviously 


as (fast 4. At) = as’ao(Al, ay’) = - LoCVaeaAt 


and, by analogy 


as(thay(t + At) = — LyCVa,7At. 








2268 LARS ONSAGER 


Since, by (1.7): a2 =a,?, the requirement: 
ay(thao(t + At) = ax(t)a,(t + Af) 
for microscopic reversibility imposes the condition: 
Lie _ Lo). 


The more general case of simultaneous transport of heat, electricity and 
matter (diffusion) in isotropic or anisotropic media leads us to consider the 
fluctuations of a set of variables ai, a2 - - - , measuring displacements of heat, 
electricity and matter, eventually in different directions. We shall have to 
actually evaluate the averages (1.3); symmetry considerations can yield the 
necessary information only in a few cases, as above. The calculation of (1.3) 
involves directly Boltzmann's fundamental relation between entropy S and 
probability IV: 

S=k log W-+constant 
The exceedingly general character of this relation is the reason that the rates 
of irreversible processes, not solely the ultimate equilibrium, are subject to 
reciprocal laws, in which different processes have to be compared in terms of the 
entropy changes involved. 

Sometimes, of course, it may be more convenient to employ other thermo- 
dynamic potentials, particularly the free energy, the main reason being that 
conditions of mechanical equilibrium (pressure, elastic) frequently enter into 
the laws of irreversible processes, and that the description in terms of energy 
involves more familiar derived functions (thermodynamic potential, electro- 
motive force, electrical resistance). Above, we purposely considered the 
“force” on heat, although the concept was not necessary for dealing with the 
problem in hand, just to demonstrate how the concept of “force” could be ex- 
tended beyond the familiar. 

Fundamentally, however, the entropy is the simplest among the thermo- 
dynamic potentials, and it is the only one that will serve our purposes in all 
cases. In our example, where displacements a), a2, a; of heat are considered, 
the state of the system being dete:mined by these displacements, so that 


S = o(a, Qa», a3), 
the temperature gradients are essentially the same as 0.S/da;, etc., or rather 
da/da, = 0(1/T)/dx,. 
In order to see this, we recall the fundamental thermodynamic relation 
6S =(1/T)(6E— 6A) —(u/T) bm, 

where E=energy; A =work; m=amount of substance; 4»=Gibbs’ thermo- 
dynamic potential. The amount of heat added to a volume element is 
560 = 56E—65A. Now if there is a uniform gradient of temperature (or 1/7 


in the r-direction, then an amount of heat 6Q transported a distance Ax, 
changes the entropy by the amount 


5S =6Q0-A(1/T) = 6Q-Ax,-0(1/T)/dx, = ba,-0(1/T)/dx,, 


whereby 6a, measures a displacement of heat (in units cm Xcal.). 
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Similarly, where a displacement a of matter (in the x direction) is con- 
sidered, 


Oa/da = — O(u/T)/dx, 
and if @ is a displacement of electricity, then 
0a/da = i'/T, 


where X is the intensity of the electric field. 

According to the empirical laws of transport processes the flow J of mat- 
ter, heat or electricity is proportional to the gradient of the corresponding 
specific potential, that is 

J ~ — grad T 
for heat conduction and 
J~X; J~ — grad uz, 


respectively, for electrical conduction (Ohm's law) and isothermal diffusion 
(alternative form of Fick’s law). In the following we shall write these em- 
pirical relations in the general form 


da,/dt = a, ~ 0S/da,, 


where the rate of displacement 4 is essentially the same as the flow J, (by 
definition), except for a volume factor. Whenever different transport pro- 
cesses interfere with each other the simple proportionality is replaced by a 
system of linear relations 


a, = G,,00/da; +++: +G,,00/da,, (r= 1,-++, 7), (1.11) 


where again S=o(aqj, - - - a@,). In taking for granted the linear form (1.11) we 
are still making use of empirical laws, mostly familiar, which are understood 
and expected from simple and equally familiar kinetic considerations of very 
wide scope. Examples have been enumerated in (I), §§ 1-2, and need not be 
repeated here. 

Our object is to show that the condition (1.2) for microscopic reversibility 
leads to the general reciprocal relation 


Grs = Gs,. (1.12) 


2. GENERAL THEORY OF FLUCTUATIONS 


It was shown by L. Boltzmann that a mechanical theory of molecules re- 
quires a statistical interpretation of the second law of thermodynamics. 
Thermodynamic equilibrium is explained as a statistical equilibrium of ele- 
mentary processes, and Boltzmann gave a direct relation between the en- 
tropy S and the “thermodynamic probability” W of a thermodynamic state: 


S = klog W + const., (2.1) 


where & is the gas constant per molecule (1.371 X 10~"* erg/degree). The ap- 
parent rest associated with thermodynamic equilibrium is explained by the 
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smallness of the factor k. According to (2.1), under circumstances which nor- 
mally lead to such equilibrium, the probability 


es 


for a deviation involving an entropy change AS (necessarily negative), is ap- 
preciable only when AS is (at the outmost) of the order of magnitude of &. 
The fluctuations permitted by this restriction can be observed only in very 
favorable cases, for example the opalescence of liquids near the critical point? 
and Brownian motion of small particles in liquids,’ or of a mirror in delicate 
elastic suspension.‘ 

The premises and the consequences of Boltzmann's principle (2.1) have 
been discussed by A. Einstein’ to an extent which will be practically sufficient 
for our purposes. It is essential that a thermodynamic equilibrium state, 
specified in terms of energy and external parameters (volume etc.), is incom- 
pletely specified from a molecular point of view; the quantity IV’ measures 
the number (or extent) of different possibilities for realizing a given thermo- 
dynamic state. In order to calculate I one needs a complete (molecular) 
theory of the system in hand: If one assumes that molecules obey the laws 
of classical mechanics, then ]¥” equals an extension in phase-space, while on 
the basis of quantum theory IV equals the number of stationary states cor- 
responding to the prescribed energy. However, as Einstein has pointed out, 
the calculation of fluctuations according to (2.1) is independent of all special 
assumptions regarding the laws which may govern elementary processes (we must 
of course assume that these laws do permit statistical equilibrium of some 
kind). 

We shall have to make certain general assumptions about aged systems, 
i.e., systems which have been left isolated for a length of time that is normally 
sufficient to secure thermodynamic equilibrium. We expect that such a sys- 
tem will in the course of time pass through all the (thermodynamic) states 
l, f,--- IT that are compatible with the conditions of isolation, whereby 
the energy, the values of external parameters (volume, etc.) and the numbers 
of indestructible elementary particles (atoms, molecules) are prescribed.® In 
the course of a long time ¢ the system will spend a total ¢, of time intervals in 
the state I"; we expect that 4), f2 - - - ¢; will be proportional to the regions W,, 
W;--+- W,. This statement contains an assumption even if Wi, W:2--- are 
considered as unknown, namely that ¢,/f, t/t - - - will be fully determined by 
the nature of the system, (and the conditions of isolation), independently of 
the initial state. Granted this assumption, we may define 1, W2 - - - as pro- 

2 M. v. Smoluchowski, Ann. d. Physik [4], 25, 205 (1909). Theory accompanied by a general 
discussion of fluctuations is given by A. Einstein, Ann. d. Physik [4], 33, 1275 (1910). 

3 A. Einstein, Ann. d. Physik [4], 17, 549 (1905). M. v. Smoluchowski, Ann. d. Physik [4], 
21, 756 (1906). 

* P. Zeeman and O. Houdyk, Proc. Acad. Amsterdam 28, 52 (1925). W. Gerlach, Naturwiss. 
15, 15 (1927). G. E. Uhlenbeck and S. Goudsmit, Phys. Rev. 34, 145 (1929). 

5 Einstein, reference 2. 

® In a discussion of the fundamental questions involved, W. Schottky introduces the term 
“resistent groups.” Ann. d. Physik [4], 68, 481 (1922). 
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portional ¢,/t, f/f - +--+, without reference to any detailed theory of the sys- 
tem. (On the basis of the underlying picture, every W is still a large integer, 
equal to the number of “microscopic” states contained in a given thermody- 
namic state. Here, however, we are only interested in the ratios of W;, Ws, - - -). 
The various assumptions involved in this application of Boltzmann's prin- 
ciple may be summarized in the formula: 


S, = k log (t,/t) + const. (2.2) 


where S, is the entropy of the state I’; we shall refer to t,/t as the probability 
for this state. 

A thermodynamic state T7=I'(a;’, - - - @,") may be defined in terms of 
given values a", - - - a,” for such variables a, - - - a, as can be measured by 
ordinary means. From a statistical point of view we must allow latitudes 
Aa, - + - Aa, in this specification (the probability for a region of no extension 
equals zero). We have to introduce a distribution-function 


(a1, °° * » Gn) 


and the probability for the state ['" becomes equal to the integral of f(a, - - - 
a@,) over the region 
a,” < Qi < a,” + Aa, 


an’) < an < a," + Aag. 
Then (2.2) takes the form 
S, = k log f(ai™, + + + an“) + Rk log (Aa; - - - Aa,) + const. (2.3) 


Our only direction for the appropriate choice of latitudes Aa is that they 
ought to be taken of the same order of magnitude as the common fluctuations 
of the quantities a in the state [’". This convention takes care of all important 
cases; because thermodynamic measurements of entropy are possible only 
for equilibrium states.? A more accurate specification of Aa, - - - Aa, is un- 
necessary because, say, doubling each Aa will change the right side of (2.3) 
only by the amount uk log 2, where k = 1.371 X10-" erg/degree, and an en- 
tropy difference of this magnitude is far too small to affect any measurement. 
Actually, where reasonable variables a, - - - a, are chosen, the order of mag- 
nitude of the product Aa, Aa» - - - Aa, varies so little that the contribution 
k log (Aa,’ - - - Aa,’/Aa,” - - - Aa,”) to the entropy difference between two 
thermodynamic states is entirely negligible in comparison with k log(f(ay’, - - 
an’)/f(ay”", «+ + @n”)); it is the factor f(a, - - - a@,) that causes the tremendous 
difference in the probabilities of different thermodynamic states, and is re- 
sponsible for measurable entropy differences. Thus, as long as we restrict our- 
selves to cases where S, is a measured entropy, we may neglect the variabil- 
ity of the term k log (Aq, - - - Aaw,) on the right side of (2.3) and write 


7 We allow ourselves, following the custom of thermodynamics, to consider states that may 
be approximated in some way by equilibrium states. Cf. Schottky, reference 6. 
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S, = k log flay ry, > ++ a@,‘") + const. (2.4) 


So far we have assumed that the variables qa, - - - a, define the state of 
the system in hand completely from the thermodynamic (phenomenological) 
point of view. As pointed out by Einstein’ the relation (2.4) remains valid in 
cases where this definition is incomplete. We merely have to adopt the con- 
vention that among all the states which fulfill the given specifications, we 
select the one with the greatest entropy. This theorem again depends on the 
probabilities for different states being of different order of magnitude, so that 
the given set of values of a, - - - a, will be realized by the chosen state much 
more frequently than by all other states taken together. We shall summarize 
these results for subsequent applications. The greatest entropy allowed by a 
given set a’, - - - a,’ of values of the variables a, - - - a, we denote by 


, 
G1. 2p Q oe iB 


The corresponding (thermodynamic) state we denote by 


i 3 = l'..-,(@1, <aeati a,,’). 
Then 
O1..-n(Q@1', tlie. a,,’) = log flay’, -++@,’) + const. 2.2) 
gives the probability for finding the variables a, - +--+ a@, with a given set of values 
a’, +++ a,’. Practically every time when a, + + + @, assume this set of values, the 
system will be in the state T;..,(ai’, « + + Qn’). 


We shall calculate at once certain averages which will be needed for the 
subsequent derivations. We denote by f,(a@,) the distribution-function for the 
variable a,. We have according to (2.5): 

k log fp(ap») = o,(a,) + const., (2.6) 
where ¢,(a,’) is the greatest entropy possible when a,=a,’, realized by the 
state ',(a,’). The function f, is determined by (2.6) together with the condi- 


i) fp(a,p)da, = 1. 


2 


tion 


We obtain from (2.6) by differentiation 
kdf» day = fp(a,)do, da», 


assuming that the differential quotient exists. We shall also assume that the 
entropy ¢,(a,) attains its maximum for a finite value @,° of a, corresponding 
to the equilibrium state T°, and that (a,—a,°)f,(a@,) approaches zero for 
large values of |a,—a,°|.° Then it is easy to calculate the average 


ora 
(Qp — a,’)do, day _ | (Qp —_ a,’)(do» day) fp(ap)da, 


2 


x 
= k i) (a, — a,’)(df,/da,)da,. 
=o 
8 Einstein, reference 2. 
9 Otherwise this function must have an infinite number of maxima. All the conditions stated 
are fulfilled whenever a, is a resonable thermodynamic variable. 
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Integration by parts yields 
k| (a, — ay") fp(ap)|~ - ef fp(ap)day. 


The first term vanishes, and the second equals —&; thus 
(a, — a,")do,/da, = — k. (2.7) 
In the same manner, and under the same assumptions we find 


ia, ~~ Gp")OC1..-n/das 
é é i 


7+ . 


= | tons | (a, — a,")(00/day)fi...nda,- ++ da, = — k, (2.8a) 
and 
(ag — @,") O01. ..n da, = 0, (p#4q). (2.8b) 


In the following we shall find it convenient to apply the simple formula (2.7) 
directly. However, it seems desirable to show the connection with the or- 
dinary formulas for the averages of the products (a,—a,")(@a,—a,°). We must 
assume that the entropy o;,,, can be expressed by a multiple power series, and 
that the abridged Taylor development 


O1.--n(Q1, °° * An) = So + 3 7 Npq\@p — Ap )(a, — ay’), (2.9) 
pP.g=1 


where 
Ypg = Nop = [d°o, - dapdag|a, wail <3: Guemtiels (2.10) 


t 


will suffice in the entire region of values of a, - - - a@,, for which the contribu- 
tion to any of the averages (2.8 a, b) is at all appreciable. (Since f~exp(¢/k), 
the maximum of f)..., is very sharp). Then we may substitute in (2.8 a, b): 


O01...n, dap = yo npylae — a,’), (2.11) 
p=1 


and we obtain a system of linear equations 


; — k, (p = q) 
>, a, @ = & = kb», = ) P . (2. 12) 
: L 0, (p #4), 


from which the mean squares and products of fluctuations may be computed. 
3. THE REGRESSION OF FLUCTUATIONS 


We are accustomed to observe that the course of an irreversible process 
taking place in an isolated system is entirely determined by the initial ther- 
modynamic state according to definite laws, such as the laws for conduction 
of heat. On the basis of a statistical interpretation of the second law of ther- 
modynamics, no process can be completely predetermined by an initial ther- 
modynamic state; because such a state is itself incompletely defined (from a 
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molecular point of view; cf. $2). However, we can understand a predetermina- 
tion with practical certainty, within limits of the order of magnitude of or- 
dinary fluctuations, whereby much greater deviations will be very rare. From 
this statistical point of view we may still interpret the predictions of irrever- 
sible processes from empirical laws as valid for averages taken over a large 
number of similar cases, which in this connection means cases of irreversible 
processes starting from the same initial thermodynamic state. 

Strictly speaking, this rule does not specify uniquely the more refined 
“microscopic” (molecular) interpretation of laws derived from relatively 
crude “macroscopic” observations. It makes a considerable difference whether 
we take an average of the type 4=(a’+a”")/2 or one of the type a= [(a’8+ 
a"5)/2]5, However, in all important concrete cases the natural answer to 
this question will be obvious. For example, if a is a total displacement of heat, 
itself the sum of many local displacements whose changes depend on local 
conditions, there may be no doubt that the straight average @=(a’+a”")/2 
is correct. 

Now we are able to solve the problem of predicting the average regression 
of fluctuations: Suppose that we start out with a certain isolated system, and 
watch the fluctuations of the variables a, - - - a, for a great length of time. 
Whenever the values of a, ---a, happen to be (simultaneously) ay’, - 
a,’, we make a record of the values which these variables (and perhaps other 
quantities @,41, - * * @nip) assume 7 seconds later. The averages of such records 
we denote by 


a(t, ay, ++ + On’), + * Ons p(T, ay, ++ + On’). 
We know that almost every time when a,;=a’;--- ; @,=a,’, the system 
will be in the (phenomenological) state '’;.. ,=IT'(a;’, - - -a,’), and the aver- 
age course of an irreversible. process following that state, described by the 
functions 


ay(r, I’y...n), °° * Ons ott T esccahs 


we know from macroscopic experiments. These functions may be considered 
as properties (in an extended sense) of the state I’;.. ,. The “normal” (com- 
mon) properties of states corresponding to prescribed values a’, - - - a,’ of 
the fluctuating quantities a, - - - @, are certainly those of the state Tl,’ - - - ,. 
The question whether we are allowed to interchange “normal” and average 
properties must be decided from the consideration of individual cases, as out- 
lined above. 

Assuming that the variables a, --+a@, are suitable in this regard, we 
have: 


a(t, ay’, sc - ay’) _ a;(r, T"'g.-+n), (7 - i, a's. > p), (3.1) 


as a general rule for predicting the average regression of fluctuations from the 
laws of irreversible processes. 
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4. RECIPROCAL RELATIONS 


For a discussion of the requirements of microscopic reversibility the aver- 
ages 


A;i(r) = aj(Dailt + t) = a;'ai(7, a;’) (4.1) 
afford a convenient point of attack. The quantities A;;(r) may also be de- 
fined as time averages (1.1) 


t=¢"" 


1 
A;(r) = lim —— a ;(t)a;(t + 7)dt. 


prow fo — ft Jie 


In the following it will be convenient to assume that the variables a, + + - a, 
measure deviations from the thermodynamic equilibrium, whereby their 
averages &, --- &, for this state (and also the “normal” values a;°) vanish: 
aj=a°=0, (i=1,---n). (4.2) 
The assumption of microscopic reversibility requires that, if a and 8 be 
two quantities which depend only on the configuration of molecules and 
atoms, the event a=a’, followed r seconds later by 8B =8', will occur just as often 
as the event 8 =’, followed r seconds later by ~=a’. The same will be true if a 
and 6 depend on the velocities of elementary particles in such a manner that 
they are not changed when the velocities are reversed, for example, when a 
depends on the distribution of energy in a system." If a; and a; are two such 
“reversible” variables of a reversible system, then obviously 





A;(r) = aj(a(t + 7) = aj(t)aj(t + 7) = Ai,(r). (4.3) 


We shall consider cases where the course of an irreversible process starting 
from any state of the typeI’, .. , can be described by a set of linear differential 
equations of the form (1.11): 


da; : " O0}...n(@1, * * * &n) 


—_ =a,;= G,, ———-—-- -— ~—-: i=1,:--m). 4.4) 
dt . X da, ( ( 


According to (3.1) we have 
a(t, a;’) = ar, T;’), 


where I’; is the state of maximum entropy for a given value a;’ of the varia- 
ble a;. Mathematically this state is characterized by the relations 


, 


a; = a; 2 
(4.5) 

00;...,/da,=0, (r ¥ j), 
and we have for the set of values of a, - - - a, determined by these conditions: 
001...,/da; = (do, dei hemna,’ (4.6) 


10 Cf, (I) p. 418. 
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From (4.4) we have in a short interval of time At 


a(At, a;’) = a(0, a;”) + a,At = (0, a;)+ DG: Oa \...n/da,)At, 


r=1 


or substituting (4.5) and (4.6): 


a;(At, a;’) = a;(0, a;’) + G;;(do ;(a,;’)/da;’)At. 


Calculating according to (4.1) the average A ;;(At) we obtain 


A ;(At) = a;(t)ai(t + At) = a,;'a;(0, a;’) + G, Ata; do; /da;, 
or, observing (2.7) and the convention (4.2): 
A ;,(At) = A;(O) — RAIG;;. (4.7) 


Similarly, of course 
A; (At) = A;,(0) — RAG; 


Applying the condition (4.3) for microscopic reversibility we find 
Gi; = Gji, (4.8) 


as announced at the end of §1. The importance of considering fluctuations for 
the derivation of this result is apparent from the occurrence of Boltzmann's 
constant & in (4.7) 


5. THE PRINCIPLE OF THE LEAST DISSIPATION OF ENERGY 


The symmetry relation (4.8) contains the important reciprocal relations 
in transport processes. An alternative form of (4.8) is convenient for many 
applications, and commands considerable intrinsic interest. The description 
(4.4) of a set of simultaneous irreversible processes may be rewritten in the 
form 





= Sia, (i= 1,--- 2), (5.1) 


where, according to the equations 
. “A jl, (i= J) : 
piG,; = Gipr; = 6i; = ; (5.2) 
X ; 2X Lo, (1 # 7), 


the coefficients (p;;)form the inverse matrix of (G;;), which enter into (4.4). 
The symmetry relations (4.8) may be replaced by the equivalent 


Pij =p, (t= 1,--- 2). (5.3) 
We introduce the dissipation-function 


(a, &) = 3} Do pijaia;, (5.4) 


and incorporate the symmetry relations (5.3) into the description of irrever- 
sible processes by writing 














Oo1...n(a1, °° * @n)/da; = OP(a, a)/dai, (5.5) 
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in place of (5.1). Further, if we define a function 
S(a, &) = >> (801...n/da,)a,, (5.6) 
r=1 


representing the rate of increase of the entropy, we can formulate a variation- 
principle, namely 





5[S(a, &) — O(a, &)] = 0. (5.7) 
Our convention is that only the velocities a, - - - a, should be varied, thus 
, " a Od 
[S(a, a) — &(4,4)) = > (=: . ~~) bi = 0, 
ix da; da; 


according to (5.5). The variation principle (5.7), which we shall call the prin- 
ciple of the least dissipation of energy, for reasons mentioned in (I), §6, pro- 
vides convenient means for transforming the reciprocal relations (5.3), or 
(4.8), to cases where the conventional description of irreversible processes in- 
volves an infinite number of variables, for example the temperatures in all 
parts of a space. The dissipation-function equals half the rate of production 
of entropy 

2(a, a) = S(a, a), (5.8) 


because of (5.5), (5.6) and (5.4), which may be written 


®(a, a) = 3 )opijaia; = } Do aidb/daj. 
i,j i 


It is evident from (5.8) that ®(a@, &) must be essentially positive (definite or 
semidefinite), because the second law of thermodynamics demands S20. 
Therefore the extremum given by (5.7) is always a maximum 


S(a, a) — ®(a, a) = maximum. (5.9) 


Applications of this principle will be given in a later publication; in (I), 
$§4—5, a special result was derived by a direct method. 

It is worth pointing out that in the dissipation-function has a direct sta- 
tistical significance. A detailed discussion would be out of place in this article, 
where a compact presentation of important theorems is intended , but we may 
state without derivation the result, which is an extension of Boltzmann's 
principle (2.1). The equilibrium condition of thermodynamics 


S=maximum 


characterizes the most probable state, and the probability W for a state 
I'(a, - - - @,) is given by Boltzmann’s principle 


k log W(ai, + + + @n) = S(ai, ++ + an) + const. ; 


for the precise interpretation of this theorem we must refer to the discussion 
in §2. In a similar manner, Eq. (5.9) describes the most probable course of an 
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irreversible process. It is also possible to show, under assumptions approxi- 
mately equivalent to those that are necessary for deriving, (simultaneously), 
(5.5) and (2.12), that the probability 


Wer’, At, 1") = W(ay’, - - + an’, At, ay”, + + a,’”) 


Vi 


for the states [’=T'(a,’,--+-a,’) and l'”=T(aq,",-++a,”) occurring at the 
times ¢’ and t” =t’+Af, respectively, is given by the formula 


pee : ' (Aa, Aa) 
k log W(T’, At, 1”) = S'+ 8” — —-+ const., (5.10) 
Ai 


where S’=S(a;’, +--+ an’), S”=S(a,",---a,”), and 


1 ” , "r , 
P(\a, Aa) = 5 y pila; — a lazy — a; ). 
t,J 


(Needless to say, we assume that we are dealing with an aged system.) 


6. NONREVERSIBLE SYSTEMS 


As mentioned in (I), $7, we know from our macroscopic experience certain 
conservative dynamical systems which do not exhibit dynamical reversi- 
bility, namely systems where external magnetic fields are acting, and systems 
whose motion is described relatively to a rotating frame of coordinates, the 
rotation being equivalent to a field of Coriolis forces. In such cases, where the 
macroscopic laws of motion are non-reversible, the microscopic motion can- 
not be reversible. 

In dealing with cases of this kind it is advantageous to consider the in- 
tensities of magnetic and Coriolis fields as variable external parameters of the 
system in hand. Then macroscopic dynamical systems subject to external 
magnetic and Coriolis forces have the following symmetry with regard to 
reversal of the time: If [¢] = [Q(¢—‘o) | is a possible motion (succession of con- 
figurations [q]) of a system left to itself in a magnetic (or Coriolis) field of 
intensity 0, then the reverse succession of configurations [gq |= [Q(t—2)] isa 
possible motion of the same system when placed in a field of intensity —0O. 
Further, let a and 6 be two functions of the state (and of the parameters) of 
the system in hand, such that their values are not changed when all the veloci- 
ties in the system are reversed, (simultaneously with ©). Then, when we 
consider the fluctuations in an aged system, as in §4, the succession of events 
a=a’, B=’, with an intervening lapse of timer, will occur in a system placed 
in a field of intensity +0, just as often as the succession of events B=8’, 
a=a’, (with a time-interval 7), will occur in a system placed in a field of in- 
tensity —0O. 

If we may apply this symmetry condition to the motion of elementary 
particles, and a@;, a; are two “reversible” dynamical variables, the averages 
(4.1) will be functions of the time 7 and the field intensity 0: 


A iO, T), 
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and we have the symmetry condition 
A ;i(O, r) = Aji(-— 9, — r) = Ai;(-— 9, 7). (6.1) 


Supposing that a certain irreversible process can be described in the form 
(4.4), the coefficients G;; being functions of 0, 


da; .n(Q@1, ait a) 


- “ Oo}... 
=ai= >-G;;(0) no (1=1,---~), (6.2) 
j=1 


dt 


da; 
we can derive (4.7) as before 
A;(O, At) = A;(@, 0) — kAIG;,;(0) 
A;;(— O, At) = Ai;(— 0, 0) — RAIG;;(— 9), 

and upon applying the symmetry condition (6.1) we find 

G;;(O) =G;(— 0). (6.3) 
This theorem contains a reciprocal relation between the Nernst effect and the 
Ettingshausen effect, which has been derived previously by P. W. Bridgman" 
and by H. A. Lorentz™ on a quasi-thermodynamic basis. 


1 P, W. Bridgman, Phys. Rev. 24, 644 (1924); Fourth Solvay Congress (“Conductibilité 
Electrique des Metaux”), 352 (1924). 
12H. A. Lorentz, Fourth Solvay Congress, 354 (1924). 
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THE PROBLEM OF ROTATING MAGNETS 


By W. B. PIETENPOL AND E. C. WESTERFIELD 
UNIVERSITY OF COLORADO 


(Received September 1, 1931) 


ABSTRACT 

Ampere’s problem of a cylindrical magnet free to rotate about its axis when a 
current enters at some point on the side of the magnet and leaves along the axis is 
treated by applying Ampere’s original formula directly to the amperian currents 
which, according to the most commonly accepted theory, account for the magnetic 
properties of a body. For the torque on a symmetrically magnetised magnet, an ex- 
pression in agreement with that of Zeleny and Page, and Kimball is obtained. How- 
ever, this method of attack indicates that this torque is due only to the current in the 
portions of the circuit not attached to the magnet, contrary to the conclusion of Zeleny 
and Page. In the case of an asymmetrically magnetised magnet, it is found that the 
same expression holds provided only that the current is symmetrical in the portion of 
the circuit not mechanically attached to the magnet. This shows that the expression is 
more general than indicated by Zeleny and Page, in that they employed a symmetrical 
distribution of current within as well as without the magnet. 


INTRODUCTION 


HE problem of rotating magnets, which is the converse of unipolar induc- 

tion, has received considerable attention in recent publications. Ampere 
first showed that when an electric current is allowed to traverse a cylindrical 
magnet, entering at some point on the side of the magnet and leaving along 
the axis of symmetry, the magnet experiences a torque. He explained this 
effect qualitatively by assuming the magnetism of the magnet to be due to 
tiny amperian currents and applying his law for the direction of the force 
between current elements. 

In a recent article! in which Zeleny and Page have derived the quantita- 
tive expression for the torque experienced by the magnet, they conclude that 
only the current in the portion of the circuit attached to the magnet can con- 
tribute to this torque. Kimball? obtained the identical expression by deducing 
the torque exerted on the external circuit by the magnet, and, applying the 
law of action and reaction, assuming an equal and opposite torque on the 
magnet. This method of attack seems to imply that only the unattached por- 
tions of the current circuit could contribute to the torque on the magnet. 
These results seem incompatible. However, it is difficult to show experimen- 
tally which is correct, since the experimental conditions as well as the re- 
sultant expressions are identical. 

Zeleny and Page find that when the magnet is asymmetrically magnetised 


1 Zeleny and Page, Phys. Rev. 24, 544 (1924); Phys. Rev. 27, 470 (1926); See also, Kennard 
and Wang, Phys. Rev. 27, 460 (1926). 
2 A. L. Kimball, Phys. Rev. 28, 1302 (1926). 
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the original expression still holds, provided the current both within and with- 
out the magnet be symmetrically distributed. Kimball did not treat this case; 
but, if his original assumption is correct, we readily see that the expression 
still holds provided only that the current in the portions of the circuit not at- 
tached to the magnet be symmetrically distributed. It becomes, therefore, 
a matter of some importance to determine whether Kimball’s assumption is 
correct. 

The present authors have considered this matter theoretically by apply- 
ing Ampere’s original formula’ directly to the tiny amperian currents which 
are supposed to account for the properties peculiar to a magnet. 


I. FORCE ON A VECTOR CURRENT ELEMENT 


In the vector notation, Ampere’s formula for the force between two cur- 
rent elements e and dr‘ separated by the vector distance r becomes 


dF = I,1,(2re-dr — 3r-edr)(r:r*) (1) 


Taking e=ri and r=in+jv+kw, we have e-dr=e du and r-e=eu, and Eq. 
(1) becomes 


dF = el .I,(2rdu — 3udr)(r:r'*). (2) 


From this we obtain as the u, v, and w components of the force 


dF, = el .I[,d(u*:r*) (3) 
dF, = el .I,(d(uvir*®) + (vdu — udv):r*) (4) 
dF, = eI .I,(d(uwir*®) + (wdu — udw):r’*). (5) 


Il. AXIAL TORQUE ON AN AMPERIAN CURRENT 


Formula (3) gives the force along the vector current element e when e is 
directed along the w-axis, and if this expression be integrated between (wa, 
r,) and (t%,, 7.) we obtain 


. 
F 
e 


F,, = el oI ,(uy?: ry? — uq?:r,') (6) 


el .I,(r,—! cos? dy cos* 6, — ra~' cos? @, cos? 8.) (7) 


as the force along e due to the partial circuit along the path of integration, 
¢ being the angle between rand the (u, v)-plane and @ being the angle between 
the w-axis and the (r, w)-plane. (Fig. 1). Now suppose e is translated a small 
distance c perpendicular to itself (Fig. 2), then e may be represented by (c- 
d@); and if c is sufficiently small to permit us to neglect the change in dis- 
tances between e and the termini of the partial circuit, we may express the 
torque on e about the w-axis as 


dT = c*I.I1,(rg—' cos? dy cos? 6, — ra~! cos? dq cos” 6,)d6 (8) 


3 Carl Cinnamon has applied Ampere’s formula to a solenoid, (Abstract, Journal of the 
Colorado-Wyoming Academy of Science 1, 41 (1930). 

‘ dr=the differential of vector r; ds=the scalar length of dr; dr=the differential of the 
scalar r. 
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If we consider e to be an element of an amperian current lying in the (a, v)- 
plane and having the w-axis as its axis, we may obtain the total torque (about 
the w-axis) on this amperian current by integrating Eq. (8) as the 6’s vary 

















vy | comp. of rin (u,v) plane, 

Vv Ez 

Yor | 

Pt. | 
0 | Oj 

U Ug U 
W iC 
€ =ac 
Fig. 1. Fig. 2. 


through an angle 27. Since, from symmetry, the initial values of @, and 6, 
cannot affect the final result, we may replace each by 6. We then have 


T = c*l.1,(ry~! cos? dp — ra7! cos? da) [ cos” 6d@ 


e 0 


9 


4c71.1,(re~! cos*o, — ra~'! cos* bq) { cos" 6d@ (9) 
0 


II 


= rce*l.I,(r,—! cos? dy — ra~! cos” ga). (10) 


If we allow r, to approach r, as a limit and ¢, to approach ¢, as a limit, our 
partial circuit again approaches the vector element dr as a limit, and our 


differential expression for the torque on the amperian circuit becomes (from 
Eq. (10)) 


dT = we*lI,d(u*:r® + v*:r*). (11) 


III. Force on A CLOSED CIRCUIT 


First assume e to be directed along the u-axis, i.e., e=ei. Since Newton's 
third law is satisfied by Ampere’s formula, we may apply formulae (3), (4), 
and (5) after reversing the signs. We see that the right member of Eq. (3) 
and the first term of the right members of Eqs. (4) and (5), being perfect 
differentials, vanish when integrated around a closed circuit; hence, for the 
closed circuit 0 we have 


F, = 0. 


F, 


atl, { (ude — vdu):r? = etl, { k xX r-drir® 
0 0 


= el .I,k- fe X dr:r’, 
0 
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> 
I 


atl, [ (ud — wdu):r® = — el,I, fi < r-drir 
0 0 


II 


— el .I1,j- fr x dri’, 
0 


or replacing /.J,for Xdr:r° by A, we may write® 
F = e(A-kj — A-jk) =eAXjXk=eAXi=AXe. (12) 


(See Fig. 3.) Since r is a general vector, Eq. (12) is obviously valid even when 
e is not directed along the w-axis; and if e is located at g and s=r—q. Then, 
q being constant, we have, replacing rin A by s, 


A= Il, { 8 X ds:s* = rt, { 8 x drs, ds = dr, 
0 0 
and may write 


F = —I,l,eX fs <x dete. (13) 
IV. FoRCE ON AN AMPERIAN CURRENT 


Suppose now, in Eq. (13), we replace r by c, where c is the radius vector 
which traces out an amperian current lying in the (w, v)-plane with center at 
origin. (See Fig. 4.) Then dr=dc will be a vector current element of this 

















V 
“S$ 
es a aif 
re aa 
ait i in. i 
a / 0 \ 4 
0 u \ c J Ms u 
WwW Ww 
dc 
Fig. 3. Fig. 4. 


amperian current. If we assume the amperian current to be circular, c, being 
the radius, will be constant. Eq. (13) now becomes 


Ife X J —c) X de:s* = [Te X (a x facie -- fe x ics") 
, (14) 
I J .e x (a x if du:ss + qd x J [aes a ck | io:s*), 


5 Triple and higher vector cross-products will be written without parentheses when the 
operations are to be carried out in inverse order. For example, the expression a X (bX (ce Xd)) 
will be indicated by aXbXc Xd, while the expression (a Xb) X (c Xd) will be written (a Xb) 
Xc Xd, etc. 


F 
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where @ is the angle between c and the w-axis. It remains then to evaluate the 
three integrals involved in Eq. (14). Since de is perpendicular to c in the 
(u, v)-plane, it follows that du =c sin 040, and dv=c cos 0d0@. Moreover, since 
s=c—q, we have, taking q in the (uw, w)-plane, s?=(qg?+c?—2q,¢ cos 6)*”. 
Whence, expanding by the binomial theorem and neglecting the third and 
higher powers of c, (c being small compared to qg) we obtain 



















_  - 2g4 + 6q*quc cos 6 — 3g%c? + 15q,7c* cos? 6 ’ 
9 gi teen treeeeneetiincmaianmabnemante (15) 
2q’ 
Or, neglecting the second and higher powers of c, we have the simpler ex- 
pression 


s~3 = (g* + 3quc cos 8):q°. (16) 


By making use of the above relations, we see that the first integral in Eq. (14) 
vanishes when integrated around a closed circuit, the integrand being a per- 
fect differential. Applying approximation (16), the second integral becomes 


9 


(c:q°) f cos 6d@ + 3(quc?:q°) f cos? 6d6 
0 0 


> 


12(quctsg8) f cos? 6d8 = 3m(quc*:q?). 
U0 


a 
~ 
~ 
2° 
e* 
nan 
II 


(17) 


It is worth while noticing that while we have used only the terms of approxi- 
mation (16) in obtaining Eq. (17), yet approximation (15) would have added 
nothing to this result. 

Treating the third integral of Eq. (14) in a similar manner, we obtain 


é [avs = (c?: q°) i) d0 + 3(quc*:q°*) f cos 68 
c 0 0 


| (18) 
2m (c2:3). 


And again we observe that approximation ( 
terms in the fourth power of c. Thus Eqs. ( 
including the third power of c. 

Setting the expressions obtained in (17) and (18) back in Eq. (14) now, 
we obtain 


5) would merely give additional 


15) 
17) and (18) are accurate to and 


F 


II 


3mqu(c?ig*)I ele X q Xj — In(c*:q°)I [eX k 


ei (19) 
I .I.(c*:9°)(3e X q X k X q — 2q’e X k). 


And since 7c?k = a is the vector area of the amperian current, we may write 
Eq. (19) in the somewhat more elegant form 


F = (I,I.:9°)e X (3q X a X q — 29’). (20) 


This equation is independent of the coordinate axes; and, since in obtaining 
this result our only restrictions have been on the position of the coordinate 
axes, not on the relative position of the amperian current and the vector cur- 
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rent element, it follows that Eq. (20) is perfectly general,—the only restric- 
tion being that g be large compared to c, (i.e., compared to a). 


V. Tota, AxIAL TORQUE 


If, in Eq. (20), we take our amperian current to lie in the (#, v)-plane with 
center at r; and take the general vector current element e to lie at b: then we 


Vv 








Fig. 5. 


have q=b-—r (i.e., r=b—q), and a=mc’*k. (See Fig. 5.) Eq. (20) will then 
become 


F = K(2q’k Xe—-3eXqXqxXk), (21) 
where K = (mc*: q°)I.J.. The torque about the w-axis due to this force will be 
T,=k-rxXF, r=b-gq, 
T, = K(2q*k-:r Xk Xe-—3k:'rXeXqXqXk) 

= K(2qg’k- bX kXe-—2q’k:qX kXe-—-3kbXeXqXqxXk (22) 
+3k-qXeXqXqXk) a 
K(2q’k-b X k Xe— 2q’k:-qX kXe-—-3k:bXeXQXqxXk 
—3k:qXqxXkqe). 


This last result comes from the expansion 
k-qXeXqxXqxXk=k:(qqXqXke-qeqxXqxXk) 

k-(qXqqX ke-—qeqXqxXk) 

=-kqxXqxXkq-e. 


Now, returning to Eq. (11), we find the expression for the torque on the 
amperian current about its own axis to be 

T> re7l J ,d(u?ir® + v*ir') 
(rc?:r4)TT,(2r(udu + vdv) — 3(u? + v*)dr) 
(re?ir*)I1,(2rk X r-k X dr — 3k X r-k X rdr) 
(we?tr®)T0,(2r°k-r X k X dr — 3k-r Xk X rr-dr). 


II 
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Whence, replacing r by gq and dr by e to make the notation agree with that 
of Eq. (22), we have 
T; = K(2q*’k-q Xk Xe— 3k-qX kX qq-e) (23) 
23 
= K(2g’k:q Xk Xe+3k:qX qX kq-e). 


Combining Eqs. (22) and (23), we have for the total torque about the w- 
axis 


i= T, + Te 
= K(g’k- bX kXe—3k-bXeXqXqXk) 
= Kk-b Xe X (3q X k X q — 2q°k) (24) 


= Kk-b Xe X (q°k — 3q:kq) 
Kk-bX eX (q Xk X q — 2q:kq), 


where, as before, K = (rc?: q°) IJ. 

Suppose now, for comparison, we develop the vector expression for the 
field of the short magnet to which the amperian current may be supposed to 
correspond. The field along q at a vector distance q from the center of a short 
magnet is given by (2.1/:q*) cos 6, where M/ is the magnetic moment of the 
magnet, and @ is the angle between q and the normal vector. Also, the com- 
ponent of the field perpendicular to q in the plane determined by q and the 
normal vector, is given by (\/:q*) sine @. If k is the normal vector (as it is 
in the case under consideration), then from the above expressions we may 
write as the vector expression of the total field strength at b (where as before 
q=b-r, r being the vector position at the midpoint of the short magnet) 


HA = (2M:q°)q:-kq+(M:q°)q XqxXk 
= (M:9)(2q-kq+qxXqxXk). 


(25) 


But J is equivalent to rc?J. in accordance with the idea of equivalent mag- 
netic shells; hence, combining Eqs. (24) and (25), we may write 

T=I1.k:bXH Xe. (26) 
Or, interchanging dot and cross, 


T=I1kxXbH Xe. (27) 


This equation really deals with differentials (if we think of the tiny amperian 
current as an infinitesimal element of the cross-sectional area of a magnet 
of finite proportions), and should be written 


dT =14k&XbdH Xe=Il1eXk X b-dH, (28) 


but if we integrate (28) over any finite area in the (w, v)-plane we obtain 


T=1eXxkXxb {dH =1eX kX b-H; (29) 


A 
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hence, Eq. (27) is true for any finite area in the (u, v)-plane, being identical in 
form to Eq. (29). 

It follows that if the area under consideration is a right section of a uni- 
formly magnetized, cylindrical magnet whose axis of symmetry coincides 
with the w-axis, then Eq. (29) may be written 


T = 1,.(N:2r), (30) 


where JN is the number of lines of flux which would be cut by e if it were 
rigidly attached to a radius vector and swept about the w-axis once. Again, 
Eq. (30) is really a differential equation (in fact, a second order differential 
equation), the correct formulation being 


d°*T = (J,:2r)d*N. (31) 


Integrating Eq. (31) along the length of the magnet, we have 
dT = (1,227) fey = (1,:2r)dN. (32) 
L 


Again, integrating Eq. (32) along the circuit of which e is an element, we have 


b, 
T = (1.228) | dN = (1,224)(N2 — Nj), 
bi 


or, for simplicity of statement, 
T = (I,22n)N, (33) 


where JN is understood to mean the algebraic sum of the lines of flux cutting 
the annular surface which would be swept out by rotating the segment of 
circuit in question about the w-axis, (i.e., about the axis of symmetry of the 
magnet). 

The above expression applies to a uniformly magnetised, cylindrical mag- 
net. To treat the case of an asymmetrically magnetised magnet, we may re- 
turn to Eq. (29). If e is now considered to be a differential length of a fila- 
ment of current symmetrically distributed about the axis of the magnet, then 
(29) becomes 


dT = I rHe, = rHe,dI (34) 


where r is the perpendicular distance from the axis to e, HZ is the scalar mag- 
nitude of the field at e, and e, is the component of e along r. But dJ = (J: 27)d8, 
and dN = He,rd@; hence (34) may be written 


dT = (I:2)rHe,d0 = (I:2x)dN. (35) 


Integrating this expression around a ring having as its axis the axis of the 
magnet, we obtain 


T = IN:2e (36) 
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corresponding to (30). In this expression, J is the current and N the flux 
through the ring. 

Tracing through steps corresponding to Eqs. (31), (32), and (33), we see 
that (36) is the right form also for the equation corresponding to (33), where, 
now, N signifies the flux of a magnet of finite length through a ring region of 
finite dimensions,—formula (36) holding provided only that the current in 
this ring region be symmetrically distributed. Since throughout this work we 
have been dealing with expressions which satisfy Newton’s third law, it fol- 
lows that the torque must be due to the reaction between the amperian cur- 
rents of the magnet and the current in the portions of the circuit not attached 
to the magnet. Thus for each infinitesimal force derived for an amperian cur- 
rent, there was an equal and opposite force on the current element e. If both 
the current element and the amperian current are seated in the same solid 
body (as they would be in the case of the current traversing the magnet), 
their mutual reaction could only produce mechanical stresses in the body and 
could not produce a motion of the body as a whole. It follows that (36) gives 
the torque on an asymmetrically magnetised magnet provided only that the 
current in the unattached portions of the circuit be symmetrically distrib- 
uted, and N represent the total flux which cuts them. 

CONCLUSION 

Formula (33) has the same form as the expression obtained by Zeleny and 
Page, the distinction being that Zeleny and Page were led to attribute the 
torque to the reaction of the flux of the magnet with the current traversing 
the magnet and attached arm. In the light of the results contained in the 
present paper, this seems subject to logical objections; since, as has been 
pointed out, the reaction between a current element and an amperian circuit 
situated in the same solid body could only produce mechanical stresses in 
that body and not rotation of the body as a whole. 

Zeleny and Page obtained an expression identical to that of (36) when 
the entire current sheet was symmetrical, whereas it is shown in the present 
paper that the current in the portions of the circuit attached to the magnet 
need not be symmetrical. Zeleny and Page have not treated the case of an 
asymmetrically magnetised magnet and asymmetrically distributed current 
within the magnet; however, since in this more general case the torque ex- 
erted by the current circuit on the poles would, in general, not be zero, it 
seems possible that they would find it somewhat difficult to apply their 
method; and, of course, the logical objections mentioned above would still 
apply. 

It should be pointed out that while there is some doubt as to the validity 
of Ampere’s original formula as applied to partial circuits, it is admittedly 
valid when one of the circuits is complete as in the present case. 

In the experiment performed by Zeleny and Page in which the magnet 
is replaced by the brass cylinder in a fixed solenoid, the torque on the brass 
cylinder may be calculated by again applying Ampere’s formula for the force 
between current elements. Here, however, the current-bearing conductors of 
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the solenoid are not mechanically attached to the cylinder, hence, the torque 
on it is due to the reaction between the current traversing the brass cylinder 
and the current in the solenoid. In this case the authors are in agreement with 
Zeleny and Page. If the solenoid is mechanically attached to the brass cylin- 
der, then the reaction of the current within the brass cylinder with the cur- 
rent in the solenoid can no longer contribute to the torque, and the torque is 
due to the reaction between the current in the solenoid and the current in the 
portions of the circuit not attached to the brass cylinder. 

In the present paper, only the major torque of the ordinary set-up has 
been calculated. Actually, the reaction of the current in the portions of the 
circuit attached to the magnet with that in the portions of the circuit not 
attached thereto may contribute to the torque, though, as pointed out by 
Zeleny and Page, this contribution is negligible in the experiments considered. 
It is obvious, however, that an experiment could be arranged in which this 
contribution would not be negligible. In asymmetrical cases, external mag- 
netic fields would also affect the torque. To include these factors and extend 
the treatment to any rigid system, the following general law may be stated: 
The torque on any rigid system may be obtained from the integrated reactions of 
all the current elements mechanically attached, with all the current elements not 
mechanically attached to the system. It is understood that magnets are to be 
treated in terms of the corresponding amperian currents. 
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LETTERS TO THE EDITOR 
Prompt publication of brief reports of important discoveries in physics may 
be secured by addressing them to this department. Closing dates for this depart- 
ment are, for the first issue of the month, the twenty-eighth of the preceding 
month; for the second issue, the thirteenth of the month. The Board of Editors 
does not hold itself responsible for the opinions expressed by the correspondents. 


On the Interpretation of the Selective Photoelectric Effect from Two-Component Cathodes 


A paper by Mr. A. R. Olpin with the above 
title appeared in the November 1st issue of 
the Physical Review. [38, 1745, 1931] Mr. 
Olpin calculates the wave-length of maximal 
response for a series of alkali hydrides, alkali 
oxides and alkali sulphides with a striking pre- 
cision. His interpretation is based upon the 
Campbell-Fowler theory with the modifica- 
tion that the distance d between successive 
atomic layers occurring in the expression de- 
rived by Fowler has been correlated to the 
interplanar spacings in crystals of the com- 
pounds dealt with. 

The object of this letter is to point out that 
the amazing agreement which Mr. Olpin finds 
is purely accidental. 

Recently Zintl and Harder (Zeits. f. physik. 
Chemie B. 14, 265, 1931) have determined the 
crystal structures of the alkali hydrides. The 
lattice constants which they give are rather 
different from those used in Mr. Olpin’s cal- 
culations as the following table shows: 


Zintl and Olpin 
Harder 
LiH 4.084A 4.10A 
NaH 4.880 4.50 
KH 5.700 5.20 
RbH 6.037 5.52 
CsH 6.376 5.84 


The next table shows the wave-lengths of 
maximal response as calculated on the basis 
of the correct spacings as compared to the ob- 
served wave-lengths. 


Calc. Obs. 
LiH 2750A 2800A 
NaH 3930 3400, 3300 
KH 5360 4350 
RbH 6010 4800 
CsH 6710 5400 


It will be seen that there is no quantitative 
agreement except for LiH. 

The spacings which Mr. Olpin uses in his 
calculations for the oxides and sulphides are 
not correct either, so that the agreement 
which he finds also for these substances is fic- 
tive. 

W. H. ZACHARIASEN 

Ryerson Physical Laboratory. 

University of Chicago, 
December 3, 1931. 


“Regular Reflection of X-rays from Quartz Crystals Oscillating Piezoelectrically.” 
Some Interpretations 


Fox and Cork (Phys. Rev. 38, 1420 (1931)), 
with a Y-cut quartz plate as the reflecting 
crystal in a Bragg spectrometer failed to de- 
tect any effect of piezoelectric oscillations on 
either the intensity or width of the reflected 
line. In view of the magnitude of the intensity 
effect usually observed this null result re- 
quires explanation. 


An important fact to be considered in con- 
nection with this result is that it was obtained 
by surface reflection from the quartz plate, 
while all other positive results (Fox and Carr; 
Barrett; Nishikawa, Sakisaka and Sumoto; 
Barrett and Howe) were obtained by trans- 
mission through the quartz plate. It has been 
shown (Sakisaka, Proc. Phys.-Math. Soc. 
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Japan 12, 190 (1930)) that with MoKa rays 
reflecting from the surface of quartz, there is 
no appreciable contribution to the reflected 
beam from depths in the crystal greater than 
about 0.12 mm, either when the crystal had 
a “clean natural face” or when it has a ground 
surface. Fox and Cork, then, observed in their 
experiment the reflecting characteristics of 
the outer tenth millimeter or so of their 
half-millimeter thick crystal. 

In grinding crystals to shape the surfaces 
become imperfect and intensely reflecting. 
These imperfect surface layers extend to a 
depth of about 0.1 mm (Sakisaka, Jap. Jour. 
Phys. 4, 171 (1927) 


moved by etching for a few minutes, nor by 


and are not entirely re- 


polishing. It is likely that such a layer on the 
reflecting surface was the seat of practically 
all of the reflected energy in Fox and Cork’s 
experiment. Their result could be explained by 
saying that the reflecting laver was already so 
imperfect that oscillations could not add ap- 
preciably to this imperfection and therefore 
could not appreciably alter the line width and 
Phys. 


explain in 


intensity. Sakisaka and Sumoto (Proc. 
Math. Soc. Japan 13, 211 (1931) 


this manner the unchanged surface reflection 


@ 
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from quartz when the quartz is subjected toa 
temperature gradient. 


Another interpretation of the negative re- 
sult is possible that might be valid even with 
a thoroughly etched surface. Barrett and Howe 
found the reflecting power of oscillating 
quartz to be such as to indicate not a con- 
dition of random imperfection in the lattice, 
but, instead, a condition resulting from di- 
rected strain gradients. Regions of a crystal 
may be found where the reflecting power of a 
plane is practically unchanged by oscillations. 
The condition of strain in Fox and Cork’s 
oscillating crystal may have been such as to 
have no effect on their reflected beam. There 
is too little known at present about the dis- 
tribution of reflecting power as a function of 
mode of oscillation, type of cut, accuracy of 
cut, crystal dimensions and circuit interac- 
tions to be able definitely to accept or reject 
this interpretation. 

CHARLEs S. BARRETI 
CarL E. Howe 
Naval Research Laboratory, 
Bellevue, Anacostia, it 


December 1, 1931. 


Note on “The Range of Fast Electrons and Neutrons” 


In the Physical Review, November Ist, 


1931, Messrs. J. F 


heimer,! writing on the range of electrons and 


. Carlson and J. R. Oppen- 


hypothetical neutrons, make a number of 
statements which more extensive knowledge 
of the published experimental facts would 
have prevented. 

(1) To speak of the thinness of the tracks of 
fast p-rays is misleading; one can really only 
refer to the line density of droplets which are 
individually observed in photographs taken 
under properly controlled conditions. 

(2) In 1929, Skobelzyn? pointed out from 
the evidence of track photographs that the 
number of ions produce per centimeter of a 
track differs, if at all, but 
slightly from the number observed under the 


cosmic straight 


same conditions in the case of the fastest 8 
particles of radioactive origin. 
(3) In the case of radioactive p-rays the 


exact variation of ionization per centimeter 


with e=(1—v*/c?)"? is known experimen- 
tally,’ and instead of ionization per centi- 
metre increasing with log ¢e, as theory re- 


quires according to Messrs. Carlson and Op- 


penheimer, it decreases. Nevertheless, they 
say that their “result makes it hard to believe 
that the particls observed with cosmic rays 
are electrons or protons since they are ob- 
served to ionize less than slower 8 particles”. 
This reasoning is based on obvious contra- 
diction of the experimental facts. 

(4) With regard to the radioactive emission 
of neutrons from nuclei they write, “it would 
be of extreme interest to see whether in such 
a disintegration (radioactive s-ray) thin 
tracks of the kind observed by Mott-Smith 
could be found”. For the benefit of the 
writers of this sentence it seems necessary to 
point out that this experiment has been per- 
formed on every occasion in which a 8-ray 
source has been used in an expansion cham- 
ber, and that no evidence whatsoever for the 


emission of neutrons has been obtained. 


1 Carlson and Oppenheimer, Phys. Rev. 
38, 1787 (1931). 
2 Skobelzyn, Zeits. f. Phys. 54, 686 (1929), 
Williams and Terroux, Proc. Roy. Soc., 
A, 126, 289 (1930). 
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Surely it is hardly necessary to insist that 


the object of physical theories is to describe 


accurately the experimental facts to which 
they refer, and to point out that such a pur 


pose is defeated at the outset by neglect of 


the facts. 


THE EDITOR 


W. H. Watson 
F. R. TerRoux 
Macdonald Physics Laboratory, 
McGill University, 
Montreal, Canada, 
November 23, 1931. 


Neutrons and Cosmic Rays 


It has been suggested that cosmic rays are 
neutrons of high energy.' The neutron pro- 
posed by Pauli has a magnetic moment and 
hence should be deflected in a nonhomogene- 
ous magnetic field. This suggests the possi- 
bility of an observational verification of the 
neutron hypothesis, either by a Stern-Gerlach 
experiment or by displacements in the earth's 
magnetic field. An exact treatment would re- 
quire the solution of a wave equation but an 
approximate result can be obtained classi- 
cally. 

In a Stern-Gerlach experiment the dis- 
placement s normal to the original velocity 
is given by 


1 
4 


Me oll 
l 
}. OS 


where yu is the magnetic moment of the par 
ticle and E is its energy. The ratio of the dis- 
placements of a neutron and an atom is 


SN SA (un wa)(E4 Ey). 


If wy and uy are of the same order of magni 
tude Sy will not be measurable since -y (for 
cosmic rays) is large compared to £4, and s4 
is almost at the limit of measurability. 
Neutrons approaching the earth might be 
deflected by the earth’s magnetic field so that 
they would not be distributed uniformily over 


'L. M. Mott-Smith and G. L. Locher, 
Phys. Rev. 38, 1399 (1931); J. F. Carlson and 
J. R. Oppenheimer, Phys. Rev. 38, 1787 
(1931). 


the earth’s surface. This would be analogous 
to the effect found by Epstein? for electrons. 

For a neutron with a magnetic moment yu 
and energy E moving radially toward a dipole 
whose moment is 1 the component of force 
perpendicular to the direction of motion is 


— Oull sin 6 cos 6 
r' (1 + 3 cos? 6)!" 


where r is the distance from the dipole and @ 
the angle between the axis of the dipole and 
the direction of motion. An approximate in- 
tegration gives 


5 = Me WV 3ER 


for the deflection normal to 7 for the value of 
# giving maximum deflection. If « is one Bohr 
magneton, .V the magnetic moment and R 
the radius of the earth and E one million volt- 
electrons we find s to be approximately 10~¢ 
centimeters. 

We conclude that it is impossible to dis- 
tinguish between neutrons and photons by 
magnetic effects if the energies are of cosmic- 
ray magnitudes. It is doubtful if neutrons with 
energy small enough to be appreciably de- 
flected in a magnetic field would produce 
enough ionization to be observed at all. 

L. D. HUFF 

Clemson College, 

South Carolina, 
November 25, 1931. 


2 P.S. Epstein, Proc. Nat. Acad. 16, 658 
(1930). 


Conservation of Energy and the Disintegration of RaE. 


The disintegration of RaE is accompanied 
by the emission of a more or less continuous 
spectrum of 8-rays and by little high-fre- 
quency y-radiation. Since the energy differ- 
ence between RaE and RaF would be ex- 
pected to have some unique value this peculiar 
8-ray emission has been cited by Bohr, at the 
recent meeting of the British Association for 
the Advancement of Science, as rendering 
doubtful the conservation of energy in the 


process of disintegration. There is, however, 
another mode of escape from the apparent 
dilemma. 

The change from RaD to Rak raises the 
atomic number by unity and may be regarded 
as increasing the linear dimensions of the nu- 
cleus while decreasing the linear dimensions of 
the extra-nuclear electron structure. The prob- 
ability of capture by the nucleus of an extra- 
nuclear electron is thus increased and we may 
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regard this event as initiating the next trans- 
formation. The captured electron, considered 
asa projectile entering the nucleus with a defi- 
nite energy, can transfer this energy, together 
with the energy difference between that of 
RaE* and RaF*, to two electrons within the 
nucleus, both of which might thus be emitted 
with different energies subject only to the 
condition that the sum of these energies is 
constant. These are obviously conditions for 
a continuous §-ray spectrum with a maximum 
intensity corresponding to the most probable 
velocity of emergence. The subsequent return 
of an electron to the shell from which it had 
been captured would give rise to some x-ray 
characteristic of RaF. The question whether 
or not the captured electron is one of the two 
emitted is probably meaningless. 

The idea that a 8-ray disintegration may be 
initiated by the extra- 
nuclear electron is not new, since it was pro- 
posed by H. T. Wolff as early as 1915.) This 


instability of an 
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seems to be the first case in which such an 
extra-nuclear electron is needed for other 
reasons. It will be noticed that we must as- 
sume so much independence of the intra- 
nuclear and extra-nuclear systems as may be 
necessary to provide a certain degree of ran- 
domness in the impacts of captured electrons. 
On these views the number of §-rays emitted 
in the process should be twice the number of 
RaE atoms disintegrating. 

This note is based upon a discussion with 
Professor A. H. Compton, who suggested, in 
particular, that the initial event in the pro- 
posed two-electron emission should be the 
capture of a third electron by the nucleus of 
RaE. 

L. W. McKEEHAN 

Sloane Physics Laboratory, 

Yale University, 
November 16, 1931. 


1 H.T. Wolff, Phys. Zeits. 16,416-419 (1915). 


Distribution of Mobilities of Ions in Air 


In the last issue of the Physical Review 
[38, 1716 (1931)] Loeb and Bradbury in dis- 
cussing a paper of mine [Phys. Rev. 34, 310 
(1929) ], in which I showed that aged ions in 
moist air have mobilities spread over a con- 
siderable range of values, make the following 
statement: “In this investigation most sources 
of error have been critically analyzed with the 
possible exception of the action of the moving 
air stream in aspirating more ions (and per- 
haps a larger spatial extent of ionization) 
into his chamber than is evident from the 
measurements”. I should like to show that this 
hypothesized source of error was not present 
in my experiments. It should be recalled that 
non-turbulent 
system of air was made to flow axially in the 


in these experiments a slow 


space between two concentric cylinders and 
that a relatively small amount of air, partially 
ionized in an auxiliary chamber, was gently 
forced into the main air stream through 102 
small holes along a circumference of the outer 
of the two cylinders. The rate at which this 
ionized air entered the apparatus was con- 


trolled by water flowing under a constant 
pressure head into a gasometer and after a 
steady state of flow was reached this rate 
could not be affected by an aspiratory action 
of the main air stream. Moreover, this rate, 
which small 
quantity, was actually measured during the 


entered the calculations as a 
progress of each set of observations while the 
main air stream was flowing continuously. 
Incidentally the rate was found to be the same 
whether the main air stream was flowing or 
not. It the be- 
havior of the jets of air as they entered the 


should be noted, too, that 


apparatus was carefully studied in a duplicate 
apparatus made partly of glass. The jets were 
made visible by an admixture of smoke and 
showed no widening such as is mentioned in 
the above quotation as having possibly been 
present. 
JoHN ZELENY 
Sloane Physics Laboratory, 
Yale University, 
November 20, 1931. 


The Deepest Term in the Au II Spectrum 


The first spark spectrum of gold was 
analyzed by McLennan and McLay (Trans. 
Roy. Soc. Can. 22, 103 (1928)) who did not 
locate the lowest term, d'° 'So, because of lack 
of range of the fluorite spectrograph used in 


their investigation. In the course of an in 
vestigation in this laboratory of the excitation 
of the gold spectrum in an atmosphere of 
helium, the spectrum of a gold hollow cathode 
discharge in helium has been photographed 
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with a 1 meter vacuum spectrograph. Only 


three combinations between d'® ‘Sq and 


known terms are possible, v7z., combinations 
3P 9 3D,° and 'P,° of the 


tion. Only three lines with the expected fre 


with d°p configura 


quency differences appear in the region and 


thus locate 'So with certainty. The lines are: 


Int. r Classification 
4 1362.44 73398 'So—d*p *P 
7 1224.65 81655 So—d°*p'P 
5 1166.81 85704 = S,—d®p 8D 


The wave-lengths are believed good to 


somewhat better than one-tenth of an Ang 


strom and the separations somewhat better. 


THE EDITOR 


The frequency differences agree with McLen 


nan’s analysis to within 2 


frequency units. 
The value of 'S») based on McLennan's term 
15036. 


This value of the low level is further con- 


values is 


firmed from a study of the spectrum of the 
low voltage arc in helium and gold vapor. In 
this excitation lines from the two levels d°7S 
D, and 'D2, which are respectively 24.11 and 
24.15 volts above the normal state of the gold 
atom and thus nearly in resonance with the 
He ion (24.47 volts), are very strongly ex- 
cited. 
R. A. SAWYER 
KENNETH THOMSON 
University of Michigan, 
November 25, 1931. 


A Band Spectrum due to the Molecule N.O 


During a study of the absorption of light 
NO (Abstract No. 


of the American Physical Society, Nov. 27-28, 


by 19 Chicago Meeting 


1931), the authors were lead to an investiga 
NO NOs. 


in the near ultraviolet, an absorp 


tion of mixtures of ind and have 
observed, 
tion spectrum consisting of apparently dif 
fuse bands, due in all probability to the mole 
cule N.O;. The bands are observed in rela 
NO 


amounts of NO» are added, the new bands pre 


tively large amounts of when small 
dominating over the absorption of NO» under 
located 
3843, 


these conditions. Their centers are 


approximately at wave-lengths 3082, 


3539, 3509, 3417, 3386, 3305, 3279. The bands 
do not appear to possess sharp edges nor to 


show any pronounced tendency to degrade 


one way or the other. The first member is 
exceptionally diffuse. The third member ap 
pears most intense. The bands grow weaker 
as they proceed to shorter wave-lengths sug- 
gesting that there may be further weaker 
members among the NO, absorption. The 
new bands show qualitatively the dependence 
to be expected upon the pressures of NO and 


NOs, 


noticeably 


and upon the temperature, decreasing 
with increasing temperature. A 
more detailed description of this spectrum 
will be published later. 
EUGENE H. MELVIN 
OLIVER R, WULF 
U.S. Bureau of Chemistry and Soils, 
1931. 


November 23, 


A. Effect of Crystal Symmetry on the Energy Levels of Solids. 
B. Experimental Evidence of Definite Orientation of Coordinated 
Water Molecules About Rare Earth Ions in Solution 


Because of its interest to physicists, who 
perhaps would not see the complete paper ina 
chemical journal, we think that it is desirable 
to publish a brief summary of an article which 
we shall submit soon to the Journal of the 
American Chemical Society. 

A. Photographs were taken of the absorp 
tion spectra of the Gd ion in monoclinic 
crystals of GdCls-6H.0O, GdBr;-6H,O, Gade 
(SOq)3* 8H2O; in hexagonal crystals’ of 
Gd(BrOs)3 -9H20O, Gd(CeHsSO,4)3-9H2O, and 
in a triclinic crystal, Gd(NOs3)3-6H2O. Gado- 
linium IV was chosen because it is by far the 
most desirable ion for this type of work. It 
gives sharp lines at room temperature, it has 
the simplest spectrum of any of the rare 
earths, its lines and multiplets being well sepa- 


rated from one another, and its basic level, 
‘S;., is known to be single. Its chief disad 
vantage is that its absorption lines occur in 
the ultraviolet.! 

In all cases the same multiplets were ob- 
served at approximately the same frequencies, 
although a slight shift of the multiplets to- 
ward shorter wave-lengths was noticeable in 
the case of crystals of higher symmetry. The 
lines within the multiplets were, however, 
greatly affected by changes in the crystal 
system. 

' Freed and Spedding, Nature 123, 525 
(1929); Phys. Rev. 34, 945 (1929); ibid. 38, 
670 (1931); Spedding, Phys. Rev. 37, 777 
(1931). 
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From the monoclinic crystals the number 
and spacing of the lines was almost identical, 
the differences between the spectra of Gd, 
(SO4)3-8H.20 and GdCl;-6H.O being of the 
same order as those between GdCl;:6H.O 
and GdBr;:6H.O.2 Only in two cases were 
distinct differences observed and both oc- 
curred in multiplets in which the lines were 
very closely spaced. The differences were 
caused by a single line of the chloride spec- 
trum becoming two lines in the case of the 
sulphate. On the other hand, between the 
hexogonal and monoclinic crystals, there were 
notable differences both in the number and 
spacing of the lines. The over-all spread of the 
multiplets was less than half that shown by 
the monoclinic crystals, and in many cases 
fewer lines were observed. The spectrum of 
the triclinic crystal was similar to that of the 
monoclinic type, but its multiplets were 
farther spread out. Unfortunately, only two 
groups of lines were obtained from Gd(BrQs)s 
‘-9H2O and Gd(NQ;)3-6H2O owing to con- 
tinuous absorption by the negative ions in the 
region below 3000A. 

In a previous letter’ to this journal experi- 
mental evidence was presented which showed 
that all the lines arise from a single basic 
level, 8Sz/2, which is not appreciably affected 
by the crystal field. For this reason the posi- 
tion of the lines and multiplets is effectively 
an energy level diagram of the excited levels. 
The absence of sensitivity to variations in the 
crystal field of the mean positions of the mul- 
tiplets and the great sensitivity of their com- 
ponent lines to this fiekd proves that the mul- 
tiplets arise from an excited electronic level 
which has become non-degenerate because of 
the electric fields of the crystal. To a first 
approximation, the type and magnitude of the 
splitting depends only on the symmetry of the 
crystal, and the chemical differences of the 
surrounding ions have only a second order 
effect, except for that which aids in determin- 
ing the crystal form. 

These facts are in good agreement with 
those predicted by Bethe,* who, from con- 
siderations of wave mechanics and group 
theory has shown that degeneracy of the 
levels of rare earth ions, caused by the force 
fields of the neighboring ions in the crystal, 
should depend on the symmetry of the fields 
about the ions, and that the degeneracy 
should become less in fields of lower sym- 
metry. In his calculations Bethe has made 


many simplifying assumptions which are not 
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applicable here, so that better than qualita- 
tive agreement should not be expected. While 
the unique structures are still unknown, care- 
ful crystallographic measurements of all our 
crystals have been made by Professor Adolph 
Pabst of general the 
crystals are from the class of highest sym- 


this university. In 


metry of the system to which they belong. In 
the case of the hexagonal crystals which we 
have used, the symmetry about the Gd*t** 
ion appears certainly to be greater than that 
about the Gd*** ion in the monoclinic 
crystals. 

B. Photographs were taken of the absorp- 
tion spectra of Gd*** ion in solutions of 
GdCl; -6H,0 Gd(C:H;SO,);-9H,0 of 


various concentrations. The positions and 


and 


general spacings of the lines in all cases were 
very similar to those of the GdCl;-6H,O 
crystals except that the lines were very much 
wider and the multiplets were shifted slightly 
toward higher frequencies. The fact that the 
lines of the multiplets can be clearly resolved 
take 
ion in 


the water molecules must 
+ 


shows that 
definite positions about the Gd** 
order to give a field of definite symmetry. If 
random distribution is assumed, there would 
be all types of symmetry and the multiplets 
would become broad, blurred bands on ac- 
count of the overlapping of the various spec- 
tra. The great width of the lines does, how- 
ever, show that there is considerable thermal 
agitation and that the water molecules vi- 
brate about their mean positions. 

A study of the number of lines in the mul- 
tiplets, together with their shifts, widths, and 
so on, should give a great deal of information 
concerning the effect which temperature, con- 
centration, additional ions, various solvents 
and the like have on the force fields which sur- 
round the ions in solution. 

We are continuing this work and hope soon 
to have more detailed information concerning 
it. 

F. H. SPEDDING 
(National Research Fellow in Chemistry) 
G. C. NUTTING 
Chemical Laboratory of the Uni- 
versity of California, 
Berkeley, California, 
November 18, 1931. 


2 Freed and Spedding, J. Am. Chem. Soc. 52, 
3747 (1930). 

3F. H. Spedding, 
(1931). 

* Bethe, Ann. d. Physik 3, 133 (1929) 


Phys. Rev. 38, 2080 








D. S. Villars and G. Schultze (Phys. Rev. 
38, 998 (1931)) have recently published a 
paper on the rotational heat capacity of 
methane gas. By applying the results of Hund 
and Elert, they obtained the a priori proba- 
bilities of the rotational states and the series 
expression for Q=>_;Pye~*r'/*", According to 
Villars and Schultze, symmetry and nuclear 
spin result in the existence of three non- 
combining types of methane, quintet, triplet 
and singlet. They have calculated rotational 
heat capacities for each of the three varieties; 
for the metastable mixture of 5 16 quintet, 
9 16 triplet and 2,16 singlet, and for the 
equilibrium mixture. The heat capacity of the 
metastable mixture is that of what we might 
call “ordinary” methane, while the equilibrium 
heat capacity is that which would obtain in 
the presence of some hypothetical catalyst. 
The results of Villars and Schultze indicate 
that the rotational heat capacity of methane 
reaches a maximum around 50°K and then 
falls off to about 0.6 R at 175°, where it is 
apparently still decreasing. This result was 
very surprising, since it seemed to us that the 
equipartition value of 3,2 R should have been 
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The Heat Capacity of Methane 







equation equally well at the boiling point and 
at room temperature led us to recalculate the 
results of Villars and Schultze. 
Assuming methane to be a regular rigid 
tetrahedron, the rotational energy levels are 

given by the equation: 

Ie 

E, = ij + 1). 
8r7J ~ 


From the definition, o=/? 8x7JkT, we have 
the following expression for the rotational 


heat capacity: 


“20 (iy 
d@ \InQ do? lo 
(,=eo0 a = o~ @] ’ 
do Vv 
For J, the moment of inertia, we have used the 
Raman value, 5.17 X10 (Dickin- 


son, Dillon and Rasetti, Phys. Rev. 34, 582 


gm cm 


(1929)), which was also used by Villars and 
Schultze. 


We have used the same a priori 


probabilities as those given by Villars and 
Schultze. 

An evaluation of Q, (dQ ds), (d°Q do?) by 
summing, and substitution in the above equa 


tion for C,, gives the results in Table I, and 


TABLE I. Rotational heat capacity of methane. 


Quintet Triplet 


"kK C./R C./R 

3.84 0 0.035 

7.68 0.006 0.481 

12.80 0.276 0.981 
19.20 1.354 1.328 
25.60 2.255 1.457 
30.72 2.432 1.487 
38.40 2.198 1.498 
43.89 1.971 1.499 
51.20 1.747 1.500 
61.44 1.589 1.500 
76.80 1.516 1.500 
1.500 1.500 


153.60 


reached by this temperature. If their results 
were correct, the experimental value of the 
entropy of methane at 298.1° would be con- 
siderably in error, since it has been obtained 
from the third law value at the boiling point 
by assuming the rotational heat capacity of 
the gas to be 3/2 R from the latter tempera- 
ture to 298.1°K. 

The fact that the experimental entropy 
agrees with that calculated from the Tetrode 


5 16 Quintet 


Singlet Equilibrium 9 16 Triplet 

C,/R C,/R 2 16 Singlet 
C,/R 
0 0.499 0.020 
0.003 0.941 0.290 
0.030 1.347 0.642 
0.219 1.733 1.198 
0.537 1.838 1.592 
0.794 1.798 1.696 
1.101 1.688 1.667 
1.250 1.621 1.615 
1.374 1.563 1.561 
1.456 1.527 1.527 
1.492 1.504 1.504 
1.500 1.500 1.500 


those plotted in Figs. 1 and 2. In Fig. 1, the 
three curves represent the heat capacity of the 
three kinds of methane, while in Fig. 2, the 
two curves are for the equilibrium mixture 
and the metastable frozen mixture. Above the 
temperature range of the plots, the heat 
capacity curves are virtually straight lines, 
coincident with C,/R=1.5. 

Our results differ considerably from those 


of Villars and Schultze. Below 40°, the two 
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Fig. 1. Rotational heat capacities of methane. A, quintet. B, triplet. C, singlet. 
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Fig. 2. Rotational heat capacities of methane. Squares, equilibrium. 
Triangles frozen. 
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sets of results agree fairly well, except for the 
case of the equilibrium mixture, but at higher 
temperatures the difference is very marked. 
As may be seen from Fig. 2, according to our 
calculations, the heat capacity after reaching 
a maximum, descends asymptotically toward 
the equipartition value, which it reaches, 
within a few thousandths of a calorie, at a 
temperature of 100°K. We have been unable 
to discover the source of the large deviation, 
but suspect it lies in the evaluation of the 
sums involved. 

For the sake of completeness, we have cal- 
culated the vibrational heat capacity at room 
temperature. Use is made of the same equation 
as in rotation, namely C/R=(oe7d*inQ/do?), 
but in this case we substitute vibrational 
energies in the expression for Q. With the 
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frequency assignments of Dennison (D. M. 
Dennison, Astrophy. J. 62, 84 (1925)) and 
assuming simple harmonic motion, we obtain 
C,28-0/R=0.296. 
methane at room temperature, therefore, we 
have 3/2 R for translation, 3/2 R for rotation, 
R for C,—C 


For the heat capacity of 


» and 0.296 R for vibration. Thus 


C,*°8-- = 8.54 cal. mole. 


The 
=8.47 at 15°C, and at this temperature our 


calculated value would be 8.45. 
D. P. MacDouGALL 


International Critical Tables gives C) 


Chemical Laboratory of the Uni- 
versity of California, 
Berkeley, California, 
November 18, 1931. 


An Estimation of the Spectrum of the Element of Atomic Number 87 


During the past two years I have been 
examining the optical spectra of mineral con- 
centrates in an effort to identify the raies 
ultimes of the missing alkali element, eka- 
caesium. A comparison of alkali spectra shows 
that the principal series spectrum of this 
element will be characterized by a widely 
separated doublet in the red region, and a 
closer doublet in the violet. K. T. Bainbridge,! 
basing his computations on the similarity of 
the spectrum of Ra II that of un- 
ionized eka-caesium, has estimated the wave- 
length of the 12S —2?P, line to be 7600 + 200A, 
and that the component of lesser intensity, 
12S —2?P,, is further in the red at 8720 + 200A. 
F. H. Loring? has made another estimate, 


with 


based on Hick’s equation for series spectra, 
which lead to values of 8061A for the 12S 
—2?P. line, and 4831A as the wave-length of 
the 12S—3?P, line. Both estimates of the 
1°S—2?P, line place it in a region of poor 
photographic sensitivity, indicating that for 
purposes of identification, the 12S —3?P2 tran- 
sition, though theoretically not the most per- 
sistent line in the spectrum of the element, 
will be more important than the true rate 
ultime in the red. As the approximated wave- 
lengths of the red line differ considerably from 
each other, corresponding doubt is placed on 
the estimate made by Loring of the wave- 
length of the line in the violet region. In 
general, a more exact knowledge of the posi- 
tion of the individual lines, together with in- 
dependent estimates of the doublet separa 
tions, are desirable. 


Unfortunately, the methods which led to 
the exact elucidation of the spectra of stripped 
atoms of the initial series of the periodic table 
are not applicable to the present case owing 
to the paucity of analyzed spectra in the 7th 
period. Spectral regularities in a group of 
elements, as observed by Ramage* among the 
atomic weights of the alkalis, or by Hicks’ for 
their atomic volumes,* cannot be used for ex- 
trapolating the spectrum of eka-caesium be- 
cause of a lack of generality in the correla- 
tions. 

In an effort to estimate the spectrum of the 
missing alkali, I observed that for any spectral 
term 7, in a periodic group of elements, the 
quantum defect Q, is roughly a linear function 
of the total quantum number , of the valence 
electron. If Q is known, T can be calculated 
from the relationship: (1) T=r?R/(n—Q)?, 
where R is the Rydberg constant and r—1 is 
the degree of ionization of the atom. Though 
this relationship is not precise, it is singularly 
free from manifest exceptions (see Fig. 1). 
This generality has been tested and found 
to be true for the S, P, D, F, G and H levels 
of the neutral alkali atoms, the singlet and 
triplet S and P levels in the spectra of the 


'K. T. 
(1929), 

2 F. H. Loring, Chem. News 140, 178, 202, 
242 (1930). 

3 Ramage, Proc. Roy. Soc. A70, 1 (1902). 

*W. N. Hicks, Proc. Roy. Soc. A83, 226 
(1910). 
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LETTERS TO THE EDITOR 


neutral alkaline earths, the doublet spectra 
of the neutral atoms of the elements of group 
III, for the S, P and D levels of the neutral 
copper, silver and gold atoms, and for the 
corresponding singlet and triplet levels of 
cadmium 


The most 


marked curvature in the loci is observed in the 


zinc, and mercury. 
case of the spectra of the singly ionized alka- 
line earth atoms, when the levels of radium 
are included. L. A. Turner® observed that if 
the total quantum numbers assigned by Bohr 
to the first two groups of elements be given 
different integral values in the case of the 
elements of high atomic weight, then the cor- 
responding quantum defects for the S and P 
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radium, from the energy levels of the known 
alkaline earths, other than radium, and com- 
paring the result with the known spectrum of 
the element. If the relationship were exactly 
linear the first difference A, (see Table I) 
should be a constant and e have the value 
zero. Since in this case the locus has a marked 
curvature, the value of A is not constant, and 
it may be assumed that the A of radium will 
probably differ from that of barium by as 
large an amount as the maximum deviation 
from constancy observed in that group. On 
this assumption, the quantum defects of the 
levels of radium were evaluated from the 
formula: (2) Qra=QpatApet |e = 





Quantum defect 
ia) es) 
{=} (©) 


fo} 











| i 





Fig. 1. 


% 


5 


6 


Total quantum number 


S Levels for the elements of the first three groups. (Data from the Inter. Critical 


Tables 5, 392 (1929) 1st ed.) A, 22S, term for BI, Al I, Ga I, InI and TII (m—1, instead of n 
plotted, to avoid intersection with other curves); B, singlet system Mg I, Ca I, Sr I and Ba I 
(Be I and Ra I spectra not analyzed); C, 12S, term for Lil, Na I, K I, Rb I and CsI; D, 1?S 
term for Be II, Mg II, Ca II, Sr II, Ba II and Ra IT; E, triplet system Be I, Mg I, Ca I, Sr I 
and Ba I. Dotted lines show marked curvature. 


levels are, approximately, a linear function 
of the atomic number. At the end of his paper 
that H. N. 
“Straight lines will also be obtained if the 


he states Russell observed: 
quantum defects obtained from Bohr’s quan- 
tum numbers are plotted against integers”. 
The rule postulated above is more general and 
exact than Turner's formulation, and is better 
adapted for purposes of extrapolation in so 
far that the Bohr quantum numbers differ 
consistently by unity from element to ele- 
ment. 

The utility of the rule, for estimating the 
spectrum of a heavy element, can be tested by 
calculating the principal series spectrum of 


first 
estimated is 3950A for the major line, and 


transition of the principal series so 


4500A for the component of lesser intensity; 
the wave-lengths of the observed lines being 
3816A and 4683A, respectively. 

From the law of spectroscopic displace- 
ment, the spectrum of eka-caesium may be 
expected to be similar to that of Ra II; hence, 
an equation of form (2) may be assumed valid 
for the extrapolation of its spectrum. The 
wave-lengths of the raies ultimes computed 
from the energy levels (see Table II) are: 


> L. A. Turner, Phil. Mag. 48, 384, 1010 
(1924). 
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12S—2?P,=7460A, 12S—2?P,;=8130A, 1°S 
— 3?P,=4260A, and 12S —3?P; =4310A. These 
the 
values of Bainbridge, than with those pub- 


estimates are in closer agreement with 


lished by Loring. If Eq. (1) be investigated 
for the effect on the value of T produced by 
a small error in the estimation of Q, vis., 
(3) AT = —2r?RAn*/ (n*8+2n*2An*), it will be 
TABLE I. Estimation of Ra spectrum 
(example 1*S term). 


Ele- 
ment 1m Q A € 
Be 2 0.271 
0.826 
Mg 3 1.097 —0.064 
0.762 
Ca 4 1.859 +0.157 
0.919 
Sr 5 2.778 —0.030 
0.889 
Ba 6 3.667 
Ra 7 (4.713) Calc. 
4.699 Observed 


observed that the levels of neutral atoms are 
much less sensitive than those of singly, or 
doubly ionized atoms. In (3), »* is the effec- 
tive quantum number, equal to n—Q. 

The doublet separations in the principal 
series of the alkalis increases progressively 


with increase in nuclear charge. H. Bell® has 
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shown that the separations can be accurately 
represented by empirical equations of the 
type: (Av)"?=m(N—N)), and log Ar =p log 
N+gq, where N is the atomic number, and 
m, p,q and No are constants. For element 87, 
the distance between the doublets, computed 
with the aid of these equations, are 14507 and 
467% for the multiplets in the red and violet 


TABLE IT. Estimated energy levels of 


Rall and Ek—Cs I. 

Radium Calc. for 
Level Obs. > Cale.» element 87 
128 82,862 83,880 32,930 
2?P, 56,653 58,600 19,540 
2°P, 61,510 61,680 20,560 
32P, 9,416 
3°P, 9,750 


regions, respectively. The separations ob- 
tained from the estimated 2?P; and 3?P; levels, 
11007 and 330), are in fair agreement with the 
values calculated from Bell’s equations. 
HERMAN YAGODA 
New York University, 
Washington Square East, 
New York, N. Y. 
October 27, 1931. 


®° H. Bell, Phil. Mag. 36, 337 (1918). 


Excitation of High Optical Energy Levels. An Erratum 


(Phys 


In a letter to the Editor of the above title, 
line 12, page 194, read 58-10~® henrys instead 
of 6-107 henrys. 

Mack 


Rev. 38, 193, 1931) 


Department of Physics, 
University of Wisconsin, 
Madison, Wisconsin, 
November 9, 1931. 
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Thermodynamics. ALFRED W. PorTER. Pp. 96+vii, figs. 21. E. P. Dutton and Company 
New York, 1931. Price, $1.10. . 

The fundamental principles and equations of classical thermodynamics, and some of their 
important applications, are developed briefly but clearly in this monograph. The introductory 
chapter is rendered especially interesting by a presentation of the historical background of the 
subject. The reviewer is of the opinion that the various empirical equations of state are treated 
at greater length than their relative importance warrants. The chapter on Irreversible Opera- 
tions, which includes a comparatively detailed account of the Joule-Thompson effect, is par- 
ticularly valuable since this phase of thermodynamics frequently receives scant attention. The 
application of thermodynamics to solutions is treated rather sketchily. No mention is made of 
the Third Law or of the Nernst Heat Theorem. 

ROBERT LIVINGSTON 
University of Minnesota 


Fortschritte der Chemie, Physik and physikalischen Chemie, Band 20, Heft 3. Banden- 
spektra und Ihre Bedeutung fiir die Chemie. R. M. Mecke. Pp. 87, figs. 20. Gebriider Born- 
trager, Berlin, 1929, Price 7.60 RM. 

This small book includes a discussion of the theory of molecular spectra, helpful but not 
always accurate. Useful diagrams are given. Rather complete tables of band spectrum data, 
including heats of dissociation, are presented, including some data for polyatomic molecules. 
The effects of isotopy in band spectra are discussed in some detail. The author also discusses 
the use of band spectrum data for the calculation of chemical constants and specific heats. 

R. S. MULLIKEN 
University of Chicago 


The Universe. FRANK ALLEN. Pp. 145+-xiv, figs. 31. Harcourt Brace and Company, New 
York, 1931. 

This “little book” gives a very readable, often amusing, and generally instructive account 
of the successive conceptions of the material universe held since the days of the Greeks. It 
presents, in bookform, the substance of a popular lecture delivered at the University of Mani- 
toba in 1928, and, suffers somewhat of the general defects of such publications in that it ap- 
pears to be a little too rambling in places, and goes off on too many by-paths and side-issues. 
Such may serve their purpose in elevating a lecture above the level of dullness, but often render a 
published account of it analogous to the “omnibus” article. It is well illustrated with portraits 
and photographs of the principal philosophers and savants, and adorned with a number of ex- 
planatory diagrams and sketches and may well take its place among the already vast number 
of books which give the uninitiated the impression that they grasp the idea of relativity whereas 
they have not really touched the meaning of it yet. A more factual criticism one can make is 
that the author subscribes to the myth that it was Galileo who invented the telescope. 

W. J. LuyTen 


University of Minnesota 


Dielectric Constant and Molecular Structure. C. P. Smytu. Pp. 214. Figs. 31. Chemical 
Catalog Company, New York, 1931. Price $4.00. 

This volume is one that will be welcomed by many readers. In the first place, being written 
by a physical chemist, it naturally stresses the chemical aspects more carefully than does most 
existing literature, irrespective of language. Also there is a particular dearth of monographs in 
English on the general subject of dipole-moment. Debye’s “Polar Molecules” is perhaps the best 
known example, and there is almost no duplication of material between this and Professor 
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Smyth’s new book. In the first place, the latter terminates with a very fine and useful 14 page 
table of the dipole moments of the molecules so far measured. (The English edition of Debye 
appeared too early to include the table of moments found in the German one, which has since 
been supplemented by a “Nachtrag” to the table, and then a “Nachtrag” to the “Nachtrag,” 
each sold independently.) 

The content of the book is primarily descriptive rather than mathematical. Even the first 
chapter called “mathematical theory” is more a presentation of the results than details of the 
mathematical analysis. A valuable feature is a chapter on experimental technique and ap- 
paratus, too often overlooked. 

The chapters dealing with the relation of dielectric measurements to the structure of or- 
ganic molecules are particularly complete. It is unfortunate that Professor Smyth's own meas 
urements on ethylene dichloride were available too late to incorporate in the volume, as they 
have shed much light on the question of free rotation, i.e., as to whether certain carbon bonds 
are essentially sockets in which the radical can turn freely. The interesting vector addition of 
constituent dipoles in benzene substituents is discussed in considerable detail. 

The two final chapters are on electronic and atomic polarization and on molecular associa- 
tion. In the discussion of electric refraction, some discussion of the calculations of Pauling could 
very properly have been included, perhaps at the expense of some of the older work. On page 
144 the mistake of certain other writers has been followed in stating that the polarizability 
should vary as the inverse cube rather than inverse fourth power of the effective charge. 

The style of the volume is a clear one. The documentation of literature is quite complete, 
although in Chap. I some minor results are erroneously attributed to Debye rather than Pauli, 
Manneback, and others. 

J. H. Van VLECK 


University of Wisconsin 


Applications of the Absolute Differential Calculus. A. J. MCCONNELL. Pp. xii+318. Blackie 
and Son, London 1931. Price 20s. 

The avowed purpose of this admirable text is to develop the principles of tensor analysis 
and the absolute differential calculus, and to apply them to a wealth of relatively elementary 
subjects. It is to be considered as a text which will enable the student of mathematics or physics 
to “appreciate the power of tensorial methods... by seeing them applied to subjects with 
which he is already familiar,” thus adequately preparing him for the study of more advanced 
disciplines, such as the general theory of relativity and the geometry of hyperspace. 

The first two of the four parts into which the book is divided present the algebraic and 
geometric treatments of tensor algebra, respectively, and refer in the main to linear transforma- 
tions. The theory of determinants, including the theory of elementary divisors, is concisely 
presented in terms of tensor notation. The geometrical applications are concerned with (ob- 
lique) rectilinear coordinates, the plane, the straight line and quadric surfaces. The absolute 
differential calculus proper is developed in the third part, which consists in an introduction to 
the differential geometry of curves and surfaces in three-dimensional Euclidean space. Finally 
the fourth part, consisting of the last hundred pages, applies the methods developed to the 
dynamics of a particle, rigid bodies and continuous media and to the special theory of relativity. 
An appendix correlates the new with the classical notation in dealing with general orthogonal 
coordinates in mathematical physics. 

This excellent text can be recommended unreservedly to any one who wishes to become 
acquainted with the methods of tensor analysis; it should also prove a valuable auxiliary or 
reference text for students learning any of the disciplines with which it deals. 

H. P. ROBERTSON 
Princeton University 


Handbuch der Anorganischen Chemie. Eisenatom und Eisenmetall. Vierter Band, dritte 
Abteilung, zweiter Teil A, Lieferung I. A. ABEGG, F, AUERBACH AND I. Koppev. Pp. 336, figs. 
136. Verlag von S. Hirzel, Leipzig, 1931. Price, 40 RM. 


With this second volume on the properties of iron (the first volume was published a year 
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ago), the excellent handbook of Abegg, started under his direction more than twenty-five years 
ago, edited after his death by Auerbach and after the latter's passing away by Professor Koppel, 
is approaching its completion. The publication of the monograph on the properties of iron and 
its compounds will be welcomed by all the friends of Abegg’s Handbook, who have felt a great 
need for it during a long time. 

The present volume dealing with the physical properties of iron will be of special interest 
to physicists and covers the following subjects: 

Atomic weight (by J. Meyer); iron atom (nucleus, electron shells, x-ray spectrum; size of 
the atom and the ions, etc., by E. Rabinowitsch); preparation of pure iron; pyrophoric and 
colloidal iron (D. Deutsch); modifications of iron and their stability limits; space lattice and 
crystal habit; specific gravity; expansion; compressibility; mechanical and thermal properties 
(by K. Fischbeck); optical properties (by W. Schiitz); magnetic and electrical properties (by 
K. Fischbeck) ; electromotive and electrochemical behavior (by H. Danneel). 

This modern volume is a worthy addition to the well-known “Handbuch.” 

I. M. KoLTHoFF 
University of Minnesota 


Gmelins Handbuch der anorganischen Chemie. Eighth edition. Published by the Deutsche 
Chemische Gesellschaft, Berlin, 1931. 

System-Nummer 8, Jod, Vol. 1, pp. 244, price RM 37. 

System-Nummer 45, Germanium, pp. 62, price RM 13. 

System-Nummer 58, Kobalt, Vol. A, Part I, pp. 220, price RM 34. 

System-Nummer 59, Eisen, Vol. B, part 4, pp. 657-872. 

It is with gratitude and admiration that new additions to the eighth edition of “Gmelins 
Handbuch” will be received by physicists, chemists and biologists. The most successful, com- 
plete outline of the physical and chemical properties of elements and their compounds, their oc- 
currence in nature, their technical, biological and pharmacological significance is an achieve- 
ment by which this compilatory work gains a place in any physical or chemical library. The 
systematic and exhaustive treatment of the literature, in which not only references are made to 
the original periodicals, but also to the patents published, will be of invaluable aid to scholars 
in whatever field they may specialize. The four volumes announced above uphold the high 
scientific standing of the work. 

I. M. Ko_tTHorr 
University of Minnesota 


Annales de |’Institut Henri Poincare, Vol. I, sections iv. Pp. 122. Les Presses Universi- 
taires de France, Paris. 

In this section of the first volume, there are three articles. An introduction to the subject 
of band spectra is given by L. Bloch. Dirac discusses several quantum mechanical problems of 
interest, and Carleman treats the theory of singular integral equations. 

The first article is evidently intended merely to give a sketch of the field. After the usual 
preliminaries, one is introduced to Hund’s theory of vector combinations, with the inclusion of 
case (a) and case (b) only. A few remarks about some typical electronic transitions conclude 
the treatment. It is clear, but brief. 

Dirac points out the similarity between quantum and classical statistics, and obtains the 
quantum mechanical analogue of Lionville’s theorem. Next, the permutation theory is devel- 
oped, in practically the same form as in his original article. This theory is rather special, since 
for most actual problems one must consider the rotation group as well as the permutation 
group. Perhaps a translation of the group theoretical work on rotations into a language similar 
to that of Dirac (i.e. where space rotations are constants of the motion) would be helpful. 
Dirac next shows how a hole in a closed shell may be described by means of a wave equation. 
Heisenberg, a year and a half later, has arrived at this result independently. It is to be re- 
gretted that the delay in the publication of these Annales is so great. A discussion of the 
relativistic electron forms the remainder of this article. 
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Carleman at first gives examples of singular integral e 


every analytic function regular 


in a certain region is 
Hermitian kernel. 


a fundamental function for a certain 
This leads to a study of singular integral equations with Hermitian ke 
and complex eigenvalue. They admit of at least one quadratically inte 
concept of spectral function is defined, and the orthogonality properties « 
cussed. 


rnel 
grable solution. The 
# such functions dis- 
If the aim of these Annale 


S is to present up to date sul 
is necessary 


jects, then more speedy publication 


James H. Bartverr, JR. 
University of Illinois 
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By spherically symmetrical atoms, F. W. Doer- 

193(L) 

In thin metal foils, comparison with theory, H. V. 
Neher—585(A), 1321 

Electrons, secondary 
Negative ions by bombardment of Pt, J. S. 

1389(L), K.S. Woodcock—1696(L) 

From Ni, bombarded by He ions and metastable 
atoms, M. C. Harrington —1312 


mann, O. Halpern 


Thompson 


From Pt by bombardment with Hg ions, J. E. 
58060(A) 
From thin metal foils, H. V. Neher—585(A), 1321 
From W, A. J. Ahearn—-1858, 1918(A) 
Electrons, thermionic 
From Co, change with temperature, A. B. Card- 
well—2033 


Henderson, E. Gideon 


1566(L) 

Electron and potential distribution outside con- 
ductor, A. T. Waterman—1497 

Enhanced emission in oxide coated filaments, J. 
A. Becker, R. W. Sears—2193 

Photoelectric and thermionic work function, W. S. 
Huxford —379 


Theory of emission, N. H. Frank 


Effect of space charge, R. S. Bartlett 


1918(A) 
Transmission through potential barrier of thori- 
ated filament, W. B. Nottingham—1918(A) 
Electro-optical effects (see also Photoelectric effect 
and properties) 
Electro-optical shutter, electric circuit of, H. W. 
Washburn—584(A) 
Electro-optical shutter, theory and technique, F. 
G. Dunnington—1506 
Kerr effect in gases, E. C. Stevenson, J. W. Beams 
33 
Kerr effect in Rochelle salt, H. Miiller—1922(A) 
Electrostatics 
Potential due to a buried spheroid, J. H. Webb 
2056 
1,500,000 volt electrostatic generator, R. J. Van 
de Graaff—1919(A) 
e/m 
From quantum mechanical calculation, L. D. 
Huff—501, 589(.A) 
By refraction of x-rays, J. A. Bearden 
1919(A) 
From Zeeman effect, J. S. Campbell, W. V. Hous- 
ton—581(A) 
Energy states of atoms (see also Atomic structure, 
Spectra, atomic) 
Of Gd IV in crystal lattice, S. Freed, F. H. Sped- 
ding—670 
Levels for equivalent (s, p, d, f) electrons with (jj) 
coupling, S. D. Bryden, Jr.—1145 
Of rare earth ions in crystals, S. Freed—2122 
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Energy states of molecules (see Molecular structure 
and constants, Spectra, molecular) 
Entropy 
Of ammonia and methane, D. S. Villars 
1920(A) W. F. Giauque, R. W. Blue, Roy Over- 
196(L) D. P. MacDougall 2074(L) 


797, 1758 


1552, 


street 
Of the universe, R. C. Tolman 
Equations of state 
General adiabatic equation for gases, T. C. Huang 
1385 
P-V-T relations of NH,Cl and NH,Br, P. W. 


Bridgman—182 


Properties of CO, W. E. Deming, L. E. Shupe 
1920(A), 2245 

Quantum theory of, J. C. Slater-——237 

For real gases, H. Margenau—-1785(L) 

Second virial coefficient, J. G. Kirkwood, F. G. 
Keyes—576(L), H. Margenau—1785(L) 


van der Waals attractions, H. Margenau,—747 
Errata 


Excitation of high optical energy levels J. E. 
: I g 


Mack—2300(L) 

A new criterion for predissociation J. Kaplan 

1792(L) 

Note on the crystal structure of AsI; D. Hey- 

worth—1792(L) 
Excitation of atoms and molecules 
Average life of H*, L. R. Maxwell —10664 
Of high optical energy levels, J. E. Mack—193(L), 


errata—2300(L) 
Low voltage excitation of Na, probability meas- 
urements, W. C. Michels—712 
Transition probabilities and quenching in Na, N. 
E. Berry, G. K. Rollefson—1599 
Fluorescence 
In iodine, effect of argon, L. A. Turner—574(L) 
Transition probabilities and quenching, N. E. 
Berry, G. K. Rollefson—1599 
Gamma-rays 
Photoelectric absorption, H. Hall, J. 
heimer, 57, 589(A) 
Gases 
Properties of CO, W. E. Denning, L. 
1920(A), 2245 
Gravitation 
Absolute determination of gravity, A. C. Longden 
—1920(A) 
Hall effect 
In solid mercury, J. T. Serduke, T. F. Fisher— 
1922(A) 
Heat of combustion 
Internal molecular potentials, H. A. Stuart—1372 
Heat transfer 
From solid surfaces to air, R. B. 


1921(A) 


R. Oppen- 


E. Shupe 


Kennard— 


2319 


High voltage tubes and machines (see also Ions, 
high speed) 

Production of high speed ions without the use of 
high voltages, D. H. Sloan, E. O. Lawrence— 
2021; E.O. Lawrence, M.S. Livingston—834(L) 

500 kilovolt cathode rays, R. E. Vollrath—212 

1,500,000 volt electrostatic generator, R. J. Van 
de Graaff—1919(A) 

Hydrodynamics 

Stability of a single file of straight vortices, A. T. 

Jones—2068 
Hyperfine structure 

Effect on polarization of Cd resonance radiation, 
A. C. G. Mitchell—473 

Of Bi IL and Bi III, J. B. Green, J. Wulff 

Of heavy elements, theory, G. Breit—463 

Of In and Ga, J. S. Campbell, R. F. 
1906(L) 

Of Tl II and Ti III, J. B. Green, J. Wulff—2176 

Nuclear magnetic moments from hyperfine struc- 
ture, S. W. Nile—375(L) 

Nuclear moment of Rel, W. F. 
King, R. F. Bacher—1258(L) 

Nuclear moment of K, F. W. Loomis, R. W. Wood 

854; F. W. Loomis—2153 
Intensities in spectra (see also Spectra, etc.) 

Of Balmer emission lines (stellar) O. Struve, H. 
F. Schwede—1195 

Band spectrum intensities by graphical methods, 
E. Hutchisson—1921(A) 

Of He band, \600 J. L. Nickerson—1907(L) 

Summation rules and perturbation effects in com- 
plex spectra, G. R. Harrison, M. H. Johnson, 


2193 


Bacher 


Meggers, A. S. 


Jr.—757 
Of V Land V II, G. R. Harrison 
Interference phenomena 
In thin metallic films, H. W. Edwards—166 
Ionization by impact (see also Potentials, critical) 
As function of pressure and temperature, A. H. 
Compton, R. D. Bennett, J. C. 
1565(L) 
Of Kr and Xe by positive alkali ions, O. Beeck, J. 
C. Mouzon—967 
Negative ions by bombardment of Pt. J. S. Thomp- 
son—1389(L), K. S. Woodcock—1696(L) 
Ionization potentials (see Potentials critical) 
Ionization by radiation (see Photoionization) 
Ions, high speed (see also High voltage tubes and 
machines) 
Hg ions, E. O. Lawrence, D. H. Sloan—586(A) 
500 kilovolt cathode rays, R. E. Vollrath—212 
Ions in gases 
Average life of H+, L. R. Maxwell—1664 
Bombardment of platinum by Hg, J. E. Hender- 
son, E. Gideon—586(A) 


1921(A) 


Stearns 
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Ions in gases (continued 
Mass of gas ions in air, No, Oz, and SOz from glow 
discharge, O. Luhr-—1730 
Mass spectrograph analyses of ions in Nz and CO, 
A. L. Vaughan —1687 
Negative hydrogen ions from H.O, D. W. Muel- 
ler, H. D. Smyth—1920(A) 
Ions, mobility (see also Ions in gases) 
Absolute values, N. E. Bradbury 
Aging of ions in air and No, J. Zeleny 


1905(L) 

969, 2293(L) 

Of Na* ions in N. and He as a function of time, 
nature of ion, L. B. Loeb—549, 586(A) 

Velocity spectrum of ions in air and problem of 
ionic structure, L. B. Loeb, N. E. Bradbury 
17106, J. Zeleny—2293(L) 

Isotopes 

Atomic species, regularities and continuity of 
series, W. D. Harkins —1270, 1792(L) 

Of Ba, 136 and 137, R. C. Gibbs, P. G. Kruger 
1921(A) 

Relative abundance of N“ and N!5, H. C. Urey, 
G. M. Murphy—-575(L) 

Relative abundances, H. C. Urey, C. A. Bradley, 
Jr.—589(A), 718 

Search for OH, G. M. Almy, G. D. Rahrer—1816 

Liquids (see also Hydrodynamics) 

General x-radiation and ditiraction by liquids, 
W. C. Pierce —1409 

Higher order effects in x-ray diffraction, W. C. 
Pierce—1413 

Magnetic character of liquid crystalline para- 
azoxyanisol, G. W. Stewart —931 

Surface energy of liquids, H. Margenau—365 

Magnetic properties 

Of An-Fe alloys, J. W. Shih——2051 

Anisotropy of XO; ions, Kk. S. Krishnan—833(L) 

Of colloidal suspensions, C. 
1782(L) 

Of Cu-Ni alloys, E. H. Williams—628 

Diamagnetic susceptibility of the rare gas atoms, 
S. C. Biswas —1784(L) 

Effect of internal stress, C. W. Heaps, H. E. Banta 

195(L) 

Inhomogeneities in the magnetization, F. Bitter 
1903(L) 

Of liquid crystalline para-azoxyanisol, G. W. Stew- 
art—931 

Magneto-caloric effect and mechanism of mag- 
netization, F. Bitter——528, 588(A) 

Metamagnetism in Bi crystals, A. Goetz, A. B. 
Focke—1569(L) 

Moment of the Pd atom, A. N. Guthrie, M. J. 
Copley—360 

Moment of S», E. J. Shaw, T. E. Phipps—174 

Permanent moments of crystals, F. Zwicky——1772 


G. Montgomery 


Reversed magnetization in strained wires, I. Lang- 
muir, K. J. Sixtus—2072(L) 

Structure sensitiveness of Cu, Ag, Pt, and Bi, F. E. 
Lowance, F. W. Constant—-1547 

Transverse Barkhausen effect in Fe, R. M. Bo- 
zorth, J. F. Dillinger —192(L) 

Thermocouples of longitudinally and transversely 
magnetized wires of Ni and of Fe, W. H. Ross 
179; S. Sears—1254; C. W. Heaps —1391(L) 

Mechanics (see Dynamics) 
Mechanics, quantum —atomic structure and spectra 

Dirac electron cloud for H like atom, pictorial 
representation, H. E. White—513, 589(A) 

Evaluation of the matrix components for He, 
L. P. Smith--1961 


Many-electron wave functions, J. H. Bartlett, 


Jr.—1623 
Of two-electron systems, M. H. Johnson, Jr. 
1628 


Mechanics, quantum —general 
Collision problems involving large interactions, 
O. K. Rice—1943 
General solution of Schrédinger’s equation and the 
uncertainty principle, E. L. Hill —2115 
Inelastic collisions, C. Zener-——277, 588(A) 
Inverse-cube central force field, G. Shortley—120 
Light quanta and the electromagnetic field, J. R. 
Oppenheimer —725 
Local momentum in wave mechanics, L. A. Young 
1612 
Motion of a Dirac electron in a magnetic field, 
value of e,/m, L. D. Huff—501, 589(A) 
Natural units for atomic problems, A. E. Ruark 
2240 
One-dimensional problems in quantum mechanics, 
E. L. Hill—1258(L) 
Quadrupole forces in van der Waals attractions, 
H. Margenau-——747 
Quantization of large scale events, D. L. Watson 
1072(L) 
Reflection coefficients and their numerical deter- 
mination, V. Rojansky, W. Wetzel—1979 
Reflection of electrons by a special potential field, 
E. L. Hill—-1072(L) 
Schridinger potential function, R. M. Langer 
779 
Tables of integrals and functions, N. Rosen—2099 
Theory of equation of state, J. C. Slater —237 
Transmission of electrons through potential bar- 
riers, N. H. Frank, L. A. Young —80, W. Wetzel 
1205 
Wave mechanics quantization of loaded string, 
R. B. Lindsay —491 
Zero order eigenfunctions, N. M. Gray, L. A 
Wills—248 
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Mechanics, structure and 
spectra 

Electron pair bond, W. Heitler —243 

Energy levels and valence bonds, J. C. Slater 
1109 


Interaction between atoms with s-electrons, N. 


quantum —-molecular 


Rosen —255 

Normal state of Ho, N. Ro&en 
Mechanics, statistical 

Types of statistics, models, P. S. Epstein 
Metals 

Colors of thin films, H. W. Edwards—166 
Metastable atoms and molecules 

Life of Hg and No, M. L. Pool—955 

Metastable atom emission of electrons from sur- 


377(L) 


2099 


590(A) 


faces, C. Kenty 
Meteorology 
Of the earth, temperature effect of O; and CO, 
E. O. Hulburt-—1876 
Heat transfer from solid surfaces to air, R. B. 
1921(A) 
Ultraviolet band of ozone, effect of temperature, 
O. R. Wulf, Eugene H. Melvin—330 
Methods and instruments 
Absolute determination of gravity, A. C. Long- 
den—1920(A) 
Band spectrum intensities by graphical methods, 
E. Hutchisson —1921(A) 
Concentrations from Raman spectra, E. A. Crig- 
ler -1387(L) 
Double x-ray spectrometer, R. C. Spencer—618 


Kennard 


Effect of inductance on damped galvanometer, 
T. M. Dahm—590(A) 

Electrical field giving uniform deflecting force on 
a molecular beam, E. McMillan—1568(L) 

Electron lenses, apertures in charged conductors, 
C. J. Davisson, C. J. Calbick—585(A) 

Electro-optical shutter, theory and technique, 

1506 

Excitation of high optical energy levels, J. E. 
Mack—193(L), errata—2300(L) 

Heterochromatic photographic photometry, G. R. 
Harrison, P. A. Leighton——899 

High resolution in the infrared, J. D. Hardy—-2162 

Improved technique for Raman effect, R. W. 
Wood—2168 

Induced currents in glow discharge, C 
J. K. Knipp—948 

Infrared spectroscopy, J. Strong 


F. G. Dunnington 


. T. Knipp, 


1818 
Ionization chamber method of measuring intensi- 
ties of x-ray lines, S. K. Allison, V. J. Andrew 

441 

Intercomparison of the high temperature scale, 
W. E. Forsythe —1247 

500 kilovolt cathode rays, R. E. Vollrath—212 


bo 
w 
i) 
— 


1500 kilovolt electrostatic generator, R. J. Van de 
Graaff—1919(A) 
Method of producing negative ions, J. S. Thomp- 
son—1389(L) 
Naarc, N. E. Berry, G. K. Rollefson——1599 
Reflecting power and grating efficiency in the ex- 
treme ultraviolet, H. M. O’Bryan—32 
Reflection power of metals in thin layers for the 
infrared, R. B. Barnes, M. Czerny—338 
Removal of continuous background from Raman 
spectra, M. E. High, M. L. Pool—374(L) 
Resolving power of double crystal x-ray spectrom- 
eter, S. K. Allison—203 
Second and third spark spectra in a hollow cathode 
lamp, C. W. Gartlein, R. C. Gibbs—1907(L) 
Supersonic satellites and velocity, W. H. Piele- 
1236 
Three-dimensional vibrograph, J. E. 
1923(A) 
Thomas-Fermi equation solution by the differen- 
tial analyzer, V. Bush, S. H. Caldwell—1898 
Mobility of ions (see Ions, mobility) 
Molecular structure and constants (see also Spectra, 
molecular, Raman spectra) 


meier 
Shrader 


Energy levels and valence bonds, J. C. Slater 
1109 
From heats of combustion, for substituent groups 


in benzene ring, H. A. Stuart—1372 

Of the groups XO, J. C. Slater—325 

Heat capacities and relative amounts of nuclear 
modifications of methane, D. S. Villars, G. 
Schultze—998, D. P. MacDougall—2296(L) 

Heat of dissociation of Lis, F. W. Loomis, R. E. 

1447 

Magnetic moment of Sz, E. J. Shaw, T. 

174 

Moments of inertia of ethylene, R. M. Badger, 
J. L. Binder—1442 

Of N.O, E. K. Plyler, E. F. Barker—1827 

Raman effect and the carbon-halogen bond, W. D. 
Harkins, H. E. Bowers——1845 

Normal state of H2, N. Rosen—-2099 

Valence forces in Li and Be, J. H. Bartlett, Jr., 
W.H. Furry—1615 

Vibrational frequency in the normal state of 


Nusbaum 
E. Phipps 


benzene, C. V. Shapiro, R. C. Gibbs, J. R. John- 
son 1170 
Vibrations of pentatonic tetrahedral molecules, 
H.C. Urey, C. A. Bradley, Jr.—1969 
Of the water vapor molecules, E. K. Plyler 
(L) 
Multiplets (see also Spectra, atomic) 
Displacement in isoelectronic sequence, H. T. 
2217 
Zeeman effect in Sn III and Sb I, J]. B. Green, R. 
A. Loring—1289 


1784 


Gilroy 
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Neutrons 
Cosmic rays, L. M. Mott-Smith, G. L. Locher 
1399, L. D. Huff—2292(L) 


Range of fast electrons and neutrons, J. F. Carlson, 
J. R. Oppenheimer—1787(L), W. H. Watson, 


F. R. Terroux—2291(L) 
Nuclear spin (see also Hyperfine structure) 
Absence of, R. M. Langer—-837(L) 


Alternating intensities of Naz bands, H. C. Urey 


1074(L) 
Classification of elements, S. D. Bryden, Jr. 
1989 
Of In and Ga, J. S. Campbell, R. F. Bacher 
1900(L) 
Of K, F. W. Loomis, R. W. Wood—854; F. W 
Loomis—-2153 
Measurement by Stern-Gerlach experiment, G. 
Breit, I. I. Rabi—2082(L) 
Of Re I, W. F. Meggars, A.S. King, R. F. Bacher 
—1258(L) 
Spin of protons in nucleus, H. E. White—2078(L) 
Nucleus 
Atomic species, regularities and continuity of 
series, W. D. Harkins —i270, 1792(L) 
Structure and moment of momentum, S. D. Bry- 
den, Jr.—1989 
Optical constants and properties 
Reflection power of metals in thin layers for the 
infrared, R. B. Barnes, M. Czerny—338 
Optical instruments (see Methods and instruments) 
Paschen-Back effect (see Zeeman effect) 
Periodic system of atoms 
Atomic species, regularities and continuity of 
series, W. D. Harkins—1270, 1792(L) 
Photoelectric effect and properties 
In caesium-oxide photocells at room temperatures, 
E. F. Kingsbury—1918(A) 
Of Co, change with temperature, A. B. Cardwell 
—2033 
Effect of adsorbed K* ions on threshold of iron, 
A. K. Brewer—401 
Effect of electric fields on the emission from oxide 
cathodes, W. S. Huxford—379 
Efficiencies in the extreme ultraviolet, C. Kenty 
2079(L) 
Of Hg, thin films, D. Roller—396 
Lateral distribution of x-ray photoelectrons, P. 
Kirkpatrick—1938 
Photoelectric and metastable atom emission of 
electrons from surfaces, C. Kenty—377(L) 
Relativistic theory, H. Hall, J. R. Oppenheimer— 
57, 589(A) 
Selective effect from two-component cathodes, 
A. R. Olpin—1745, 1917(L), W. H. Zachariasen, 
2290(L) 


Shot effect in photoelectric currents, B. A. Kings- 
bury—1458, 1922(A) 
Of Ta, effect of temperature, A. B. Cardwell 
2041 
Temperature variation of photoelectric sensitivity, 
R. H. Fowler—320, L. A. Young and N. H. 
Frank—838(L) 
Theory of photoelectric effect in hydrogen-like 
atom, angular distribution, J. Frenkel—309; E. 
L. Hill—1072(L), A. Sommerfeld—1078(L) 
Thin films of alkali metal on silver, H. E. Ives, 
H. B. Briggs—1477, 1917(A) 
Of thin unbacked gold films, R. P. Winch—321 
Threshold for W by Fowler’s method, A. H. War- 
ner—1871 
Vectorial effect in thin films of alkali metals, H 
E. Ives—1209, 1917(A) 
Work function of Fe and Ni compared with con- 
tact potentials, G. N. Glasoe—1490 
Of zinc single crystals, J. H. Dillon—408 
Photography 
Parallax panoramagrams made with a large diam- 
eter concave mirror, H. E. Ives—1922(A) 
Photoionization 
Of Cs vapor, F. W. Cooke—1351 
In high pressure chamber, A. H. Compton, R. D. 
Bennett, J. C. Stearns—1565(L) 
In Nz at high pressure by cosmic rays, J. W. 
Broxon—1704 
Photometry 
Fluorescence and heterochromatic photographic 
photometry, G. R. Harrison, P. A. Leighton 
899 
Piezoelectric effect 
Oscillation of crystals and x-ray diffraction, B. 
E. Warren—572(L), R. M. Langer—573(L), 
C. S. Barrett—832(L), S. Nishikawa, Y. 
Sakisaka, I. Sumoto—1078(L), G. W. Fox, J. 
M. Cork—1420, C. S. Barrett, C. E. Howe 
2290(L) 
Plasmoidal discharges (see Discharge of electricity 
in gases) 
Polymerization 
In water, J. W. Ellis—693 
Potentials, critical 
For ions by electron impact in N; and CO, A. L. 
Vaughan—1687 
Ionization of C III, I. S. Bowen—128 
Of Kr and Xe by positive alkali ions, O. Beeck, J. 
C. Mouzon—967 
Potentials, critical (see also Ionization potentials) 
Probabilities of energy losses in He, Ne and A, 
L.C. Van Atta—876 
Ultra-ionization potentials of Hg, probability law, 


C. R. Haupt—282 
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Potentials, critical (see also Ionization potentials 
(continued) 
Ultra-ionization potentials of He, Ne and A, 
R. L. Womer—454 
Ultra-ionization potentials in Hg vapor, A. G. 
Shenstone —873 
Ultra-ionization potentials and spectral data, H. 
E. White—1786(L), 2016 
Predissociation 
Enhancement of, by collisions, L. A. Turner— 
574(L) 
In Ng, J. Kaplan—373(L), 1079(L); a correction— 
1792(L) 
A new criterion, J. 
1792(L) 
Proceedings of the American Physical Society 
Pasadena Meeting, June 15 to 20, 1931—579 
Schenectady Meeting, September 10 to 12, 1931— 
1915 
Radiation (see Thermal radiation) 
Radioactivity 
Anomalous scattering of alpha-rays, M. Muskat— 
23 
Conservation of energy and the disintegration of 
RaE, L. W. McKeehan—2292(L) 
Induced by action of x-rays, G. I. Pokrowski—925 
Radioactive disintegration, A. Bramley—1567(L) 
Raman spectra 
From amorphous and crystalline solids and their 
solutions, A. Hollaender, J. W. Williams—1739 
Benzene substitution products by improved tech- 
nique, R. W. Wood—2168 
Carbon-halogen bond, W. D. Harkins, H. E. Bo- 
wers—1845 
In certain organic compounds, C. S. Morris—141, 
M. E. High—1837 
Concentrations in benzene-toluene mixtures, E. A, 
Crigler—1387(L) 
Effect of solutes on spectra of water, C. C. Hatley, 
D. Callihan—909 
Removal of continuous background from spectrum 
of CCl,, M. E. High, M. L. Pool—374(L) 
Relativity 
Electrostatic analogy to the gravitational red 
shift, R. J. Kennedy, E. M. Thorndike—591(A) 
Model of universe with reversible annihilation of 
matter, R. C. Tolman—797 
Periodic behavior of the universe, R. C. Tolman— 
1758 
Theory of photoelectric effect, H. Hall, J. R. Op- 
penheimer—57, 589(A) 
Reststrahlen 
Investigations, 20 to 40u, J. Strong—583(A) 
Scattering of electrons (see Electrons in gases, 
Electrons, scattering of) 


Kaplan—1079(L); errata— 
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Selection rules 
Many-electron selection rules, S. Goudsmit, L. 
Gropper—225 
Shot effect 
In photoelectric currents, B. A. 
1458, 1922(A) 
Solutions 
Orientation of H,O rare earth ions, F. H. Spedding. 
G. C. Nutting—2294(L) 
X-ray study of the nature of solid solutions, R. T. 
Phelps, W. P. Davey—1919(A) 
Sound (see Acoustics) 
Spark discharge 
Breakdown potential and electrode material, L. 
B. Loeb—1891 
Fall of potential in the initial states, J. C. Street, 
J. W. Beams—416 
Optical study of the formation stages, F. G. Dun- 
nington—1535 
Specific heat 
Of methane, D. S. Villars, G. 
D. P. MacDougall—2296(L) 
Temperature and pressure variation of C,, CO» 
and He, E. J. Workman—587(A) 
Spectra, absorption (see also Absorption of light) 
Of AgBr and Agl, B. A. Brice—658 
Of Bro, infrared, vibrational analysis. W. G. Brown 
—1187 
Of Bre, visible, vibrational analysis, W. G. Brown 
—1179 
Of ClO., H. C. Urey, H. Johnston—58(A), 2131 
Of ethane and ethylene in infrared, R. M. Badger, 
J. L. Binder—1142 
Of Gd*** ion in crystals, F. H. Spedding, G. C. 
Nutting—2294(L) 
Of Gd, S. Freed, F. H. Spedding —670 
Of HCN in gas and liquid, F. S. Brackett, U. Lid- 
del—582(A) 
Of I., W. G. Brown—709 
Infrared bands of ammonia, NH3, methyl bro- 
mide, methyl iodide and CO., W. W. Sleator 
147 
Of Ko, nuclear spin, F. W. Loomis, R. W. Wood 
854, F. W. Loomis—2153 
Line width in Na vapor, S. A. Korff—477 
Long wave-length absorption band of CS,, D. M. 
Dennison, N. Wright—2077(L) 
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